BOUNDARY 
VALUE PROBLEMS 


AND PARTIAL 
DIFFERENTIAL EQUATIONS 


\ ee / 
ae A 
DAVID L.POWERS 


FIFTH EDITION 


BOUNDARY 
VALUE PROBLEMS 


This page intentionally left blank 


BOUNDARY 
VALUE PROBLEMS 


DAVID L. POWERS 


ELSEVIER 
ACADEMIC 
PRESS 


Amsterdam Boston Heidelberg London NewYork Oxford Paris 
San Diego SanFrancisco Singapore Sydney Tokyo 


Acquisitions Editor Tom Singer 

Project Manager Jeff Freeland 

Marketing Manager Linda Beattie 

Cover Design Eric DeCicco 

Interior Printer The Maple Vail Book Manufacturing Group 


Elsevier Academic Press 

30 Corporate Drive, Suite 400, Burlington, MA 01803, USA 

525 B Street, Suite 1900, San Diego, California 92101-4495, USA 
84 Theobald’s Road, London WC1X 8RR, UK 


This book is printed on acid-free paper. © 
Copyright © 2006, Elsevier Inc. All rights reserved. 


No part of this publication may be reproduced or transmitted in any form or by any 
means, electronic or mechanical, including photocopy, recording, or any information 
storage and retrieval system, without permission in writing from the publisher. 


Permissions may be sought directly from Elsevier’s Science & Technology Rights 
Department in Oxford, UK: phone: (+44) 1865 843830, fax: (+44) 1865 853333, 
e-mail: permissions@elsevier.co.uk. You may also complete your request on-line via 
the Elsevier homepage (http://elsevier.com), by selecting “Customer Support” and 
then “Obtaining Permissions.” 


Library of Congress Cataloging-in-Publication Data 
Application submitted 


British Library Cataloguing in Publication Data 
A catalogue record for this book is available from the British Library 


ISBN 13: 978-0-12-563738-1 
ISBN 10: 0-12-563738-1 


For all information on all Elsevier Academic Press publications 
visit our Web site at www.books.elsevier.com 


Printed in the United States of America 
05 06 O7 O08 09 10 9 8 7 6 5 4 3 2 «1 


Working together to grow 
libraries in developing countries 


www.elsevier.com | www.bookaid.org | www.sabre.org 


ELSEVIER BOOKAID — Sabre Foundation 


Contents Pa. YN 


Preface ix 


CHAPTER 0 Ordinary Differential Equations 1 


0.1 Homogeneous Linear Equations 1 
0.2 Nonhomogeneous Linear Equations 14 
0.3 Boundary Value Problems 26 
0.4 Singular Boundary Value Problems 38 
0.5 Green’s Functions 43 

Chapter Review 51 

Miscellaneous Exercises 51 


CHAPTER 1 Fourier Series and Integrals 59 


1.1 Periodic Functions and Fourier Series 59 
1.2 Arbitrary Period and Half-Range Expansions 64 
1.3 Convergence of Fourier Series 73 
1.4 Uniform Convergence 79 
1.5 Operations on Fourier Series 85 
1.6 Mean Error and Convergence in Mean 90 
1.7 Proof of Convergence 95 
1.8 Numerical Determination of Fourier Coefficients 100 
1.9 Fourier Integral 106 
1.10 Complex Methods 113 
1.11 Applications of Fourier Series and Integrals 117 
1.12 Comments and References 124 
Chapter Review 125 
Miscellaneous Exercises 125 


Ps 


vi Contents 


CHAPTER 2 The Heat Equation 135 


2.1 Derivation and Boundary Conditions 135 
2.2 Steady-State Temperatures 143 
2.3 Example: Fixed End Temperatures 149 
2.4 €xample: Insulated Bar 157 
2.5 E€xample: Different Boundary Conditions 163 
2.6 Example: Convection 170 
2.7 Sturm—Liouville Problems 175 
2.8 Expansion in Series of Eigenfunctions 181 
2.9 Generalities on the Heat Conduction Problem 184 
2.10 Semi-Infinite Rod 188 
2.11 Infinite Rod 193 
2.12 The Error Function 199 
2.13 Comments and References 204 
Chapter Review 206 
Miscellaneous Exercises 206 


CHAPTER 3 The Wave Equation 215 


3.1 The Vibrating String 215 
3.2 Solution of the Vibrating String Problem 218 
3.3 d’Alembert’s Solution 227 
3.4 One-Dimensional Wave Equation: Generalities 233 
3.5 €stimation of Eigenvalues 236 
3.6 Wave Equation in Unbounded Regions 239 
3.7 Comments and References 246 
Chapter Review 247 
Miscellaneous Exercises 247 


CHAPTER 4 The Potential Equation 255 


4.1 Potential Equation 255 
4.2 Potential ina Rectangle 259 
4.3. Further Examples fora Rectangle 264 
4.4 Potential in Unbounded Regions 270 
4.5 Potential ina Disk 275 
4.6 Classification and Limitations 280 
4.7 Comments and References 283 
Chapter Review 285 
Miscellaneous Exercises 285 


CHAPTER 5 Higher Dimensions and Other Coordinates 295 


5.1 Two-Dimensional Wave Equation: Derivation 295 
5.2 Three-Dimensional Heat Equation 298 
5.3 Two-Dimensional Heat Equation: Solution 303 


CHAPTER 6 


CHAPTER 7 


Contents 


Problems in Polar Coordinates 308 

Bessel’s Equation 311 

Temperature ina Cylinder 316 

Vibrations of a Circular Membrane 321 

Some Applications of Bessel Functions 329 
Spherical Coordinates; Legendre Polynomials 335 


5. 10 Some Applications of Legendre Polynomials 345 
5.11 Comments and References 353 


Chapter Review 354 
Miscellaneous Exercises 354 


Laplace Transform 363 


Definition and Elementary Properties 363 
Partial Fractions and Convolutions 369 
Partial Differential Equations 376 

More Difficult Examples 383 

Comments and References 389 
Miscellaneous Exercises 389 


Numerical Methods 397 


Boundary Value Problems 397 
Heat Problems 403 

Wave Equation 408 

Potential Equation 414 
Two-Dimensional Problems 420 
Comments and References 428 
Miscellaneous Exercises 428 


Bibliography 433 


Appendix: Mathematical References 435 


Answers to Odd-Numbered Exercises 441 
Index 495 


vii 


This page intentionally left blank 


Preface Pa. YN 


Be <4 


This text is designed for a one-semester or two-quarter course in partial dif- 
ferential equations given to third- and fourth-year students of engineering and 
science. It can also be used as the basis for an introductory course for graduate 
students. Mathematical prerequisites have been kept to a minimum — calculus 
and differential equations. Vector calculus is used for only one derivation, and 
necessary linear algebra is limited to determinants of order two. A reader needs 
enough background in physics to follow the derivations of the heat and wave 
equations. 

The principal objective of the book is solving boundary value problems 
involving partial differential equations. Separation of variables receives the 
greatest attention because it is widely used in applications and because it pro- 
vides a uniform method for solving important cases of the heat, wave, and 
potential equations. One technique is not enough, of course. D’Alembert’s so- 
lution of the wave equation is developed in parallel with the series solution, 
and the distributed-source solution is constructed for the heat equation. In 
addition, there are chapters on Laplace transform techniques and on numeri- 
cal methods. 

The second objective is to tie together the mathematics developed and the 
student’s physical intuition. This is accomplished by deriving the mathemati- 
cal model in a number of cases, by using physical reasoning in the mathemat- 
ical development, by interpreting mathematical results in physical terms, and 
by studying the heat, wave, and potential equations separately. 

In the service of both objectives, there are many fully worked examples and 
now about 900 exercises, including miscellaneous exercises at the end of each 
chapter. The level of difficulty ranges from drill and verification of details 
to development of new material. Answers to odd-numbered exercises are in 
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the back of the book. An Instructor’s Manual is available both online and in 
print (ISBN: 0-12-369435-3), with the answers to the even-numbered prob- 
lems. A Student Solutions Manual is available both online and in print (ISBN: 
0-12-088586-7), that contains detailed solutions of odd-numbered problems. 

There are many ways of choosing and arranging topics from the book to 
provide an interesting and meaningful course. The following sections form 
the core, requiring at least 14 hours of lecture: Sections 1.1-1.3, 2.1—-2.5, 3.1 
3.3, 4.1-4.3, and 4.5. These cover the basics of Fourier series and the solutions 
of heat, wave, and potential equations in finite regions. My choice for the next 
most important block of material is the Fourier integral and the solution of 
problems on unbounded regions: Sections 1.9, 2.10—2.12, 3.6, and 4.4. These 
require at least six more lectures. 

The tastes of the instructor and the needs of the audience will govern the 
choice of further material. A rather theoretical flavor results from including: 
Sections 1.4—1.7 on convergence of Fourier series; Sections 2.7—2.9 on Sturm— 
Liouville problems, and the sequel, Section 3.4; and the more difficult parts of 
Chapter 5, Sections 5.5—-5.10 on Bessel functions and Legendre polynomials. 
On the other hand, inclusion of numerical methods in Sections 1.8 and 3.5 
and Chapter 7 gives a very applied flavor. 

Chapter 0 reviews solution techniques and theory of ordinary differential 
equations and boundary value problems. Equilibrium forms of the heat and 
wave equations are derived also. This material belongs in an elementary differ- 
ential equations course and is strictly optional. However, many students have 
either forgotten it or never seen it. 

For this fifth edition, I have revised in response to students’ changing needs 
and abilities. Many sections have been rewritten to improve clarity, provide 
extra detail, and make solution processes more explicit. In the optional Chap- 
ter 0, free and forced vibrations are major examples for solution of differential 
equations with constant coefficients. In Chapter 1, I have returned to deriving 
the Fourier integral as a “limit” of Fourier series. New exercises are included 
for applications of Fourier series and integrals. Solving potential problems ona 
rectangle seems to cause more difficulty than expected. A new section 4.3 gives 
more guidance and examples as well as some information about the Poisson 
equation. New exercises have been added and old ones revised throughout. 
In particular I have included exercises based on engineering research publica- 
tions. These provide genuine problems with real data. 

A new feature of this edition is a CD with auxiliary materials: animations 
of convergence of Fourier series; animations of solutions of the heat and wave 
equations as well as ordinary initial value problems; color graphics of solu- 
tions of potential problems; additional exercises in a workbook style; review 
questions for each chapter; text material on using a spreadsheet for numerical 
methods. All files are readable with just a browser and Adobe Reader, available 
without cost. 
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Ordinary Differential PES 


Equations CHAPTER . 
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ANS y = 


0.1 Homogeneous Linear Equations 


The subject of most of this book is partial differential equations: their physical 
meaning, problems in which they appear, and their solutions. Our principal 
solution technique will involve separating a partial differential equation into 
ordinary differential equations. Therefore, we begin by reviewing some facts 
about ordinary differential equations and their solutions. 

We are interested mainly in linear differential equations of first and second 
orders, as shown here: 


du 
Fe BOUT FO: (1) 


@u 
dt 
In either equation, if f(£) is 0, the equation is homogeneous. (Another test: If 


the constant function u(t) = 0 is a solution, the equation is homogeneous.) In 
the rest of this section, we review homogeneous linear equations. 


+n + pQu=f(d. (2) 


A. First-Order Equations 


The most general first-order linear homogeneous equation has the form 


“ =k(t)u. (3) 
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This equation can be solved by isolating u on one side and then integrating: 


1 du 
ae k(t), 


Inlul = f kta) dec. 
u(t) = +e ef kO dt _ cof RO at, (4) 


It is easy to check directly that the last expression is a solution of the differential 
equation for any value of c. That is, c is an arbitrary constant and can be used 
to satisfy an initial condition if one has been specified. 


Example. 
Solve the homogeneous differential equation 
du _ 
dt 


—tu. 


The procedure outlined here gives the general solution 


ulf)= ce??? 


for any c. If an initial condition such as u(0) = 5 is specified, then c must be 
chosen to satisfy it (c = 5). 


The most common case of this differential equation has k(t) = k constant. 
The differential equation and its general solution are 


du 
—=ku, u(t)=ce™. 5 
r (t) (5) 
If k is negative, then u(t) approaches 0 as t increases. If k is positive, then u(t) 
increases rapidly in magnitude with t. This kind of exponential growth often 
signals disaster in physical situations, as it cannot be sustained indefinitely. 


B. Second-Order Equations 


It is not possible to give a solution method for the general second-order linear 
homogeneous equation, 


BU en keene ky (6) 
dt? dt pee 


Nevertheless, we can solve some important cases that we detail in what follows. 
The most important point in the general theory is the following. 
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Principle of Superposition. If u,(t) and u2(t) are solutions of the same linear 
homogeneous equation (6), then so is any linear combination of them: u(t) = 
CU (t) + Cpu (t). 


This theorem, which is very easy to prove, merits the name of principle be- 
cause it applies, with only superficial changes, to many other kinds of linear, 
homogeneous equations. Later, we will be using the same principle on partial 
differential equations. To be able to satisfy an unrestricted initial condition, we 
need two linearly independent solutions of a second-order equation. Two so- 
lutions are linearly independent on an interval if the only linear combination of 
them (with constant coefficients) that is identically 0 is the combination with 0 
for its coefficients. There is an alternative test: Two solutions of the same linear 
homogeneous equation (6) are independent on an interval if and only if their 
Wronskian 

t 
ime ee (7) 
u(t) u(t) 
is nonzero on that interval. 

If we have two independent solutions u(t), u2(t) of a linear second-order 
homogeneous equation, then the linear combination u(t) = cu, (tf) + @ur(t) 
is a general solution of the equation: Given any initial conditions, c; and c, can 
be chosen so that u(t) satisfies them. 


I. Constant coefficients 
The most important type of second-order linear differential equation that can 
be solved in closed form is the one with constant coefficients, 


au du 
—+ ka +pu=0 (k, pare constants). (8) 


There is always at least one solution of the form u(t) = e” for an appropriate 
constant m. To find m, substitute the proposed solution into the differential 
equation, obtaining 


me™ + kme™ + pe™ =0, 
or 
m +km+p=0 (9) 


(since e”* is never 0). This is called the characteristic equation of the differ- 
ential equation (8). There are three cases for the roots of the characteristic 
equation (9), which determine the nature of the general solution of Eq. (8). 
These are summarized in Table 1. 

This method of assuming an exponential form for the solution works for 
linear homogeneous equations of any order with constant coefficients. In all 
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Roots of Characteristic General Solution of Differential 
Equation Equation 
Real, distinct: m,; 4 m, u(t) = c,e™! + cel”! 
Real, double: m,; = m) u(t) = ce"! + cyte’ 
Conjugate complex: u(t) = cre*' cos(Bt) + me” sin(Bt) 


m =a+ip,m,=a —if 


: eu du 
Table 1 Solutions of 4 +k@ + pu=0 


cases, a pair of complex conjugate roots m= a + if leads to a pair of complex 
solutions 


ett gibt ett eo iBt (10) 
that can be traded for the pair of real solutions 
e‘cos(Bt), e* sin(Bt). (11) 
We include two important examples. First, consider the differential equation 


a 
= +22u=0, (12) 


where A is constant. The characteristic equation is m” + A” = 0, with roots 
m= ii. The third case of Table 1 applies if A 4 0; the general solution of the 
differential equation is 


u(t) = c, cos(At) + c sin(At). (13) 
Second, consider the similar differential equation 


a 
oe ~2u=0. (14) 


The characteristic equation now is m” — A? = 0, with roots m = +A. If’ £0, 
the first case of Table 1 applies, and the general solution is 


u(t)=ce"+o¢e™. (15) 


It is sometimes helpful to write the solution in another form. The hyperbolic 
sine and cosine are defined by 


sinh(A) = se — e 4), cosh(A) = 5(¢ + ee), (16) 


Thus, sinh(At) and cosh(At) are linear combinations of e”’ and e~*“. By the 
Principle of Superposition, they too are solutions of Eq. (14). The Wronskian 
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ole 


Figure 1 Mass—spring—damper system. 


test shows them to be independent. Therefore, we may equally well write 
u(t) = c, cosh(At) + ¢, sinh(At) 
as the general solution of Eq. (14), where c, and c, are arbitrary constants. 


Example: Mass—Spring—Damper System. 
The displacement of a mass in a mass—spring—damper system (Fig. 1) is de- 
scribed by the initial value problem 


au nm yi ee 
— a u= 
dt? 7 a : 


— dU oy 
u(0) = uo a ) = vo. 


The equation is derived from Newton’s second law. Coefficients b and w* 
are proportional to characteristic constants of the damper and the spring, re- 
spectively. The characteristic equation of the differential equation is 


m +bm+o? =0, 


with roots 


—b+ Jb? — 4? b b\? 
2 eG ee 


The nature of the solution, and therefore the motion of the mass, is determined 
by the relation between b/2 and o. 


b=0:undamped. The roots are tiw and the general solution of the differ- 
ential equation is 
u(t) = c, cos(wt) + c sin(wt). 


The mass oscillates forever. 
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0 < b/2 <q@:underdamped. The roots are complex conjugates a +i6 with 
a = —b/2, B = /w* — (b/2). The general solution of the differential equa- 
tion is 

u(t) =e"? (c, cos(Bt) + c sin(Bt)). 
The mass oscillates, but approaches equilibrium as t increases. 
b/2 =: critically damped. The roots are both equal to b/2. The general 
solution of the differential equation is 


—bt/2 


u(t) =e (cy + @t). 


The mass approaches equilibrium as ¢ increases and may pass through equi- 
librium (u(t) may change sign) at most once. 


b/2 > w: overdamped. Both roots of the characteristic equation are real, 
say, m, and my). The general solution of the differential equation is 


u(t) = ce + ce", 


The mass approaches equilibrium as tf increases, and u(t) may change sign at 
most once. These cases are illustrated on the CD. 


2. Cauchy—Euler equation 


One of the few equations with variable coefficients that can be solved in com- 
plete generality is the Cauchy—Euler equation: 


du du 
P— +kt— =0. 17 
qe t ha tH (17) 
The distinguishing feature of this equation is that the coefficient of the nth 
derivative is the nth power of t, multiplied by a constant. The style of solution 
for this equation is quite similar to the preceding: Assume that a solution has 
the form u(t) = t”, and then find m. Substituting u in this form into Eq. (17) 
leads to 


t?m(m — 1)t™* + ktmt™ | + pt™=0, or 
mm—1)+km+p=0_ (k, pare constants). (18) 


This is the characteristic equation for Eq. (17), and the nature of its roots de- 
termines the solution, as summarized in Table 2. 
One important example of the Cauchy—Euler equation is 


2, 
?P—+t— —Au=0, (19) 


Chapter0 Ordinary Differential Equations 7 


Roots of Characteristic General Solution of Differential 
Equation Equation 
Real, distinct roots: m, Am, u(t) =ct + ot" 
Real, double root: m, = m, u(t) =c,t™! +c@(Int)t™ 
Conjugate complex roots: u(t) = c,t* cos(B Int) + ct® sin(f Int) 
m, =a+iB,m,=a— iB 


: Cu du 
Table 2 Solutions of t? 5 + kt4 + pu=0 


where A > 0. The characteristic equation is m(m—1)+m—)? =m’? —A* =0. 
The roots are m = +A, so the first case of Table 2 applies, and 


u(t) =ct* + ot (20) 
is the general solution of Eq. (19). 
For the general linear equation 


BH iY a= 
qe dt A ead 


any point where k(t) or p(t) fails to be continuous is a singular point of the 


differential equation. At such a point, solutions may break down in various 
ways. However, if fp is a singular point where both of the functions 


(t—t)k(t) and (t— to)p(t) (21) 
have Taylor series expansions, then fo is called a regular singular point. The 
Cauchy-—Euler equation is an example of an important differential equation 


having a regular singular point (at tp = 0). The behavior of its solution near 
that point provides a model for more general equations. 


3. Other equations 


Other second-order equations may be solved by power series, by change of 
variable to a kind already solved, or by sheer luck. For example, the equation 


foe + 0?u=0, (22) 
which occurs in the theory of beams, can be solved by the change of variables 


1 1 
t=-, u(t)=-v(z). 
Zz z 
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Here are the details. The second derivative of u has to be replaced by its ex- 
pression in terms of v, using the chain rule. Start by finding 


du_ d/(v\ dz 
dt dz\z) dt’ 
Since t = 1/z, also z= 1/t, and dz/dt = —1/t*? = —z*. Thus 


du gf 208 , 
— Z — ZU t Vv. 
dt 2 


Similarly we find the second derivative 
du d(du\dz_ d , 
dt? dz\ dt} dt dz 


= —27?(—zv" —v' +’) = 20". 


Finally, replace both terms of the differential equation: 


1 ei 2U 
—)zv +iA°-=0, 
Zz Zz 


v’ +i =0. 


or 


This equation is easily solved, and the solution of the original is then found by 
reversing the change of variables: 


u(t) = t(c, cos(A/t) + sin(A/t)). (23) 


C. Second Independent Solution 


Although it is not generally possible to solve a second-order linear homoge- 
neous equation with variable coefficients, we can always find a second inde- 
pendent solution if one solution is known. This method is called reduction of 
order. 
Suppose u(t) is a solution of the general equation 
au k du ‘ oy 
apt OF + p(t)u=0. (24) 
Assume that u2(t) = v(t)u)(f) is a solution. We wish to find v(t) so that uz 
is indeed a solution. However, v(t) must not be constant, as that would not 
supply an independent solution. A straightforward substitution of uz = vu, 
into the differential equation leads to 


v" uy + 2v'u, + vu, + k(t) (v'u + vu) + pum = 0. 


Chapter 0 Ordinary Differential Equations 9 
Now collect terms in the derivatives of v. The preceding equation becomes 
uyv" + (2u, + k(t)uy)v’ + (uf + ku, + p(m)v = 0. 
However, u; is a solution of Eg. (24), so the coefficient of v is 0. This leaves 
uv" + (2u, + k(t)u)v' =0, (25) 


which is a first-order linear equation for v’. Thus, a nonconstant v can be 
found, at least in terms of some integrals. 


Example. 
Consider the equation 


(1 = )u" — 2tu' +2u=0, —-l<t<l, 


which has u(t) = t as a solution. By assuming that u, = v- t and substituting, 
we obtain 


(1 —t*)(v"t + 2v’) — 2t(v't + v) + 2ut = 0. 
After collecting terms, we have 
(1—¢*)tv” + (2—4¢)v' =0. 
From here, it is fairly easy to find 


v= 47-22 1 1 
wey ee PS eet 


(using partial fractions), and then 


Inv’ = —2In(t) —In(l—t) —Ind + 0). 


Finally, each side is exponentiated to obtain 


: 1 Bian SDDe ss. gd 
v= = T t ’ 
e1—?t?) 2 1l-t 1+¢t 
Ey l+t 
v=—-+ ~In|——}. 
f° .2 1-t 


D. Higher-Order Equations 


Linear homogeneous equations of order higher than 2 — especially order 4 — 
occur frequently in elasticity and fluid mechanics. A general, nth-order homo- 
geneous linear equation may be written 


ul + ky (tu) 4 + kyu + ka(t)u = 0, (26) 
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Root Multiplicity Contribution 
m (real) 1 ce™ 
m (teal) k (cy tHoett--- +t ye 
m, ™ (complex) 1 (acos(Bt) + bsin(Bt))e 
m=a+ip 


(a, + ant +--+ + axt*!) cos(Bre™ 


m, ™ (complex) k + (by 4 byt +++ + byt) sin(Boet 


Table 3 Contributions to general solution 


in which the coefficients k,(t), k(t), etc., are given functions of t. The tech- 
niques of solution are analogous to those for second-order equations. In par- 
ticular, they depend on the Principle of Superposition, which remains valid 
for this equation. That principle allows us to say that the general solution 
of Eq. (26) has the form of a linear combination of n independent solutions 
u,(f), u2(t),..., un(t) with arbitrary constant coefficients, 


u(t) = c,uy(t) + cpu (t) + +++ + Cyt (t). 


Of course, we cannot solve the general nth-order equation (26), but we can 
indeed solve any homogeneous linear equation with constant coefficients, 


u™ + kyut-Y +... +k, uv + k,u = 0. (27) 


We must now find independent solutions of this equation. As in the second- 
order case, we assume that a solution has the form u(t) = e’”, and find values 
of m for which this is true. That is, we substitute e”’ for u in the differen- 
tial equation (27) and divide out the common factor of e”’. The result is the 
polynomial equation 


m +km™ |+.---+k,_im+tk,=0, (28) 


called the characteristic equation of the differential equation (27). 

Each distinct root of the characteristic equation contributes as many inde- 
pendent solutions as its multiplicity, which might be as high as n. Recall also 
that the polynomial equation (28) may have complex roots, which will occur 
in conjugate pairs if—as we assume — the coefficients k,, kz, etc., are real. 
When this happens, we prefer to have real solutions, in the form of an expo- 
nential times sine or cosine, instead of complex exponentials. The contribution 
of each root or pair of conjugate roots of Eq. (28) is summarized in Table 3. 
Since the sum of the multiplicities of the roots of Eq. (28) is n, the sum of the 
contributions produces a solution with n terms, which can be shown to be the 
general solution. 
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Example. 
Find the general solution of this fourth-order equation 


u + 3u” —4u=0. 


The characteristic equation is m* + 3m” — 4 = 0, which is easy to solve because 
it is a biquadratic. We find that m? = —4 or 1, and thus the roots are m = +21, 
+1, all with multiplicity 1. From Table 3 we find that acos(2t) + bsin(2t) cor- 
responds to the complex conjugate pair, m = +2i, while e’ and e~‘ correspond 
to m= 1 and m= —1. Thus we build up the general solution, 


u(t) = acos(2t) + bsin(2t) + ce’ + me. 


Example. 
Find the general solution of the fourth-order equation 


u® —2u® +u=0. 


The characteristic equation is m* — 2m? + 1 = 0, whose roots, found as in the 
preceding, are +1, both with multiplicity 2. From Table 3 we find that each of 
the roots contributes a first-degree polynomial times an exponential. Thus, we 
assemble the general solution as 


u(t) =(q. tone + (c+ cate. 


With sinh(t) = (e' — e~‘)/2 and cosh(t) = (e' + e~)/2, the terms of the pre- 
ceding combination can be rearranged to give the general solution in a differ- 
ent form, 


u(t) = (Cy + Cyt) cosh(t) + (C3 + Cyt) sinh(t). 


Some important equations and their solutions. 


1. a =ku (kis constant), 
u(t) = ce™, 
2. ae +A2u=0, 
dt? 
u(t) = acos(At) + bsin(At). 
3. es —i*u=0, 
dt? 


u(t) =acosh(At)+ bsinh(At) or u(t) =cye"* toe”. 
4. Pu’ + tu’ —’2u=0, 


u(t) = ct + ot. 
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EXERCISES 


In Exercises 1-6, find the general solution of the differential equation. Be care- 
ful to identify the dependent and independent variables. 


Lb 
1. —+)/7¢=0. 
dx? ae 
Lb 
2. —-—wp=0 
Za vy) 
nec ey 
* ae 
dT 
4. — =—)7°kT 
dt 
: ld/( dw Nea a 
rdr\ dr QS 
@R dR 
6. p- + 2 + 1)R=0. 
p re as n(n + 1) 


In Exercises 7-11, find the general solution. In some cases, it is helpful to carry 
out the indicated differentiation, in others it is not. 


d d 
7% —((ht+ ke =0_ (h,kare constants). 
dx dx 


8. (ed’)' + Veh =0. 


9. 2 ,du =% 
“ae dep 


a ld( du ‘ 
. -—(r— ]=0. 
rdr\ dr 


12. Compare and contrast the form of the solutions of these three differential 
equations and their behavior as t > oo. 
au au au 
a > +u=0; b. ape oo a 
In Exercises 13-15, use the “exponential guess” method to find the general 
solution of the differential equations (A is constant). 
d‘u 
dxt 
14. Ge +A*u=0. 
dx* 


13. —dMu=0. 
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dee aot sy ‘ 

— — u=0. 

dx" . dx? . . . . . . . 

In Exercises 16-18, one solution of the differential equation is given. Find a 


second independent solution. 


15. 


au du, as 

16. ae u—0, u,(t) =e . 
Pu du 

2 | fs By pee — +b 
17. ¢ 7p el 2b)t— tbu=0, wm(t)=t’. 

d ( du 4x? — 1 cos(x) 
18. t = 0, — . 

dx (x dx 4x ui) x 
In Exercises 19-21, use the indicated change of variable to solve the differential 
equation. 

d dR 
19. -(°=) eerpsin Royal, 

do\ dp p 

d ( =) 4i7 07 — 1 v(p) 
20. p ~=0, (p)=—. 

do\ dp 4p iD: 


5a u d 
alg Te he x=Int, u(t)=v(x). 


22. Solve each initial value problem. Assuming that the solution represents 
the displacement of a mass in a mass—spring—damper system, as in the 
text, describe the motion in words. 


Oe ae (0) =1 Bi 4 
dt? ° > dt / 
ee eee, Ok, “OV =a. 
dt? dt : > dt , 
pe cacti: esis ts 
dt? dt ‘ > dt . 
Fee Game ee ioe, SOA 
dt? dt f > dt : 


23. Sheet metal is produced by repeatedly feeding the sheet between steel 
rollers to reduce the thickness. In the article “On the characteristics and 
mechanism of rolling instability and chatter” [Y.-J. Lin et al., J. of Manu- 
facturing Science and Engineering, 125 (2003): 778-786], the authors find 
that the distance between rollers is well approximated by h + y, where h 
is the nominal output thickness and y is the solution of the differential 
equation y” + 2ay/ + o*y = 0. The elasticity of the sheet and the rollers 
provides the restoring force, and the plastic deformation of the sheet ef- 
fectively provides damping. 
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For high-speed operation, the system is underdamped. Solve the initial 
value problem consisting of the differential equation and the initial con- 
ditions y(0) = —0.001h, y’/(0) = 0. 


24. (Continuation) For an input speed of 25.4 m/s, it is observed that o = 
600 Hz or 12007 radians/s and a = 0.1030. Using these values, obtain 
a graph of the solution of the preceding exercise, over the range 0 < t < 
0.02 s. How far does the sheet move in 0.02 s? 


25. (Continuation) The damping constant @ referred to in the previous ex- 
ercises appears to depend on v, the speed of the sheet into the rollers, 
according to the relation a/o = A/v, where A is a constant. From the in- 
formation given previously, the value of A is about 2.62. Assuming this is 
correct, find the speed v at which damping is critical. 


0.2 Nonhomogeneous Linear Equations 


In this section, we will review methods for solving nonhomogeneous linear 
equations of first and second orders, 


du 
— =k(t 
ef (thu+f(t), 
FY 5 1 + pou =f 
dt? ae as he as 
Of course, we assume that the inhomogeneity f(t) is not identically 0. The 
simplest nonhomogeneous equation is 


du 


= =f. (1) 


This can be solved in complete generality by one integration: 
u(t) = [ro dt +c. (2) 
We have used an indefinite integral and have written c as a reminder that there 


is an arbitrary additive constant in the general solution of Eq. (1). A more 
precise way to write the solution is 


uo = | fiadz+e. (3) 


Here we have replaced the indefinite integral by a definite integral with vari- 
able upper limit. The lower limit of integration is usually an initial time. Note 
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that the name of the integration variable is changed from f to something else 
(here, z) to avoid confusing the limit with the dummy variable of integration. 
The simple second-order equation 


Pu 


<5 =f (4) 
dt? f 
can be solved by two successive integrations. 
The two theorems that follow summarize some properties of linear equa- 
tions that are useful in constructing solutions. 


Theorem 1. The general solution of a nonhomogeneous linear equation has the 
form u(t) = up(t) + u-(t), where up(t) is any particular solution of the nonho- 
mogeneous equation and u,(t) is the general solution of the corresponding homo- 
geneous equation. 


Theorem 2. If up) (t) and up2(t) are particular solutions of a differential equation 
with inhomogeneities f(t) and f;(t), respectively, then ky up; (t) + kyUp2 is a par- 
ticular solution of the differential equation with inhomogeneity kf, (t) + kofx(t) 
(k,, ky are constants). 


Example. 

Find the solution of the differential equation 
au Roa i a 
—+u=1-e". 
dt? 

The corresponding homogeneous equation is 


iu sF 0 

a u=Q, 

dt? 
with general solution u,(t) = c; cos(t) + ~ sin(t) (found in Section 1). A par- 
ticular solution of the equation with the inhomogeneity f;(t) = 1, that is, of 
the equation 


a 
—~+u=1, 
dt? 
is Upi(t) = 1. A particular solution of the equation 
au rn 7 
——+u=e 
dt? 


is Up2(t) = se. (Later in this section, we will review methods for constructing 
these particular solutions.) Then, by Theorem 2, a particular solution of the 


given nonhomogeneous Eq. (5) is u)(t) = 1 — Se~*. Finally, by Theorem 1, the 
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Inhomogeneity, f(t) Form of Trial Solution, u,(t) 
(agt” tat”! +---+a,)e% (Agt” + Ait?) +--+ +A,)e% 
(apt" +++» +a,)e' cos(Bt) (Aot" +--+» +A,)e“ cos(Bt) 
+ (bot” +--+ +5,)e" sin(Bt) + (Bot” +-+++B,)e™ sin(Bt) 


Table 4 Undetermined coefficients 


general solution of the given equation is 
I= . 
u(t) =1— Ae +c, cos(t) + ~ sin(f). 


If two initial conditions are given, then c, and c, are available to satisfy them. 
Of course, an initial condition applies to the entire solution of the given dif- 
ferential equation, not just to u,(t). 


Now we turn our attention to methods for finding particular solutions of 
nonhomogeneous linear differential equations. 


A. Undetermined Coefficients 


This method involves guessing the form ofa trial solution and then finding the 
appropriate coefficients. Naturally, it is limited to the cases in which we can 
guess successfully: when the equation has constant coefficients and the inho- 
mogeneity is simple in form. Table 4 offers a summary of admissible inhomo- 
geneities and the corresponding forms for particular solution. The parameters 
n,a, B and the coefficients ao, ..., Gy, bo, ..., by are found by inspecting the 
given inhomogeneity. The table compresses several cases. For instance, f(t) in 
line 1 is a polynomial if a = 0 or an exponential if n = 0 and a £0. In line 2, 
both sine and cosine must be included in the trial solution even if one is absent 
from f(t); but a = 0 is allowed, and so is n= 0. 


Example. 

Find a particular solution of 
a 
—+5u=te™. 
dt? ~ 


We use line 1 of Table 4. Evidently, n = 1 and a = —1. The appropriate form 
for the trial solution is 


Up(t) = (Apt + Ae. 


When we substitute this form into the differential equation, we obtain 


(Aot + Aj _ 2Ay)e! + 5(Aot + Ae" = te’. 
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Now, equating coefficients of like terms gives these two equations for the coef- 
ficients: 


6Ap =1 (coefficient of te~‘), 
6A, —2A) =0_ (coefficient of e~'). 


These we solve easily to find Ap = 1/6, A; = 1/18. Finally, a particular solution 


1S 
(3 th ert 
Up = a 18 ee... 


A trial solution from Table 4 will not work if it contains any term that is a so- 
lution of the homogeneous differential equation. In that case, the trial solution 
has to be revised by the following rule. 


Revision Rule. Multiply by the lowest positive integral power of t such that no 
term in the trial solution satisfies the corresponding homogeneous equation. 


Example. 
Table 4 suggests the trial solution up)(t) = (Apt + A;)e™ for the differential 
equation 


However, we know that the solution of the corresponding homogeneous equa- 
tion, u’ — u=0, is 


u(t)h=cqeé+oe-. 


The trial solution contains a term (A,e ‘) that is a solution of the homoge- 
neous equation. Multiplying the trial solution by ¢ eliminates the problem. 
Thus, the trial solution is 


Up(t) = t(Aot + Aye‘ = (Apt? + Ait)e™. 
Similarly, the trial solution for the differential equation 


au fn 4 du eee 
—~ +2—+u=te 
dt? dt 
has to be revised. The solution of the corresponding homogeneous equation 
is u,(t) = c, e-' + & te’. The trial solution from the table has to be multiplied 
by ¢? to eliminate solutions of the homogeneous equation. 


Example: Forced Vibrations. 
The displacement u(t) of a mass in a mass—spring—damper system, starting 
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i 


F(t) 


Figure 2 Mass—spring—damper system with an external force. 


from rest, with an external sinusoidal force (see Fig. 2) is described by this 
initial value problem: 


a d 
= + b— +°u = fy cos(ut), 


du 
u(0)=0, (0) =0. 


See the Section 1 example on the mass—spring—damper system. The coeffi- 
cient fy is proportional to the magnitude of the force. There are three impor- 
tant cases. 


b=0, « #4: undamped, no resonance. The form of the trial solution is 
Uup(t) = Acos(wt) + Bsin(ut). 
Substitution and simple algebra lead to the particular solution 


fo 


Ug(t) = 5 
w? — 


7 cos(Lt) 


(that is, B= 0). The general solution of the differential equation is 


fo 
we — 2 


u(t) = cos(ut) + c, cos(wt) + c sin(wt). 


Applying the initial conditions determines c, and c. Finally, the solution of 
the initial value problem is 


fo 


aw — yl 


u(t) = (cos(t) — cos(wt)). 
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b=0, “4 =@: resonance. Now, since w = p, the trial solution must be 
revised to 


Uup(t) = At cos(ut) + Btsin(ut). 
Substitution into the differential equation and simple algebra give A = 0, B= 
fo/2u, or 


Up(t) = B rsin(us) 


The general solution of the differential equation is 
oe , 
u(t) = ao +c, cos(ut) + c¢ sin(ut). 
be 


(Remember that b = 0 and w = w.) The initial conditions give c) = c) = 0, so 
the solution of the initial value problem is 


u(t) = fy sin(yt). 
2M 


The presence of the multiplier t means that the amplitude of the oscillation is 
increasing. This is the phenomenon of resonance. 


b > 0: damped motion. The ideas are straightforward applications of the 
techniques developed earlier. The trial solution is a combination of cos(t) 
and sin(wt). Somewhat less simple algebra gives 


TS i F(a? — pw’) cos(ut) + wbsin(t)), 
where A = (w* — w”)* + 7b’. The general solution of the differential equation 
may take different forms, depending on the relation between b and w. (See 
Section 1.) Assuming the underdamped case holds, we have 


fo 
A 
+ hl? (c, cos(yt) + c sin(yt)) 


u(t) = ((w* — pw”) cos(ut) + wb sin(t)) 


for the general solution of the differential equation. Here, y = ./w? — (b/2)? 
is real because we assumed underdamping. 
Applying the initial conditions gives, after some nasty algebra, 


fbo+u 


fo 
A Ay 2 


¢ =——(#- pW’), Q= 
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Notice that, as f increases, the terms that come from the complementary 
solution approach 0, while the terms that come from the particular solution 
persist. These cases are illustrated with animation on the CD. 


B. Variation of Parameters 


Generally, ifa linear homogeneous differential equation can be solved, the cor- 
responding nonhomogeneous equation can also be solved, at least in terms of 
integrals. 


1. First-order equations 


Suppose that u,(f) is a solution of the homogeneous equation 


a“ =k(t)u. (5) 


Then to find a particular solution of the nonhomogeneous equation 


du 

—=k(t t), 6 

ae (t)ut+ f(t) (6) 
we assume that up(t) = v(t)u,(t). Substituting u, in this form into the differ- 
ential equation (6) we have 


d du, 

Se + 0 = k(t)vu, +f (0). (7) 
However, u/. = k(t)u,, so one term on the left cancels a term on the right, 
leaving 

dv dv f(t) 


ae =f(t), or de = ub 


The latter is a nonhomogeneous equation of simplest type, which can be 
solved for v(t) in one integration. 


(8) 


Example. 
Use this method to find a solution of the nonhomogeneous equation 


du. i 
Bes ee 


We should try the form up(t) = v(t) - e*, because e™ is a solution of u’ = 5u. 


Substituting the preceding form for up, we find 


dv 
—.@4+y-5e% =5ve" +t, 
dt 
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or, after canceling 5ve™ from both sides and simplifying, we find 


dv 
oo es gy 
dt 


This equation is integrated once (by parts) to find 


From here, we obtain up(t) = v(t) -e* = —(it a x). 


2. Second-order equations 


To find a particular solution of the nonhomogeneous second-order equation 
Pi 
We +k + pQu=f, (9) 
we need two independent solutions, u(t) and u(t), of the corresponding ho- 
mogeneous equation 


au 


ae +Keot ~ + p()u=0. (10) 


Then we assume that our particular solution has the form 
Up(t) = v1 (t)u;(t) + v2(t)u2(t), (11) 
where v; and v2 are functions to be found. If we simply insert up in this form 


into Eq. (9), we obtain one complicated second-order equation in two un- 
known functions. However, if we impose the extra requirement that 


dv, dv2 
— uy + uy = 0, (12) 
dt dt 
then we find that 
uy = VW + UjW + VU, + V2, = VU, + VIM, (13) 
uy — vu} v5u, vyuy V2U5, (14) 


and the equation that results from substituting Eq. (11) into Eq. (9) becomes 


vy uy, + vgu + v; (ul + k(f)uy + p(t) + v2 (uy + k(t), + p()u2) =f (t). 


This simplifies further: The multipliers of v; and v2 are both 0, because u; and 
Uy satisfy the homogeneous Eq. (10). 
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Thus, we are left with a pair of simultaneous equations, 


viuy i V5 uz = 0, (12’) 


Ui, yay =f @; (15) 
in the unknowns v} and v}. The determinant of this system is 
uy U2 
"lwo, (16) 
cee?) 


the Wronskian of u, and u,. Since these were to be independent solutions of 
Eq. (10), their Wronskian is nonzero, and we may solve for v/ (ft) and v}(t) and 
hence for v; and vp. 


Example. 
Use variation of parameters to solve the nonhomogeneous equation 


au 
— +u=cos(at). 


dt? 
Assume a solution in the form 
Up(t) = v1 cos(t) + v2 sin(f), 


because sin(t) and cos(t) are independent solutions of the corresponding ho- 
mogeneous equation wu” + u = 0. The assumption of Eq. (12) is 


v, cos(t) + vj sin(t) = 0. (17) 
Then our equation reduces to the following, corresponding to Eq. (15): 
—vj sin(t) + v5 cos(t) = cos(wt). (18) 
Now we solve Eqs. (17) and (18) simultaneously to find 


Vv, = —sin(t) cos(wt), vv, = cos(t) cos(wt). (19) 


These equations are to be integrated to find v; and v2, and then u,(t). 


Finally, we note that v,(¢) and v2(t) can be found from Eqs. (12) and (15) 
in general: 


/ u f / u ig 
=r, = 7 (20) 
Integrating these two equations, we find that 
_ f eOfo =i ui (t)f (t) 
v1 (t) = i Wo dt, wu2(t)= wo dt. (21) 


0.2 Nonhomogeneous Linear Equations 23 


Now, Eq. (11) may be used to form a particular solution of the nonhomoge- 
neous equation (9). 
We may also obtain v; and v, by using definite integrals with variable upper 


limit: 
fi m@f@ _ [i u@f@ 
v1 (t) = = “We dz, v2(t) = We) dz. (22) 


The lower limit is usually the initial value of t, but may be any convenient 
value. The particular solution can now be written as 


up(t) = —m (0) [ 


to 


up (z)f (2) ui (2)f (2) @ 
We derunto | Wo 


Furthermore, the factors u; (tf) and u2(t) can be inside the integrals (which are 


not with respect to t), and these can be combined to give a tidy formula, as 
follows. 


Theorem 3. Let u\(t) and up(t) be independent solutions of 


au du 
gp tkOg tpOu=0 (A) 


with Wronskian W(t) = uj(t)u;,(t) — up(t)u;(t). Then 


Up(t) = G(t, z)f (z) dz 


is a particular solution of the nonhomogeneous equation 


au du 
We + Un + p(thu=f(t), (NH) 


where G is the Green’s function defined by 


G(t,2) = Uy (Z) up Sree (23) 


EXERCISES 


In Exercises 1-10, find the general solution of the differential equation. 
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1. BY sels py aay 2. Be si gedat 
dt dt 
3. ah tau=e". 4. eu +u=cos(at) (@#1). 
dt dt? 
5. Ge aati 6 eee ee ee 
dt? ” Be 
(U, y? are constants). 
7. Gog cp seine 8. ra(rg anh 
dt? dt rdr\ dr 
ld du Lu 
a al" a)= 1. 1. — =-1. 


11. Let h(t) be the height of a parachutist above the surface of the earth. Con- 
sideration of forces on his body leads to the initial value problem for h: 


dh 
h(0) = ho, ae =0 


(M = mass, g = acceleration of gravity, K = parachute constant). Solve 
the problem, taking g = 32 ft/s? and K/M = 0.1/s. 


12. Solve this initial value problem for forced vibrations, 


Cu ; 
oT) +@°u=fosin(ut), 


n=0, “@=o 
u(0) = 0, a 


in two cases: (a) u4#@, (b) w=oa. 
In Exercises 13-19, use variation of parameters to find a particular solution of 
the differential equation. Be sure that the differential equation is in the correct 
form. 


u 
13. —+au=e", u(th=e". 


dt 

eho Ges 

tah wal. 

dy ; 

15. —+y=tan(x), y(x)=cos(x), (x) = sin(x). 
dx? 
d’y : ; 

16. —~+y=sin(x), yi(x)=cos(x), yo(x) = sin(x). 
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a 
17. aa anh m()=1, m(t)=t. 
ld/(/ du 
18. a(S) = =I, uy(r) = 1, u(r) = In(r). 


d 1 
19. poo tig ual, u,(t) =t, er 


In Exercises 20-22, use Theorem 3 to develop the formula shown for a partic- 


ular solution of the differential equation. 
2 


au et ie 
20. aa ty Y= TOs up(t) = - | sin(y (t — z))f (2) dz. 
du 


21. 
dt 


+au=f(t), u(t)= / e F(z) dz. 
0 


2 t 

22. = —y*u=fi(t), Up(t) = -| sinh(y (t _ z))f(2) dz. 
dt Y Jo 

23. In “Model for temperature estimation of electric couplings suffering heavy 
lightning currents” [A.D. Polykriti et al., IEE Proceedings — Generation, 
Transmission and Distribution, 151 (2004): 90-94], the authors model the 
temperature rise above ambient in a coupling with this initial value prob- 
lem: 


al * 
arr =r(t)RU+aT), T(O)=0. 
Parameters: p is density, c is specific heat, i(t) is the current due to a light- 
ening strike, R is the resistance of the coupling at ambient temperature, 
and the factor (1+ aT) shows how resistance increases with temperature. 


Simplify the differential equation algebraically to get 


aor, 
em (t)(B+T), T(0)=0, 


and identify 6 and K in terms of the other parameters. 


24. (Continuation) The authors model the lightning current with the func- 
tion i(t) = Imax(e~* — e~“")/n, where n is a factor to make Imax the ac- 
tual maximum. Obtain graphs of this function and the simpler function 
i(t) = Imaxe“’, using these values: Imax = 100 kA, n = 0.93, A = 2.1, 
jt = 150. The unit for time is milliseconds. Graph for t from 0 to 2 ms, 
which is the range of interest. 


25. (Continuation) Solve the initial value problem using the simpler function 
for current. (Don’t forget to square.) Graph the result for t from 0 to 2 ms, 
using B = 0.26 and K = 13. 
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0.3 Boundary Value Problems 


A boundary value problem in one dimension is an ordinary differential equa- 
tion together with conditions involving values of the solution and/or its deriv- 
atives at two or more points. The number of conditions imposed is equal to 
the order of the differential equation. Usually, boundary value problems of any 
physical relevance have these characteristics: (1) The conditions are imposed 
at two different points; (2) the solution is of interest only between those two 
points; and (3) the independent variable is a space variable, which we shall 
represent as x. In addition, we are primarily concerned with cases where the 
differential equation is linear and of second order. However, problems in elas- 
ticity often involve fourth-order equations. 

In contrast to initial value problems, even the most innocent looking 
boundary value problem may have exactly one solution, no solution, or an 
infinite number of solutions. Exercise 1 illustrates these cases. 

When the differential equation in a boundary value problem has a known 
general solution, we use the two boundary conditions to supply two equations 
that are to be satisfied by the two constants in the general solution. If the dif- 
ferential equation is linear, these are two linear equations and can be easily 
solved, if there is a solution. 

In the rest of this section we examine some physical examples that are natu- 
rally associated with boundary value problems. 


Example: Hanging Cable. 

First we consider the problem of finding the shape of a cable that is fastened 
at each end and carries a distributed load. The cables of a suspension bridge 
provide an important example. Let u(x) denote the position of the centerline 
of the cable, measured upward from the x-axis, which we assume to be hori- 
zontal. (See Fig. 3.) Our objective is to find the function u(x). 

The shape of the cable is determined by the forces acting on it. In our analy- 
sis, we consider the forces that hold a small segment of the cable in place. (See 
Fig. 4.) The key assumption is that the cable is perfectly flexible. This means 
that force inside the cable is always a tension and that its direction at every 
point is the direction tangent to the centerline. 


xx+ AX 4 


Figure 3 The hanging cable. 
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We suppose that the cable is not moving. Then by Newton’s second law, 
the sum of the horizontal components of the forces on the segment is 0, and 
likewise for the vertical components. If T(x) and T(x+ Ax) are the magnitudes 
of the tensions at the ends on the segment, we have these two equations: 


T(x + Ax) cos(p(x + Ax)) — T(x) cos(o(x)) = 0 (Horizontal), (1) 
T(x + Ax) sin(p(x + Ax)) — T(x) sin(d(x)) — f(~)Ax=0 (Vertical). (2) 


In the second equation, f(x) is the intensity of the distributed load, measured 
in force per unit of horizontal length, so f(x) Ax is the load borne by the small 
segment. 

From Eq. (1) we see that the horizontal component of the tension is the same 
at both ends of the segment. In fact, the horizontal component of tension has 
the same value — call it T—at every point, including the endpoints where 
the cable is attached to solid supports. By simple algebra we can now find the 
tension in the cable at the ends of our segment, 


T 
OEE remohoy ( ~ cos(@) 
and substitute these into Eq. (2), which becomes 
. i 
Se an aT LA LA See 
BOG ey ee 


or 
T(tan(¢(x + Ax)) — tan(¢(x))) — f(x)Ax =0. 


Before going further we should note (Fig. 4) that @(x) measures the angle 
between the tangent to the centerline of the cable and the horizontal. As the 
position of the centerline is given by u(x), tan(@(x)) is just the slope of the 
cable at x. From elementary calculus we know 


du 
tan(¢ (x)) = aa 


Fills) Pa, 


Figure 4 Section of cable showing forces acting on it. The angles are a = (x), 
B= («+ Ax). 
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Substituting the derivative for the slope and making some algebraic adjust- 
ments, we obtain 


T (u(x + Ax) — u'(x)) =f (x) Ax. 
Dividing through by Ax yields 


pike + Ax) — u' (x) 
Ax 


= f(x). 
In the limit, as Ax approaches 0, the difference quotient in the left member 
becomes the second derivative of u, and the result is the equation 


Pu 


Toa = f(x), (3) 


which is valid for x in the range 0 < x < a, where the cable is located. In addi- 
tion, u(x) must satisfy the boundary conditions 


u(0)=ho, ula)=hy. (4) 
For any particular case, we must choose an appropriate model for the load- 


ing, f(x). One possibility is that the cable is hanging under its own weight of 
w units of weight per unit length of cable. Then in Eq. (2), we should put 


As 
f(x) Ax = w— Ax, 
Ax 


where s represents arc length along the cable. In the limit, as Ax approaches 0, 


As/Ax has the limit 
. As du\* 
lim =,/14 . 
Ax>0 Ax dx 


Therefore, with this assumption, the boundary value problem that determines 
the shape of the cable is 


Pu ow du\? 
tema 14 (=). 0<x <a, (5) 
u(0)=hp, ula) =hy. (6) 


Notice that the differential equation is nonlinear. Nevertheless, we can find its 
general solution in closed form and satisfy the boundary conditions by appro- 
priate choice of the arbitrary constants that appear. (See Exercises 4 and 5.) 

Another case arises when the cable supports a load uniformly distributed in 
the horizontal direction, as given by 


f@)Ax= wAx. 
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x x+Ax 


Figure5 Cylinder of heat-conducting material. 


This is approximately true for a suspension bridge. The boundary value prob- 
lem to be solved is then 


Cue ow 
ae — T’ 0O<x< a, 
u(0)=ho, ula) =hy. (7) 


The general solution of the differential equation (7) can be found by the 
procedures of Sections 1 and 2. It is 


u(x) = = ree ae ec 
.* 2T 1 29 


where c, and c) are arbitrary. The two boundary conditions require 


u(0)=ho: c=ho, 


u(a) = hy: (=)« +ca+toa=h. 


These two are solved for c; and c) in terms of given parameters. The result, 
after some beautifying algebra, is 


_ hia ho 


et | 
u(x) = sa (4 ax) + 7 ho. (8) 


Clearly, this function specifies the cable’s shape as part of a parabola opening 
upward. 


Example: Heat Conduction in a Rod. 

A long rod of uniform material and cross section conducts heat along its axial 
direction (see Fig. 5). We assume that the temperature in the rod, u(x), does 
not change in time. A heat balance (“what goes in must come out”) applied to 
a slice of the rod between x and x + Ax (Fig. 6) shows that the heat flow rate 
q, measured in units of heat per unit time per unit area, obeys the equation 


qQ(x)A + g(x)A Ax = q(x+ Ax)A, (9) 
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q(x) Q(x+ Ax) 


Figure6 Section cut from heat-conducting cylinder showing heat flow. 


in which A is the cross-sectional area and g is the rate at which heat enters the 
slice by means other than conduction through the two faces. For instance, if 
heat is generated in the slice by an electric current I, we might have 


g(x)A Ax =PRAx, (10) 


where R is the resistance of the rod per unit length. If heat is lost through 
the cylindrical surface of the rod by convection to a surrounding medium at 
temperature T, then g(x) would be given by “Newton’s law of cooling,” 


g(x)A Ax = —h(u(x) — T)C Ax, (11) 


where C is the circumference of the rod and h is the heat transfer coefficient. 
(This minus sign appears because, if u(x) > T, heat actually leaves the rod.) 
Equation (9) may be altered algebraically to read 


q(x + Ax) — q(x) _ 


Ax —! g(x) ’ 
and application of the limiting process leaves 
d 
“a: em g(x). (12) 
dx 


The unknown function u(x) does not appear in Eq. (12). However, a well- 
known experimental law (Fourier’s law) says that the heat flow rate through a 
unit area of material is directly proportional to the temperature difference and 
inversely proportional to thickness. In the limit, this law takes the form 


du 
=-K—. 13 
baal oe (13) 
The minus sign expresses the fact that heat moves from hotter toward cooler 
regions. 
Combining Eqs. (12) and (13) gives the differential equation 


2 


—« 55 = 8(0), 0<x <a, (14) 


where a is the length of the rod and the conductivity « is assumed to be con- 
stant. 
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If the two ends of the rod are held at constant temperature, the boundary 
conditions on u would be 


u(0)=T), u(a)=Ty}. (15) 


On the other hand, if heat were supplied at x = 0 (by a heating coil, for in- 
stance), the boundary condition there would be 


pat @) =H, (16) 
dx 


where H is measured in units of heat per unit time. 


Example. 
Solve the problem 
du ‘3 
Kaa = hulx)7 0<x <a, (17) 
u(0)=T), u(a)=Tpo. (18) 


(Physically, the rod is losing heat to a surrounding medium at temperature 0, 
while both ends are held at the same temperature To.) If we designate 7 = 
hC/«A, the differential equation becomes 

au 


——p’u=0, 0<x<a, 


dx? 
with general solution 
u(x) = c, cosh(x) + c sinh(x). 


Application of the boundary condition at x = 0 gives c, = To; the second 
boundary condition requires that 


u(a) = To: To = Ty cosh(tza) + c sinh(yua). 
Thus c) = To(1 — cosh(wa))/ sinh(wa) and 


u(x) = To (cosm(us) ia eC 
sinh(a) 


It should be clear now that solving a boundary value problem is not sub- 
stantially different from solving an initial value problem. The procedure is (1) 
find the general solution of the differential equation, which must contain some 
arbitrary constants, and (2) apply the boundary conditions to determine val- 
ues for the arbitrary constants. In our examples the differential equations have 


sinh) ) : 
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Figure 7 Column carrying load P. 


Figure 8 Section of column showing forces and moments. 


been of second order, causing the appearance of two arbitrary constants, which 
are to be determined by the boundary conditions. 

The next example is somewhat different in spirit from the others. Instead of 
just finding the solution of a boundary value problem, we will be looking for 
parameter values that permit the existence of solutions of special form. 


Example: Buckling of a Column. 

A long, slender column whose bottom end is hinged carries an axial load as 
shown in Fig. 7. The upper end of the column can move up or down but not 
sideways. The displacement of the column’s centerline from a vertical reference 
line is given by u(x). If the column were cut at any point x, an upward force P 
and a clockwise moment Pu(x) would have to be applied to the upper part to 
keep it in equilibrium (see Fig. 8). This force and moment must be supplied 
by the lower part of the column. 
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It is known that the internal bending moment (positive when counterclock- 
wise) in a column is given by the product 


au 


EI—., 
dx? 


where E is Young’s modulus and I is the moment of inertia of the cross- 
sectional area. (The moment J = b4/12 for a column whose cross section is 
a square of side b.) Thus equating the external moment to the internal mo- 
ment gives the differential equation 


EI—~=—Pu, 0<x<a, (19) 


which, together with the boundary conditions 
u(0)=0, u(a)=0, (20) 


determines the function u(x). 


In order to study this problem more conveniently, we set 
ia =}? 
EI 


so that the differential equation becomes 


au 


qa th u=o, O<x<a. (21) 


Now, the general solution of this differential equation is 
u(x) = Cc, cos(Ax) + cp sin(Ax). 


As u(0) = 0, we must choose c, = 0, leaving u(x) = ~ sin(Ax). The second 
boundary condition requires that 


u(a)=0: csin(Aa) = 0. 


If sin(Aa) is not 0, the only possibility is that c) = 0. In this case we find that 
the solution is 


u(x) =0, O<x<a. 


Physically, this means that the column stands straight and transmits the load 
to its support, as it was probably intended to do. 

Something quite different happens if sin(Aa) = 0, for then any choice of 
C gives a solution. The physical manifestation of this case is that the column 
assumes a sinusoidal shape and may then collapse, or buckle, under the axial 
load. Mathematically, the condition sin(Aa) = 0 means that Aa is an integer 
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multiple of zr, since sin(z) = 0, sin(27) = 0, etc., and integer multiples of z 
are the only arguments for which the sine function is 0. The equation Aa = 77, 
in terms of the original parameters, is 


E 
\/ a=. 
EI 


It is reasonable to think of E, I, and a as given quantities; thus it is the force 


2 
as 

p=2i(2) ; 
a 


called the critical or Euler load, that causes the buckling. The higher critical 
loads, corresponding to Aa = 27, Aa = 37, etc., are so unstable as to be of no 
physical interest in this problem. 


The buckling example is one instance of an eigenvalue problem. The gen- 
eral setting is a homogeneous differential equation containing a parameter 
and accompanied by homogeneous boundary conditions. Because both dif- 
ferential equations and boundary conditions are homogeneous, the constant 
function 0 is always a solution. The question to be answered is: What values 
of the parameter A allow the existence of nonzero solutions? Eigenvalue prob- 
lems often are employed to find the dividing line between stable and unstable 
behavior. We will see them frequently in later chapters. 


EXERCISES 


1. Of these three boundary value problems, one has no solution, one has 
exactly one solution, and one has an infinite number of solutions. Which 
is which? 

Vu 

a. qe +u=0, u(0)=0, u(r) =0; 

b. BO ay u(0)=0, u(1)=90; 
dx? : / , 
au 

c. ae +u=0, u(0)=0, u(m)=1. 

2. Find the Euler buckling load of a steel column with a 2 in. x 3 in. rectan- 
gular cross section. The parameters are E = 30 x 10° Ib/in.?, I = 2 in.*, 
a= 10 ft. 


3. Find all values of the parameter A for which these homogeneous boundary 
value problems have a solution other than u(x) = 0. 


au 


Gis, apo, 2s 
oS — ) Uu — > — — > 
: dx? i dx is 
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au du 
b. Be oe Au => 0, ae => 0, u(a) => 0; 
Pu du du 
SS See 7 =V, aan =VU;, a, => 0. 
‘ dx? ooo dx ae dx w 


. Verify, by differentiating and substituting, that 
1 

u(x) = c + —cosh(pu(x + c)) 
bh 


is the general solution of the differential equation (5). (Here uw = w/T. 
The graph of u(x) is called a catenary.) 


. Find the values of cand ¢ for which the function u(x) in Exercise 4 satisfies 
the conditions 


u(0)=h, u(a)=h. 


. A beam that is simply supported at its ends carries a distributed lateral 
load of uniform intensity w (force/length) and an axial tension load T 
(force). The displacement u(x) of its centerline (positive down) satisfies 
the boundary value problem here. Find u(x). 
2 2 

du Le Dee, oe 

dx? EI FI 2 

u(0)=0, u(L)=0. 


. The temperature u(x) in a cooling fin satisfies the differential equation 
@u he 
oF aa aay 0<x <a, 


and boundary conditions 
u(0) = To, —« He) = h(u(a) — T). 


That is, the temperature at the left end is held at Ty > T while the surface 
of the rod and its right end exchange heat with a surrounding medium at 
temperature T. Find u(x). 


. Calculate the limit as a tends to infinity of u(x), the solution of the prob- 
lem in Exercise 7. Is the result physically reasonable? 


. Inan electrical heating element, the temperature u(x) satisfies the bound- 
ary value problem that follows. Find u(x). 


a hC PR 
sees (u—T) , O<x<a, 
K KA 


uOy=T, ula=T. 
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Figure9 Poiseuille flow. 


Verify that the solution of the problem given in Eqs. (17) and (18) can also 
be written as follows, with ? = Ch/Ak: 


cosh(u(x — a/2)) 


ca cosh(a/2) 


(Poiseuille flow) A viscous fluid flows steadily between two large paral- 
lel plates so that its velocity is parallel to the x-axis. (See Fig. 9.) The 
x-component of velocity of the fluid at any point (x, y) is a function of 
y only. It can be shown that this component u(x) satisfies the differential 
equation 


where ju is the viscosity and —g is a constant, negative pressure gradi- 
ent. Find u(y), subject to the “no-slip” boundary conditions, u(0) = 0, 
u(L) = 0. 


If the beam mentioned in Exercise 6 is subjected to axial compression in- 
stead of tension, the boundary value problem for u(x) becomes the one 
here. Solve for u(x). 

uP w Lx— x’ 


} = , O<x<L, 
fe Et: 2 . 


u(0)=0, u(L)=0. 


For what value(s) of the compressive load P in Exercise 12 does the prob- 
lem have no solution or infinitely many solutions? 


The pressure p(x) in the lubricant under a plane pad bearing satisfies the 


problem 
<(«2) =-K, a<x<b, 
ha xc 


p(a)=0, pb) =0. 


15. 


16. 


17. 


18. 
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Find p(x) in terms of a, b, and K (constant). Hint: The differential equa- 
tion can be solved by integration. 


In a nuclear fuel rod, nuclear reaction constantly generates heat. If we treat 
a rod as a one-dimensional object, the temperature u(x) in the rod might 
satisfy the boundary value problem 


dx? : ay a fe, Se: 


uO)=T, u(a=T. 


Here, g is the heat generation rate or power density, and the terms on the 
right-hand side represent heat transfer by convection to a surrounding 
medium, usually pressurized water. Find u(x). 


Sketch the solution of Exercise 15 and determine the maximum temper- 
ature encountered. Typical values for the parameters are g = 300 W/cm’, 
T = 325°C, « = 0.01 cal/cems°C, a = 2.9 m, C/A = 4/cm, h = 
0.035 cal/cm? s °C. It will be useful to know that 1 W = 0.239 cal/s. 


An assembly of nuclear fuel rods is housed in a pressure vessel shaped 
roughly like a cylinder with flat or hemispherical ends. The temperature 
in the thick steel wall of the vessel affects its strength and thus must be 
studied for design and safety. Treating the vessel as a long cylinder (that 
is, ignoring the effects of the ends), it is easy to derive this differential 
equation in cylindrical coordinates for the temperature u(r) in the wall: 


1 d (rdu) _ 
rdr dr 


0, a<r<b, 


where a and U are the inner and outer radii, respectively. The boundary 
conditions both involve convection, with hot pressurized water at the in- 
ner radius and with air at the outer radius: 


—Ku' (a) = ho(Tw = u(a)), 
cu (b) = hy(T, — u(b)). 


Find u(r) in terms of the parameters, carefully checking the dimensions. 


If a beam of uniform cross section is simply supported at its ends and 
carries a distributed load w(x) along its length, then the displacement u(x) 
of its centerline satisfies the boundary value problem 


d*u _ w(x) 
dxt EI 
u(0)=0, u"(0)=0, u(a)=0, u'’(a)=0. 


, O<x<a, 
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(Here, E is Young’s modulus and I is the second moment of the cross sec- 
tion.) Solve this problem if w(x) = wo, constant. 


19. If the beam of Exercise 18 is built into a wall at the left end and is unsup- 
ported at the right end, the boundary conditions become 


u(0)=0, uw(O)=0, u’(a)=0, wu" (a)=0. 


Solve the same differential equation subject to these conditions. 


0.4 Singular Boundary Value Problems 


A boundary value problem can be singular in two different ways. In one case, 
an endpoint of the interval of interest is a singular point of the differential 
equation. In the other, the interval is infinitely long. 


Regular Singular Point 
Recall that a point xp is a (regular) singular point of the differential equation 
ul" + k(x)u' + p(x)u=f (x) 
if the products 
(x —xo)k(x),  &— x0)"p(@) 


both have Taylor series expansions centered at xo but either k(x) or p(x) or 
both become infinite as x > xo. For example, the point xp = 1 is a regular 
singular point of the differential equation 


(—x)u"’ +u'+xu=0. 


In standard form, the equation is 


Since both 
1 
k(x) = —— and p(x)= eee 
1-x 1-x 


become infinite at x = 1, but (x — 1)k(x) and (x — 1)*p(x) both have Taylor 
series expansions about the center x = 1, the point xp = 1 is a regular singular 
point. Another convenient example is provided by the Cauchy—Euler equation 
of Section 1, which has a regular singular point at the origin. 

This situation typically arises when a boundary point is a mathematical 
boundary without being a physical boundary. For instance, a circular disk of 
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radius c may be described in polar (r, 9) coordinates as occupying the region 
0<r<c. The origin, at r= 0, is a mathematical boundary, yet physically this 
point is in the interior of the disk. 

At a singular point, one cannot specify a value for u(xo), the solution of 
the differential equation, or for its derivative. However, it is usually necessary 
to require that both u(xo) and u'(xo) be finite, or bounded. Tacitly, we always 
require that the solution and its derivative be finite at every point of the interval 
where we are solving a differential equation. But when a singular point is a 
boundary point of that interval, we enforce the condition explicitly. In the 
example that follows we shall see how these conditions act so as to make the 
solution of a boundary value problem unique. 


Example: Radial Heat Flow. 

Suppose a long cylindrical bar, surrounded by a medium at temperature T, 
carries an electrical current. If heat flows in the radial direction much faster 
than in the axial direction, the temperature u(r) in the rod may be described 
by the problem 


ld( du ee ae ; 
oa are =—H, <r<c, (1) 
u(c) = T. (2) 


Here, c is the radius of the rod, r is a polar coordinate, and H (constant) is 
proportional to the electrical power being converted into heat. 

In this problem, only the physical boundary condition has been noted. The 
mathematical boundary r = 0 is a singular point, as is clear from the differen- 
tial equation in the form 


Thus, at this point we will require that u and du/dr be finite: 
u(0), u'(0) finite. (3) 


Now the differential equation (1) is easy to solve. Multiply through by r and 
integrate once to find that 


Divide through this equation by r and integrate once more to determine that 


2 
u(r) = -H> +c In(r)+ co. 
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Application of the special condition, that u(0) and u’(0) be finite, immediately 
tells us that c; = 0; for both, In(r) and its derivative 1/r become infinite as r 
approaches 0. 

The physical boundary condition, Eq. (2), says that 


oe 
u(c) = sii +Q=T. 


Hence, c) = Hc?/4 + T, and the complete solution is 


dy 49 
u(y =H 57 (4) 


From this example, it is clear that the “artificial” boundary condition, 
boundedness of u(r) at the singular point r = 0, works just the way an or- 
dinary boundary condition works at an ordinary (not singular) point. It gives 
one condition to be fulfilled by the unknown constants c; and c), which are 
then completely determined by the second boundary condition. 


Semi-Infinite and Infinite Intervals 


Another type of singular boundary value problem is one for which the inter- 
val of interest is infinite. (Of course, this is always a mathematical abstraction 
that cannot be realized physically.) For instance, on the interval 0 < x < 00, 
sometimes called a semi-infinite interval, as it does have one finite endpoint, a 
boundary condition would normally be imposed at x = 0. At the other “end,” 
no boundary condition is imposed, because no boundary exists. However, we 
normally require that both u(x) and u'(x) remain bounded as x increases. In 
precise terms, we require that there exist constants M and M’ for which 


|u(x)| <M and |u' (x)| <M’ 


are both satisfied for all x, no matter how large. We never identify M or M’, 
and the entire condition is usually written 


u(x) and w(x) bounded asx— oo. 


Example: Cooling Fin. 

A long cooling fin has one end held at a constant temperature Ty and ex- 
changes heat with a medium at temperature T through convection. The tem- 
perature u(x) in the fin satisfies the requirements 


a CE 0<x, (5) 


u(0) = Ty (6) 
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(see Section 3). As the problem has been posed for a semi-infinite interval 
(because the fin is very long and, perhaps, to mask our ignorance of what is 
happening at the other physical end), we must also impose the condition 


u(x), u'(x) bounded asx — oo. (7) 
Now, the general solution of the differential equation (5) is 
u(x) = T+ c, cosh(wx) + c& sinh(2x), 
where ps = /hC/KA. The boundary condition at x = 0 requires that 
u(0)=T>: T+c=Th. 
The boundedness condition, Eq. (7), requires that 
OQ =-C. 


The reason for this is that of all the linear combinations of cosh and sinh, the 
only one that is bounded as x — oo is 


cosh(zx) — sinh(ux) =e, 


and its constant multiples. The final solution is easily found to be 


u(x) = T+ (To — T) (cosh(1x) _ sinh(ux)). 


Satisfying the boundedness condition in the example would have been sim- 
pler if we had expressed the general solution of the differential equation (5) 
as 


ux)=T+ce*+oe". 


We would have seen immediately that choosing c, = 0 is the only way to satisfy 
the boundedness condition. We summarize the observation as a rule of thumb: 
the solution of 

au 5 

ae wu=0 


on an interval I is best expressed as 


( | c, cosh(ux) +c, sinh(ux), if Tis finite, 
u(x) = 


7 ati : oa ; 
qe* + ome, if J is infinite. 


EXERCISES 
1. Put each of the following equations in the form 


u" + ku + pu=f 
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and aoe the singular point(s). 


ld a P a (2% aye8 = 
. rdr ‘ot nm ” dx dx ° 


c (sino *) = sin(pyu d nye (0) - Au 
"do do > ‘ p do\ do : 


. The temperature u in a large object having a hole of radius c in the middle 
may be said to obey the equations 


ld (du = 
aR ar =U, r>cC, 


u(c) = 


Solve the problem, adding the appropriate boundedness condition. 


. Compact kryptonite produces heat at a rate of H cal/scm?. If a sphere 
(radius c) of this material transfers heat by convection to a surrounding 
medium at temperature T, the temperature u(p) in the sphere satisfies the 
boundary value problem 


ld Pie satel oe 
2: Cc, 
p* do aris K ip 


du 
=e to =h(u(c) — T). 


Supply the proper boundedness condition and solve. What is the tempera- 
ture at the center of the sphere? 


. (Critical radius) The neutron flux u in a sphere of uranium obeys the dif- 
ferential equation 


Al d( ,du\ | k-DA 

saa(e 2) + ) Au =0 

in the range 0 < p <a, where d is the effective distance traveled by a neu- 
tron between collisions, A is called the absorption cross section, and k is 
the number of neutrons produced by a collision during fission. In addition, 
the neutron flux at the boundary of the sphere is 0. Make the substitution 
u=v/p and 3(k — 1)A/A = pw’, and determine the differential equation 
satisfied by v(p). See Section 0.1, Exercise 19. 


. Solve the equation found in Exercise 4 and then find u(p) that satisfies 
the boundary value problem (with boundedness condition) stated in Ex- 
ercise 4. For what radius a is the solution not identically 0? 
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6. Inside a nuclear fuel rod, heat is constantly produced by nuclear reaction. 
A typical rod is about 3 m long and about 1 cm in diameter, so temperature 
variation along the length is much less than along a radius. Thus, we treat 
the temperature in such a rod as a function of the radial variable alone. Find 
this temperature u(r), which is the solution of the boundary value problem 


Le Pda 2s O0O<r< 
rdr\ dr) k’ 
u(a) = To. 


7. For the problem of Exercise 6, find the temperature at the center of the 
rod, u(0), using these values for the parameters: a = 0.5 cm, the power 
density g = 418 W/cm? = 100 cal/s cm’, conductivity x = 0.01 cal/s cm °C, 
and the surface temperature Ty = 325°C. 


8. A model for microwave heating of food uses this equation for the tempera- 
ture u(x) ina large solid object: 
au 
dx? 
Here, A is a constant representing the strength of the radiation and prop- 
erties of the object, and L is a characteristic length, known as penetration 
depth, that depends on frequency of the radiation and properties of the ob- 
ject. (Typically, L is about 12 cm in frozen raw beef or 2 cm thawed.) Show 
that the boundary condition (0) = 0 is incompatible with the condition 
that u(x) be bounded as x goes to infinity. [See C.J. Coleman, The mi- 
crowave heating of frozen substances, Applied Math. Modeling, 14 (1990): 
439-443, ] 


=—-Ae*/!, OQe<x. 


9. Solve the differential equation in Exercise 8 subject to the conditions 


u(0)=T), u(x) bounded. 
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The most important features of the solution of the boundary value problem,! 


au du 

qa TOS + p(x)u=f(x), L<x<r, (1) 
au(l) — a'u'(l) =0, (2) 
Bu(r) + B'u'(r) =0, (3) 


'The primes on the constants a’, 8’ are not to indicate differentiation, of course, but to 
show that they are coefficients of derivatives. 
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can be developed by using the variation-of-parameters solution of the differ- 
ential equation (1), as presented in Section 2. To begin, we need to have two 
independent solutions of the homogeneous equation 


au du 

— +k(x)—+p@)u=0, l<x<r. (4) 

dx? dx 
Let us designate these two solutions as u(x) and u(x). It will simplify algebra 
later if we require that u, satisfy the boundary condition at x =/ and u, the 
condition at x= 1; 


au, (1) — au () = 0, (5) 
Bug(r) + B'u,(r) = 0. (6) 


According to Theorem 3 of Section 2, the general solution of the differential 
equation (1) can be written as 


: : fe. 
uta) = crm (a) + erin) + | (uy (z)ua(x) un(2)m 0) Fe Zs.) 


Recall that in the denominator of the integrand, we have the Wronskian of 11 
and wu, 


uy(Z) up (Zz) 


W — 
ce ui(z) uy (z) 


: (8) 


which is nonzero because u; and uz are independent. We will need to know 
the following derivative of the function in Eq. (7): 


f@ 
W(z) 


dz. 


du / / a, / / 
ae CU, (x) + eu, (x) +f (uy (zu, (x) — un(z)u', (x)) 


(See Leibniz’s rule in the Appendix.) 


Now let us apply the boundary condition, Eq. (2), to the general solution 
u(x). First, at x = 1 we have 


au(l) —a'u'() = c (au (2) —a'u ())) + ACAIAG) as a'u,(1)) =0. (9) 


Note that the integrals in u and u' are both 0 at x = |. Because of the boundary 
condition (5) imposed on 1, Eq. (9) reduces to 


ACHAG) — ot’ (1) =0, (10) 


and we conclude that c, = 0. 
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Second, the boundary condition at x = r becomes 


Bu(r) + B'u (r) = c(Buy(r) + B'u'(r)) + / [m1 (z)(Bu2(r) + B'u,(r)) 


{O 4 - 


— un(z)(Bur(r) + Bu (r))] Wo 


0. (11) 


Now, the boundary condition (6) on u, at x =r eliminates one term of the 
integrand, leaving 


f( 
W(z) 


(Bu (7) + Bu, (9) — / un (2)(Bun(r) + B'u, () 2 dz =0. (12) 


The common factor of Bu (r) + B’u) (r) can be canceled from both terms, and 


we then find 
Cy =) Un(Z) a dz. (13) 


Now we have found c; and c) so that u(x) in Eq. (7) satisfies both boundary 
conditions. If we use the values of c, and cz as found, we have 


f@ 
we 


uta) = mca) f Uz (Z) 


f( 
W(z) 


+ i; (uy (z) u(x) — u2(z)u1 (x) dz. (14) 


The solution becomes more compact if we break the interval of integration at 
x in the first integral, making it 


(jae f@ f(@) 
[otra ak Uz (Zz Vi +f Uz (Zz IWe Z. (15) 


When the integrals on the range / to x are combined, there is some cancella- 
tion, and our solution becomes 


f@ 


f{@ a 
W(z) 


Zz 
W(z) 


u(x) =f Uy (Z) Ug (x) a+ f Uy (X) Up (z) (16) 


Finally, these two integrals can be combined into one. We first define the 
Green’s function for the problem (1), (2), (3) as 


Uy (Z) U2 (x) sees 

Wz) ° aie 
G(x, Z) = 17 
ne Uy (x)u2(Z) eee an 


W(z) 
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Then the formula given in Eq. (16) for u simplifies to 


u(x) = [ cw. Z)f (z) dz. (18) 
1 


Example. 
Solve the problem that follows by constructing the Green’s function. 


i 
dx? 
u(0)=0, u(1)=0. 


—u=-l, 0<x<l, 


First, we must find two independent solutions of the homogeneous differential 
equation uv” — u = 0 that satisfy the boundary conditions as required. The 
general solution of the homogeneous differential equation is 


u(x) = c, cosh(x) + c sinh(x). 
As u(x) is required to satisfy the condition at the left, u;(0) = 0, we take 
c; = 0, @ = 1 and conclude u(x) = sinh(x). The second solution is to sat- 
isfy u2(1) = 0. We may take 
u2(x) = sinh(1) cosh(x) — cosh(1) sinh(x) = sinh(1 — x). 
The Wronskian of the two solutions is 


sinh(x) sinh(1 — x) | __ 


oC ae cosh(x) —cosh(1—x)| 


— sinh(1). 


Now, by Eq. (17), the Green’s function for this problem is 


sinh(z) sinh(1 — x) 


- , 0<z<x, 
Eea= — sinh(1) 
, sinh(x) sinh(1 — z) ee i 
ile 
— sinh(1) in ot 


Furthermore, since f(x) = —1, the solution, by Eq. (18), is the integral 


1 
u(x) -|/ —G(x, z) dz. 
0 


To actually carry out the integration, we must break the interval of integration 
at x, thus reverting in effect to Eq. (16). The result: 
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ae : = 128 7 _ 
ie / sinh(z) sinh(1 — x) ae / sinh(x) sinh(1 — z) an 
0 x 


sinh(1) sinh(1) 
= sinh(1 — x) ~  sinh(x) 
= al cosh(z) ; + sinh(1) (- cosh(1 — z)) q 
__ sinh(1 — x) _ sinh(x) [et 
= ED oe 1)+ anh(1) (cosh(1 — x) — 1) 
= sinh(1 — x) cosh(x) + sinh(x) cosh(1 — x) — sinh(1 — x) + sinh(x) 
a sinh(1) sinh(1) 
= sinh(1 — x) + sinh(x) 
a sinh(1) 


This, finally, is easily seen to be the correct solution. In this instance, there 
are much quicker ways to arrive at the same result. The advantage of the 
Green’s function is that it shows how the solution of the problem depends 
on the inhomogeneity f(x). It is an efficient way to obtain the solution in 
some cases. 


Now let us look back over the calculations and see if there is some place they 
might fail. Aside from the possibility that the coefficients k(x) or p(x) in the 
differential equation might not be continuous, it seems that division by 0 is 
the only possibility of failure. Quantities canceled or divided by were 


uy(x) 2 (x) 
u(x) u(x) 
aua(l) — a'u,()), 


Buy(r) + B'u, (1) 


W(x) = 


’ 


in Eqs. (7), (10), and (12), respectively. It can be shown that all three of these 
are 0 if any one of them is 0, and, in that case, u(x) and u(x) are proportional. 
We summarize in a theorem. 


Theorem. Let k(x), p(x), and f (x) be continuous, | < x < r. The boundary value 
problem 


a d 
ee + io + p(x)u=f(x), l<x<r, 
dx? dx 


au(l) — a'u'(l) =0, (i) 
Bu(r) + B'u'(r) =0, (ii) 
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has one and only one solution, unless there is a nontrivial solution of 


a d 
so tke) + p(x)u=0, I<x<r, 
that satisfies (i) and (ii). 
When a unique solution exists, it is given by Eqs. (17) and (18). 


Example. 
The boundary value problem 
au 
a amines 0O<x<Z, 


u(0)=0, u(r) =0, 


does not have a unique solution, according to the theorem, because u(x) = 
sin(x) is a nontrivial solution of the problem 

au as ar 

—~ +u=0, <x <7, 

dx? 

u(0)=0, u(r) =0. 


Indeed, if we try to follow through the construction, we find that u,(x) = 
sin(x) and also u(x) = sin(x) (or a multiple thereof), and so all three quanti- 
ties in Eq. (19) are 0. 

On the other hand, suppose we try to obtain a solution by the usual method. 
The general solution of the differential equation is 


u(x) = —1+ c, cos(x) + c sin(x). 


However, application of the boundary conditions leads to the contradictory 
requirements 


—l+c=0 and —1l—c,=0. 


Thus, in this case, there simply is no solution to the problem stated. 


If the differential equation (1) has a singular point at x = / or x =r (or 
both), a Green’s function may still be constructed. The boundary condition (2) 
or (3) would be replaced by a boundedness condition, which would also apply 
to u OF Uy as the case may be. 


Example. 
Construct Green’s function for the problem 


va («S) =f(x), O0<x<l, 
dx 


u(0) bounded, u(1)=0. 
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The general solution of the corresponding homogeneous equation is u(x) = 
c, +c In(x). Thus, we would choose 


u(x)=1,  u2(x) =In(x) 


so that u(x) is bounded at x = 0 and u(x) is 0 at x = 1. The Green’s function 
is thus 


zIn(x), O<z<x, 
G(x, Z) = 


zin(z), x<z<l. 


A similar procedure is followed if the interval ] < x < r is infinite in length. 


EXERCISES 


In Exercises 1-8, find the Green’s function for the problem stated. 
au 


52 i @), 0<x<a, 
u(0)=0, u(a)=0. 

4 EP tes O<x<a 
dx? ; ; 


w= “a6 
u(0) = 0, Fh ae 


a 
3. Ga VU =f, 0<x<a, 
Be 


du 
a =0, u(a)=0. 


4. “sl =) =f(r), O<r<co, 


a 

u(c)=0, u(r) bounded at r= 0. 

ld d 

5. So (os) =f(p), O<p<c, 
u(c)=0, u(p) bounded at p = 0. 

5 bu, du 1 Bh. SG 

* de" x dx mo ee 
u(a)=0, u(x) bounded at x= 0. 

2 
7. a —y*u=f(x), O<x, 


u(0)=0, u(x) bounded as x > ov. 
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12. 


13. 


Chapter0 Ordinary Differential Equations 


Pu 


. = —yu=f(x), —-00<x<0o, 


dx? 
u(x) bounded as x > =koo. 


. Use the Green’s function of Exercise 5 to solve the problem 


and compare with the solution found by integrating the equation directly. 
Use the Green’s function of Exercise 8 to solve the problem 
du 
dx? 


u(x) bounded asx— +o, 


yu=-—y’, oO<x <0, 


and compare with the result found directly. 
Use the Green’s function of Exercise 1 to solve the problem stated there, if 
0, O0O<x<a/2, 


1, a/2<x<a. 


f@= | 


In confirmation of the theorem, show that the homogeneous problem a 
has a nontrivial solution; problem b has no solution (existence fails); and 
problem c has infinitely many solutions (uniqueness fails). 


au" +u=0, u(0)=0, u(r) =0, 
bu +u=—1, u0)=0, u(r) =0, 


eu t+u=am—2x, uO)=0, u(r) =0. 


Considering z to be a parameter (J < z < r), define the function v(x) = 
G(x, z) with G as in Eq. (17). Show that v has these four properties, which 
are sometimes used to define the Green’s function. 


(i) v satisfies the boundary conditions, Eqs. (2) and (3), atx =/ andr. 
(ii) _v is continuous, | < x < r. (The point x = z needs to be checked.) 


(iii) v’ is discontinuous at x = z, and 


(v’(zt+h)—v'@—-h)) =1. 


lim 
h->0+ 


(iv) v satisfies the differential equation v” + k(x)vu' + p(x)v = 0 for 1 < 
x<zandz<x<r. 
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14. Show that the boundary value problem 


2 


au ‘ 
Gat u=f(x), O<x<a, 


u(0)=0, u(a)=0, 


will have no solution or infinitely many solutions if 4 is an eigenvalue of 


2 


a 
qe u=0, 


u(0)=0, u(a)=0. 


Chapter Review 


See the CD for review questions. 
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In Exercises 1-15, solve the given boundary value problem, supplying bound- 
edness conditions where necessary. 


a 
1. a =O, OX x= a; 
u(0) = To; u(a) = T). 
Pu . 
2. —-r=0, O0<x<a _ (risconstant), 
dx? 


du 
u(0) = To; ae =0. 


Pu 


3. —=0, 0<x<a, 


du 
u(0) = To; ra =0. 


Cu % 
4.5 -—yu=0, 0<x<a, 
he 


d 
d 
=) ah. ae Th. 


5 Ld ( du\ _ , 
seer arr => P> <r<a, 


u(a) = 0. 
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11. 
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13. 
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2 (ro) 
.-—([r—]=0, a<r<b, 


u(a) = To> u(b) = T). 


ld 5 du 
p =—-H, 0<p<a, 
dp 


p? do 

u(a) = To 

ld/ du 

(rt) =o, a<r<on, 
u(a) = T. 

Pu 


.—-yu-T)=0, 0<x<a, 


dx? 


du 
—(0)=0, ula=T). 
dx 


Pu ae ee 

—— y*u=0, <x<0, 
dx? ut 

u(0O) = T. 

@ 

Ga =u Tr) 0<x<a, 
u(0O) = T. 


d d 
_ Ga =—k, a<x<b _ (kisconstant), 
dx dx 


u(a)=0, u(b)=0 (Note: 0 <a.) 


In this problem, h is the groundwater level between two trenches in 
which water is held at constant levels. Solve for h(x). Note that the equa- 


tion is nonlinear. 


d a8 age 
BN ae +e=0, <x<a, 


h(0)=ho, h(a) =hy. 


Solve for u(x). 


—=w, 0<x<a _ (wisconstant), 


au 


a 
3 (0) = 0, =) = 
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15. Solve for u(x). Note the interval. 


—+—u=w, 0<x<c (wisconstant), 
dx* EI ( ) 


(0) =0 BUG 
ica aaa NY Fao Sai 


16. Show that any two of the four functions sinh(Ax), sinh(A(a — x)), 
cosh(Ax), cosh(A(a — x)) are independent solutions of the differential 
equation 


o” —o=0. 


17. In this problem, u is the temperature in a wall composed of two sub- 
stances. Find u(x). 


a 
us ai) O0<x<aa and aa<x<a, 
dx? 
u(0)=To, ula)=Th, 
d 


(@a-) = 1 (aa) 
K aa—) =k aa+), 
* dx dx 
u(aa—) = u(aa+). 
The last two conditions say that the heat flow rate and the temperature 
are both continuous across the interface at x = wa. 
18. Find the general solution of the differential equation 


=4(*) +ku=0 
dx 


for the cases k = A* and k = —p’. (Hint: Let u(x) = v(x)/x and find the 
equation that u(x) satisfies.) 


19. Find the solution of the boundary value problem 


oe ie =-l, 0<x< 
eee ag => 5 x a, 


u(0)=0, u(a)=0. 


20. Solve the boundary value problem 

ld ( =) P 

-z(r—)=-r, O<r<a, 
dr 

u(0) bounded and u(a)=0. 
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21. 


22. 


23. 


24, 


25. 
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Solve the differential equation 

| a 

ae =pu, 0<x<a, 
subject to the following sets of boundary conditions. 
a. u(0) =0, u(a) = 1; 
b. u(0) = 1, u(a) = 0; 
c. u’/(0) =0, u(a) = 1; 
d. u(0) = 1, u'(a) = 0; 
e. u/(0)=1, u'(a) = 0; 
f. u/(0) =0, u/(a)=1. 


Solve the integro-differential boundary value problem 


2 1 
Ser(u- | uta) de), 0<x<l, 
dx 0 


Muy 0, ul=T 
ae =U, u =1. 


Hint: Look for a solution in the form 


u(x) = Acosh(yx) + Bsinh(yx) + C. 


Use a variation of parameters to find a second independent solution of 
the following differential equation. One solution is given in parentheses. 


Cu 2x du, 2 
de 1 — x2 dx | Tacs WS 


By applying the method of variation of parameters, derive this formula 
for a particular solution of the differential equation 


2 


du 
ie = VY u={oO; 


u(x) =i (pee dx’. 
0 


The absolute temperature u(x) in a cooling fin that radiates heat to a 
medium at absolute temperature T obeys the differential equation u” = 
y?(u* — T*). Solve the special version in the boundary value problem 


26. 


27. 


28. 
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that follows, which can be done in closed form. 


ae? 0<x, 


u(0)=U, lim u(x) = 0. 


A uniform, straight shaft exhibits violent behavior at certain frequen- 
cies of rotation. Let the x-axis between 0 and a represent the undeflected 
centerline of the shaft, and let u(x) be the displacement of the actual cen- 
terline of the shaft measured from the x-axis. Centrifugal force provides 
a transverse loading on the shaft when uw is not identically equal to zero. 
The equation for the displacement is 


where w is the weight per unit length of the shaft, g is the acceleration 
of gravity, E is Young’s modulus, I is the second moment of the cross- 
sectional area of the shaft, and w is the angular velocity. If the shaft is 
held in narrow bearings at the ends, these can be interpreted as simple 
supports, leading to boundary conditions 


u(0)=0, u’(0)=0, u(a)=0, u"(a)=0. 


Find a formula for those values of angular velocity (critical values or 
whirling speeds) that permit the existence of nonzero solutions to this 
boundary value problem. 


Find the lowest critical value for the angular velocity of a steel shaft with 
these specifications: diameter 1.5 in.; length 48 in.; w = 0.5 Ib/in.; E= 
30° 10° Ibn; F=0:5:in-*, 


Sulphur dioxide (SO) is a common air pollutant that reacts with water 
to form sulphuric acid. If the water is airborne, the result is acid rain; if 
the water is in snow, the result is acid runoff when the snow melts. Use an 
analysis similar to that of Section 3 to obtain a boundary value problem 
for the concentration u(x) (in units of mass per unit volume) of sulphur 
dioxide in the air included in a layer of snow. Introduce q(x), the flow 
rate of sulphur dioxide (in units of mass per unit time per unit of cross- 
sectional area.) There are two important physical facts: (1) Diffusion is 
governed by Fick’s law (similar to Fourier’s law) 


ee pit 
ae dx’ 
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29. 


30. 


31. 


32. 


33. 


34. 
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where D is the diffusion constant; and (2) when the sulphur dioxide reacts 
with water, it “disappears” at a rate proportional to its concentration, say 
ku(x) (in units of mass per unit time per unit volume). 


The sulphur dioxide concentration in the air in a deep layer of snow 
satisfies this boundary value problem in equilibrium conditions: 


a 


u 2 
qe? u=0, 0<x, 
u(O) = Co. 


Here, Cy is the concentration in freely circulating air. Add an appropriate 
boundedness condition and solve for u(x). 


In “Mechanical properties of thin films from the load deflection of long 
clamped plates” [V. Ziebart et al., J. of Microelectromechanical Systems, 7 
(1998): 320-327] this boundary value problem is studied: 


The variables are w deflection, x distance measured across the short di- 
mension; and the parameters are P pressure beneath the plate and y? 
effective stress, all dimensionless. Find the general solution of the differ- 
ential equation. 


(Continuation) Solve the boundary value problem in Exercise 30. 


(Continuation) The parameter y” is related to stress, which is related to 
deflection. It must satisfy the equation 


1/2 d 2 
y’ = So +| (=) dx. 
0 dx 


Use your solution to find a single explicit equation that y satisfies. 


(Continuation) If Sp is negative in the equation of Exercise 32, y? might 
be negative, say, y? = —A?. If this is the case, is there a value of A for 
which the solution breaks down? 


Suppose that u(f) is a function, not identically 0, for which 


A 
— =constant > 0. 
u 
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Show that this relation is a differential equation and solve it. (Call the 
constant p’.) Prove that exactly one of the following three possibilities 
holds: 


(i) u(t) = 0 for one value of ¢t and w(t) is never 0; 
(ii) u'(t) = 0 for one value of t and u(t) is never 0; 


(iii) neither u(t) nor u’(t) is ever 0. 
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1.1 Periodic Functions and Fourier Series 


A function f is said to be periodic with period p > 0 if: (1) f(x) has been de- 
fined for all x; and (2) f(x + p) = f(x) for all x. The familiar functions sin(x) 
and cos(x) are simple examples of periodic functions with period 277, and the 
functions sin(27x/p) and cos(27x/p) are periodic with period p. 

A periodic function has many periods, for if f(x) = f(x+ p) then also 


fC) =f(xt+p) =f + 2p) =---=f(x+ np), 


where n is any integer. Thus sin(x) has periods 27, 47,..., 2na,.... The pe- 
riod of a periodic function is generally taken to be positive, but the periodicity 
condition holds for negative as well as positive changes in the argument. That 


is to say, f(x — p) =f (x) for all x, since f(x) = f(x — p+ p) =f(x — p). Also, 
fO=f@=p) =f6—2p) =" =f & — np). 


The definition of periodic says essentially that functional values repeat 
themselves. This implies that the graph of a periodic function can be drawn 
for all x by making a template of the graph on any interval of length p and 
then copying the graph from the template up and down the x-axis (see Fig. 1). 

Many of the functions that occur in engineering and physics are periodic 
in space or time — for example, acoustic waves — and in order to understand 
them better it is often desirable to represent them in terms of the very simple 
periodic functions 1, sin(x), cos(x), sin(2x), cos(2x), and so forth. All of these 
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f(x) 


Sa 


Figure 1 A periodic function of period p. 


functions have the common period 27, although each has other periods as 
well. 

If f is periodic with period 27, then we attempt to represent f in the form 
of an infinite series 


f(x) =ay+ SG cos(nx) + b, sin(nx)). (1) 


n=1 


Each term of the series has period 27, so if the sum of the series exists, it will 
be a function of period 27. There are two questions to be answered: (a) What 
values must do, dy, b, have? (b) If the appropriate values are assigned to the 
coefficients, does the series actually represent the given function f(x)? 

On the face of it, the first question is tremendously difficult, for Eq. (1) rep- 
resents an equation in an infinite number of unknowns. But a reasonable an- 
swer can be found easily by using the orthogonality’ relations shown in Table 1. 
We may summarize those relations by saying: The definite integral (over the 
interval —z to 77) of the product of any two different functions from the series 
in Eq. (1) is zero. 

The fundamental idea is that if the equality proposed in Eq. (1) is to bea real 
equality, then both sides must give the same result after the same operation. 
The orthogonality relations then suggest operations that simplify the right- 
hand side of Eq. (1). Namely, we multiply both sides of the proposed equation 
by one of the functions that appears there and integrate from —z to m. (We 
must assume that the integration of the series can be carried out term by term. 
This is sometimes difficult to justify, but we do it nonetheless.) 

Multiplying both sides of Eq. (1) by the constant 1 (= cos(0x)) and inte- 
grating from —z to 7, we find 


/ f(x) dx= / ay dx + > (an cos(nx) + by, sin(nx)) dx. 


wv n=1 


The word orthogonality should not be thought of in the geometric sense. 
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/ sin(nx) dx = 0 


TT 


i, cos(nx) dx = te aan 


2x, n=0 


j sin(nx) cos(mx) dx = 0 


/ sin(nx) sin(mx) dx = oe ae 
— a Mee 
1 0, n # m 
ie cos(nx) cos(mx) dx = x, n=mH0. 


Table 1 Orthogonality relations 


Each of the terms in the integrated series is zero, so the right-hand side of this 
equation reduces to 27 - ao, giving 


1 as 
a= — f(x) dx. 
20 J_xz 
(In words, dg is the mean value of f(x) over one period.) 
Now multiplying each side of Eq. (1) by sin(mx), where m is a fixed integer, 
and integrating from —z to 7, we find 


f(x) sin(mx) dx = / ag sin(mx) dx + = i, An CoS(nx) sin(mx) dx 
a 7 n=l° 7 


+ > by, sin(nx) sin(mx) dx. 
n=1° 7 


All terms containing do or a, disappear, according to the orthogonality rela- 
tions. Furthermore, of all those containing a b,,, the only one that is not zero is 
the one in which n = m. (Notice that n is a summation index and runs through 
all the integers 1, 2,.... We chose m to be a fixed integer, so n = m once.) We 
now have the formula 


by = - f (x) sin(mx) dx. 


By multiplying both sides of Eq. (1) by cos(mx) (m is a fixed integer) and 
integrating, we also find 


Am = ~ | f(x) cos(mx) dx. 
eon 
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We can now summarize our results. In order for the proposed equality 
lo) 
f(x) =ay)+ S (an cos(nx) + by, sin(nx)) (2) 
n=1 


to hold, the a’s and b’s must be chosen according to the formulas 


w= = f Fes) ds 3) 
i L f(x) cos(nx) dx, (4) 
b, = - : f(x) sin(nx) dx. (5) 


When the coefficients are chosen this way, the right-hand side of Eq. (1) is 
called the Fourier series of f. The a’s and b’s are called Fourier coefficients. We 
have not yet answered question (b) about equality, so we write 


f(x) ~ aot Sia cos(nx) + b,, sin(nx)) 


n=1 


to indicate that the Fourier series corresponds to f (x). See the CD for an ani- 
mated example. 


Example. 
Suppose that f(x) is periodic with period 2m and is given by the formula 
f(x) =~ in the interval —1 < x < m (see Fig. 2). According to our formulas, 


1 a 1 we 
w= f fs) dx= = f xdx =0, 


20 20 


lL f* Lf" 
an = — f(x) cos(nx) dx = — / xcos(nx) dx 
WT J—nx WU J—x 


a4 


7 (a =_| = 


= T 
1 2 


n n 


1, of* 14 ff? 
b, = — f(x) sin(nx) dx = — i xsin(nx) dx 
T Jin wT Jin 


1 


A — | 


1 2 


n nN 


iT 


= 1 (—277) cosnx i a ntl, 
W n n 
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K(x) 


’ 


Figure2 f(x) =x, -—a <x <1,f periodic with period 27. 


Thus, for this function, we have 


cad 2(—1)"! 
fa~ SS — sin(nx) 


n=1 


~ 2( sine — 5 sin(2x) + 5 sin(3) —- ). 


The Appendix contains some integration formulas that are convenient for 
finding Fourier coefficients. It is also useful to know these special values of 
sines and cosines that come up frequently in Fourier series. 


sin(nz)=0, cos(nw)=(—-1)", forn=0,+1,+2,..., 


sin( 7 = = ( iy, cos( "5" ) =0, 
2 2 


forn=0,+1,+2,.... 


Note that the second line involves only odd multiples of 2/2. Even multiples 
of 2/2 are included in the first line. 


EXERCISES 


1. Find the Fourier coefficients of the functions given in what follows. All are 
supposed to be periodic with period 27. Sketch the graph of the function. 


a. f(x)=x, -T<x<T; 
b. f(x) = |x|, —-t<x<Z; 

0, —-m <x<0, 
 foO={q 0O<x<TZ; 
d. f(x) = |sinx|. 


2. Sketch for at least two periods the graphs of the functions defined by: 
a. f(x)=x, —l<x<1, fxt2=f); 
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f= [P ees? fet D=fOos 
SIO=t ge Jet Rte: 
1 00=[%4 SEES see am=sio 


3. Show that the constant function f(x) = 1 is periodic with every possible 
period p > 0. 


4. Carry out the details of deriving the equation for a,,. 


5. Suppose f(x) has period p. Show that for any c, the following equation 
holds. Hint: Think of the integral as the net signed area. 


c+p Dp 
i f(x)dx= , f(x) dx. 
c 0 


6. Suppose f(x), g(x) are periodic with a common period p. Show that af (x) + 
bg(x) and f(x) - g(x) also are periodic with period p (a, b are constants). 


7. Find the Fourier series of each of the following periodic functions. Integra- 
tion is not necessary: Use trigonometric identities. 


a. f(x) =cos?(x); 
b. f(x) =sin(x — 1/6); 
ce. f(x) = sin(x) cos(2x). 


8. Verify that sin(wx/a) and cos(2x/a) are periodic with period 2a. 


1.2 Arbitrary Period and Half-Range Expansions 


In Section 1 we found a way to represent a periodic function of period 
2m with a Fourier series. It is not necessary to restrict ourselves to this pe- 
riod. In fact, we may broaden the idea of Fourier series to include func- 
tions of any period by a simple rescaling of the variables. Let us suppose 
that a function f is periodic with period 2a. (We use 2a in place of p for 
later convenience.) Then we may relate f to a series of the functions 1, 
sin(x/a), cos(zx/a), sin(27x/a), cos(2mx/a),..., all having period 2a, in 
the form 


= nx nx 
ms to3| == \by sin = J, 
f(x) ce a cos( , )+ sin( - ) 


The coefficients of this Fourier series may be determined either by scaling from 
the formulas of Section 1 or through the concept of orthogonality. In either 
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case, the coefficients are 


1 a 1 f* 
a= — f(x)dx, an=-—] f(x) cos( “*)a, 
2a Ja aJ_a a 


1 a 
b,=—- f(x) sin( ““*) dx. 
a, a 


Example. 
Find the Fourier series of f(x) = |sin(zx)|. 


Solution: This function is periodic with period 1, so a= p/2 = 1/2. To do the 
integrals for the Fourier coefficients, we need to get rid of the absolute value 
signs: 

sin(zx), 0<x<1l, 


j= | 


—sin(zx), —-l<x<0. 


Then, it is easy to calculate 


1 pie 0 1/2 
ay = -{ sinGrsy| d= | — sin(zx) ax f sin(zx) dx 

1 J_ip2 -1/2 0 
0 27 _) 9 


cos(x) cos(z x) 


mT lip xz |y © nn 


(Recall that cos(+2/2) = 0.) The other coefficients are found similarly: 


2 1/2 
an = - / | sin (rx) |cos(2nzrx) dx 
1 Jip 


0 1/2 
= aff — sin(7x) cos(2nmx) dx + / sin(z x) cos(2n7 x) ax| 
a 0 


1/2 
4 1 
x 4n2-1° 


And b, is found to be 0 for all n. Consequently, the Fourier series of the function 
is 


CO 
|sin(zrx)| ~ . “ ye a i cos(2n7x). 


n=1 


We will see later that |sin(zx)| is equal to its series. 


It is often necessary to use a Fourier series to represent a function that has 
been defined only in a finite interval. We can justify such a representation by 
making the given function part of a periodic function. If the given function f is 
defined on the interval —a < x < a, we may construct f, the periodic extension 
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of period 2a, by using the following definitions: 


f(a) =f(~), —a<x<a, 
f(x) =f(x+2a), -3a<x<-a, 
f(x) =f(x—2a), a<x<3a 


and so on, up and down the x-axis. Notice that the argument of f on the right- 
hand side always falls in the interval —a < x < a, where f was originally given. 
Graphically, this kind of extension amounts to making a template of the graph 
of f on —a < x < aand then copying from the template in abutting intervals 
of length 2a. 

For the extended function with period 2a, the formulas for the Fourier co- 
efficients become 


Lifts 
do = ei Pi dx, 
an = 2 FO cos( =") dx, (2) 
aJ—a a 


ies 
b,=- f() sin(“*) dx. 
aJ—o a 


If we are concerned with f(x) only in the interval —a < x < a where it was 
originally given, the process of periodic extension is strictly formal, because 
the formulas for the coefficients involve f only on the original interval. Thus, 
we may write 


CO 
a IU 
Fea) ~ ay + Ya cos{ * *) | bysin(” *). a<x<a. 
a a 


n=1 


The inequality for x draws attention to the fact that f was defined only on the 
interval —a to a. 


Example. 
Suppose f(x) = x in the interval —1 < x < 1. The graph of its periodic exten- 
sion (with period 2) is seen in Fig. 3, and the Fourier coefficients are 


a9=0, a,=0, 


2cos(nm) — 2 (—1)"*! 
mn 86M 


1 
b, =, xsin(nzx) dx = 
= 


The sine and cosine functions that appear in a Fourier series have some 
special symmetry properties that are useful in evaluating the coefficients. The 
graph of the cosine function is symmetric about the vertical axis, and that of 
the sine is antisymmetric. We formalize these properties with a definition. 
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f(x) 


Figure3 f(x) =x, —1 <x <1,f periodic with period 2. 


Definition 

A function g(x) is even if g(—x) = g(x); h(x) is odd if h(—x) = —h(x). Note 
that a function must be defined on a symmetric interval, say —c < x <c 
(where c might be oo), in order to qualify as even or odd. 


An even function is often said to be symmetric about the vertical axis, and an 
odd function is said to be symmetric in the origin. Many familiar functions are 
either even or odd. For example, sin(kx), x, x*, and any other odd power of x 
are all odd functions defined on the interval —co < x < oo. Similarly, cos(kx), 
|x|, 1 (=x°), x’, and any other even power of x are even functions over the 
same interval. Most functions are neither even nor odd, but any function that 
is defined on a symmetric interval can be written as a sum of an even and an 
odd function: 


fo = 5(feo + f(—x)) 4 (Fe f(—x)). 


It is easy to show that the first term is an even function and the second is odd. 
Even and odd functions preserve their symmetries in some algebraic opera- 
tions, as summarized here: 


even + even=even, odd-+ odd= odd, 
even X even=even, odd x odd=even, odd x even=odd. 


We are also concerned with definite integrals of even and odd functions over 
symmetric intervals. The symmetry properties lead to important simplifica- 


tions in our calculations. 


Theorem 1. Let g(x) be an even function defined in a symmetric interval 


—a<x <a. Then 
/ g(x) dx = 2f g(x) dx. 
—a 0 
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Let h(x) be an odd function defined in a symmetric interval —a < x <a. Then 


i h(x) dx = 0. 


Suppose now that g is an even function in the interval —a < x < a. Since the 
sine function is odd and the product g(x) sin(nmx/a) is odd, 


l a 
b,=- / g(x) sin( “*) dx =0. 
a Ja a 


That is, all the sine coefficients are zero. Also, since the cosine is even, so is 
g(x) cos(nmx/a), and then 


1 f? nex 2% nIvx 
an = -| g(x) cos( =") dx = = | g(x) cos( =") dx. 
aJ_—a a aJo a 


Thus the cosine coefficients can be computed from an integral over the interval 
from 0 to a. 

Parallel results hold for odd functions: the cosine coefficients are all zero 
and the sine coefficients can be simplified. We summarize the results. 


Theorem 2. If g(x) is even on the interval —a < x < a (g(—x) = g(x)), then 


CO 
nex 
g(x) ~ao t+) a,cos| ——], —-a<x<a, 
a 


n=1 


1 f% 2 % 
dg = — i g(x)dx, a,=- / g(x) cos(“*) dx. 
a Jo a Jo a 


If h(x) is odd on the interval —a < x < a (h(—x) = —h(x)), then 


h(x) ~ » b, sin( “*), —a<x<a, 
n=1 


b, == | hs) sin( “= ) a, 
a Jo a 


Very frequently, a function given in an interval 0 < x < a must be repre- 
sented in the form of a Fourier series. There are infinitely many ways of do- 
ing this, but two ways are especially simple and useful: extending the given 
function to one defined on a symmetric interval —a < x < a by making the 
extended function either odd or even. 


where 


where 


1.2 Arbitrary Period and Half-Range Expansions 69 


Figure 4 A function is given in the interval 0 < x < a (heavy curve). The figure 
shows: (a) the odd extension; (b) the even extension; (c) the odd periodic exten- 
sion; and (d) the even periodic extension. 


Definition 
Let f(x) be given for 0 < x < a. The odd extension of f is defined by 


fata) = | FG 0<x <a, 


—f(-—x), -a<x<0. 


The even extension of f is defined by 


fia) = {F. 0<x<a, 


f(—x), -a<x<0. 


Notice that if —a < x < 0, then 0 < —x <a, so the functional values on the 
right are known from the given functions. 

Graphically, the even extension is made by reflecting the graph in the vertical 
axis. The odd extension is made by reflecting first in the vertical axis and then 
in the horizontal axis (see Fig. 4). 

Now the Fourier series of either extension may be calculated from the for- 
mulas in Theorem 2. Since f, is even and f, is odd, we have 


a nIUx 
fel) ~ a) +) ay cos —]|, -a<x<a, 


a 
n=1 


= nItx 
0 ay b, sinj ——}), — : 
fo(x) 2 sin( 7 ) a<x<a 
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If the series on the right converge, they actually represent periodic functions 
with period 2a. The cosine series would represent the even periodic extension 
of f — the periodic extension of f,; and the sine series would represent the odd 
periodic extension of f. 

When the problem at hand is to represent the function f(x) in the interval 
0 < x <a, where it was originally given, we may use either the Fourier sine 
series or the cosine series because both f, and f, coincide with f in the interval. 

Thus we may summarize by saying: If f (x) is given for 0 < x < a, then 


[e,2) 
nex 
Fla) ~ ay + Yay cos"), 0 <x <a, 


a 


n=1 
dy = ~ [fe dx, a,= = [fe cos( “=*) ax 
a Jo a Jo a 


and 


= _ (nx 
f(x) ~Yobnsin(*), 0<x<a, 


n=1 
b,= = [fe sin( “™*) dx. 
a Jo a 


These two representations are called half-range expansions, and the series are 
called the Fourier cosine and Fourier sine series of f, respectively. We shall 
need these, more than any other kind of Fourier series, in the applications we 
make later in this book. 


Example. 
Let us suppose that the function f has the formula 


fwx=x, O0<x<1. 


Then the odd periodic extension of f is as shown in Fig. 5, and the Fourier sine 
coefficients of f are 


1 
2 

b,= 2f xsin(nzx) dx = —— cos(nz). 
0 nit 


The even periodic extension of f is shown in Fig. 6. The Fourier cosine co- 


efficients are 
1 
1 
do = if xdx=-, 
0 2: 


1 
An = 2f xcos(nmx) dx = — 
0 


(1 — cos(nz)). 


n272 
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digg 


x 


Figure5 Odd periodic extension (period 2) of f(x) =x,0<x <1. 


Figure6 Even periodic extension (period 2) of f(x) =x,0<x< 1. 


The following six correspondences (we will later show them to be equalities) 
follow from the ideas of this section. Note that the inequalities showing the 
applicable range of x are crucial. 


eee f@=x, 0<x<l], 
—2 cos(nz 
SS ———— sin(nrx) ~ fox)=x, -l<x<l], 
nw 


n=l fox), —00 <x <M, 


f@=x, 0<x<l, 


1 2(1 = cos(nz)) 
2 > na cos(nmx) ~ fe(x) = |x|, —-l<x<l, 
ve f(x), —-WO<x<m&. 


EXERCISES 


1. Find the Fourier series of each of the following functions. Sketch the graph 
of the periodic extension of f for at least two periods. 


a. f(x)= |x|, —-l<x<]; 
—l, —2<x<0O, 
b. fod ={7 0<x <2; 


ce. f(x) =x’, —5 <x< ‘. 


72 


10. 


ll. 
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Show that the functions cos(n7x/a) and sin(nmx/a) satisfy orthogonality 
relations similar to those given in Section 1. 


Suppose a Fourier series is needed for a function defined in the interval 
0 <x < 2a. Show how to construct a periodic extension with period 2a, 
and give formulas for the Fourier coefficients that use only integrals from 
0 to 2a. (Hint: See Exercise 5, Section 1.) 


Show that the formula 
e* = cosh(x) + sinh(x) 


gives the decomposition of the function e* into a sum of an even and an 
odd function. 


. Identify each of the following as being even, odd, or neither. Sketch on a 


symmetric interval. 


a. f(x) =x; b. f(x) = |x|; 
ce. f(x) = |cos(x)|; d. f(x) =arcsin(x); 
e. f(x) = xcos(x); f. f(x) =x+cos(x+ 1). 


If f(x) is given in the interval 0 < x < a, what other ways are there to 
extend it to a function on —a<x <a? 


Find the Fourier series of these functions. 
a. f(xy)=x, -l<x<]; 
b. f(x)=1, -—2<x<2; 


1 1 
x, —5 <x <5, 
ce. f(x) = 1 1 : 3 ‘ 

=X, 3 <x< 5° 
Is it true that if all the sine coefficients of a function f defined on —a 
<x < aare zero, then f is even? 


We know that if f(x) is odd on the interval —a < x < a, its Fourier se- 
ries is composed only of sines. What additional symmetry condition on f 
will make the sine coefficients with even indices be zero? Give an exam- 


ple. 

Sketch both the even and odd extensions of these functions. 

a. f(x) =1, 0<x<4a; b. f(x) =x, 0<x<4a@; 
ce. f(x)=sin(x), 0<x<1; d. f(x) =sin(x), O0<x<z. 


Find the Fourier sine series and cosine series for the functions given in 
Exercise 10. Sketch the even and odd periodic extensions for several peri- 


ods. 
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12. Prove the orthogonality relations 
a 
| sit \sin| = |ae= . ace 
0 a a a/2, n=m, 
. mIcx nItx v Ss ae 
cos cos{ —— }dx=}a/2, n=m+#0, 
0 a 


a, n=m=0. 
13. If f(x) is continuous on the interval 0 < x < a, is its even periodic ex- 
tension continuous? What about the odd periodic extension? Check espe- 
cially at x = 0 and +a. 


14. Justify Theorem 1 by considering the integral as a sum of signed areas. See 
Fig. 4 for typical even and odd functions. 


15. Justify or prove these statements. 
a. If h(x) is an odd function, then |h(x)| is an even function. 


b. If f(x) is defined for all positive x, then f(|x|) is an even func- 
tion. 


c. If f(x) is defined for all x and g(x) is any even function, then f(g(x)) is 
even. 


d. If h(x) is an odd function, g(x) is even, and g(x) is defined for all x, 
then g(h(x)) is an even function. 


1.3 Convergence of Fourier Series 


Now we are ready to take up the second question of Section 1: Does the Fourier 
series of a function actually represent that function? The word represent has 
many interpretations, but for most practical purposes we really want to know 
the answer to this question: If a value of x is chosen, the numbers cos(nzx/a) 
and sin(nzx/a) are computed for each n and inserted into the Fourier series 
of f, and the sum of the series is calculated, is that sum equal to the functional 
value f(x)? 

In this section we shall state, without proof, some theorems that answer the 
question (a proof of the convergence theorem is given in Section 7). But first 
we need a few definitions about limits and continuity. 

The ordinary limit lim,_,,, f(x) can be rewritten as limy_,9 f (xo + h). Here 
h may approach zero in any manner. But if h is required to be positive only, we 
get what is called the right-hand limit of f at xo, defined by 


fot) = jim Go +h)= aoe +h). 
>0 
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1 x 1 x 


(a) (b) 


Figure 7 Three functions with different kinds of discontinuities at x = 1. 
(a) f(x) = (x — x*)/(1 — x) has a removable discontinuity. (b) f(x) = x for 
0 <x <1 and f(x) =x-— 1 for 1 < x; this function has a jump discontinuity. 
(c) f(x) = —In(|1 — x|) has a “bad” discontinuity. 


The left-hand limit is defined similarly: 


f(xo-) = jim f +h)= ao +h)= jim f Go =A). 
<0 


Note that f (xo+) and f(xo—) need not be values of the function f. 

If both left- and right-hand limits exist and are equal, the ordinary limit 
exists and is equal to the one-handed limits. It is quite possible that the left- 
and right-handed limits exist but are different. This happens, for instance, at 
x = 0 for the function 


0<x<Z, 
—m<x<0. 


fo={ 7) 


In this case, the left-hand limit at x) = 0 is —1, whereas the right-hand limit 
is +1. A discontinuity at which the one-handed limits exist but do not agree is 
called a jump discontinuity. 

It is also possible that at some point both limits exist and agree but that the 
function is not defined at that point or its value is not equal to the limit. In 
such a case, a function is said to have a removable discontinuity. If the value of 
the function at the troublesome point is redefined to be equal to the limit, the 
function will become continuous. For example, the function f(x) = sin(x)/x 
has a removable discontinuity at x = 0. The discontinuity is eliminated by re- 
defining f(x) = sin(x)/x (x £0), f(0) = 1. Removable discontinuities are so 
simple that we may assume they have been removed from any function under 
discussion. 

Other discontinuities are more serious. They occur if one or both of the 
one-handed limits fail to exist. Each of the functions sin(1/x), e!/*, 1/x has a 
discontinuity at x = 0 that is neither removable nor a jump (see Fig. 7). Table 2 
summarizes continuity behavior at a point. 
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Name Criterion 
Continuity f (Xo+) =f Xo—) = f (x) 
Removable discontinuity —f (xo +) =f (xo.—) # f(x) 
Jump discontinuity f Xo+) Ff (xo—) 
“Bad” discontinuity f (Xo+) or f(xo—) or both fail to exist 


Table 2 Types of continuity behavior at xo 


Figure 8 ‘Typical sectionally continuous function made up of four continuous 
i<¢ s ”» 
sections. 


We shall say that a function is sectionally continuous (also called piecewise 
continuous) on an interval a < x < b if it is bounded and continuous, ex- 
cept possibly for a finite number of jumps and removable discontinuities. (See 
Fig. 8.) A function is sectionally continuous (without qualification) if it is sec- 
tionally continuous on every interval of finite length. For instance, if a periodic 
function is sectionally continuous on any interval whose length is one period 
or more, then it is sectionally continuous. 


Examples. 


1. The square wave, defined by 


ile, 0<x<a, 


f@=|2) = oy, for W=fo, 


is sectionally continuous. There are jump discontinuities at x = 0, +a, 
+2a, etc. 


2. The function f(x) = 1/x cannot be sectionally continuous on any interval 
that contains 0 or even has 0 as an endpoint, because the function is not 
bounded at x = 0. 


3. Iff(x) =x, —1 <x <1, then f is continuous on that interval. Its periodic 
extension (see Fig. 3) is sectionally continuous but not continuous. 
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The examples clarify a couple of facts about the meaning of sectional con- 
tinuity. Most important is that a sectionally continuous function must not 
“blow up” at any point — even an endpoint — of an interval. Note also that a 
function need not be defined at every point in order to qualify as sectionally 
continuous. No value was given for the square-wave function at x = 0, +a, 
but the function remains sectionally continuous, no matter what values are 
assigned for these points. 

A function is sectionally smooth (also, piecewise smooth) in an interval a < 
x <b if: f is sectionally continuous; f(x) exists, except perhaps at a finite 
number of points; and f’(x) is sectionally continuous. The graph of a section- 
ally smooth function then has a finite number of removable discontinuities, 
jumps, and corners. (The derivative will not exist at these points.) Between 
these points, the graph will be continuous, with a continuous derivative. No 
vertical tangents are allowed, for these indicate that the derivative is infinite. 


Examples. 


1. f(x) = |x|'/? is continuous but not sectionally smooth in any interval that 
contains 0, because |f’(x)| > 00 asx > 0. 


2. The square wave is sectionally smooth but not continuous. 


Most of the functions useful in mathematical modeling are sectionally 
smooth. Fortunately we can also give a positive statement about the Fourier 
series of such functions. 


Theorem. [ff (x) is sectionally smooth and periodic with period 2a, then at each 
point x the Fourier series corresponding to f converges, and its sum is 


= nx \ . (nx _ f(t) + f(x—) 
co + Dancos( ; ) bysin( 2 5 ‘ 


See an animated example on the CD. 

This theorem gives an answer to the question at the beginning of the section. 
Recall that a sectionally smooth function has only a finite number of jumps 
and no bad discontinuities in every finite interval. Hence, 


fx) =foct) = 5(Ferb) + f0-)) =f, 


except perhaps at a finite number of points on any finite interval. For this rea- 
son, if f satisfies the hypotheses of the theorem, we write f equal to its Fourier 
series, even though the equality may fail at jumps. 

In constructing the periodic extension of a function, we never defined the 
values of f(x) at the endpoints. Since the Fourier coefficients are given by in- 
tegrals, the value assigned to f(x) at one point cannot influence them; in that 
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sense, the value of f at x = +a is unimportant. But because of the averaging 
features of the Fourier series, it is reasonable to define 


fla) =f(—a) = 5 (fla) + fla). 


That is, the value of f at the endpoints is the average of the one-handed limits 
at the endpoints, each limit taken from the interior. For instance, if f(x) = 
1+.x,0 <x <1, and f(x) =0, —1 <x <0, then f(+1) should be taken to 
be 1, and f(0) should be ‘. 


Examples. 
1. The square-wave function 


1, 0<x<l, 
fo=| 2) —-l<x<0 


is sectionally smooth; therefore the corresponding Fourier series con- 
verges to 


—l, for—-l<x<0, 
0, forx=0,1,-—1 


and is periodic with period 2. 


{- for0 <x <1, 


2. For the function f(x) = |x|/?, -1 <x <2, f(x +2) = f(x), the pre- 
ceding theorem does not guarantee convergence of the Fourier series at 
any point, even though the function is continuous. Nevertheless, the se- 
ries does converge at any point x! This shows that the conditions in the 
theorem are perhaps too strong. (But they are useful.) 


EXERCISES 


1. For each function given, if it is not sectionally smooth on the interval, ex- 
plain why not. Sketch. 


a. f(x) =|x|—|l-—x|, -l<x <2; 

b. f(x)=J|x], —-l<x<1]; 

c. f(x) = In(2 cos(x/2)), —T<x<; 
d. f(x) =tan(x), O0<x<7/2; 

e. f(x) =tan(x), O0<x<z. 


2. Check each function described in what follows to see whether it is section- 
ally smooth. If it is, state the value to which its Fourier series converges at 
each point x in the interval and at the endpoints. Sketch. 
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a. f(x)= |x| +x, -lL<x<]; 

cd 2 
b. f(x) = xcos(x), a <x< a 
ce. f(x) =xcos(x), —-l<x<]; 


0, 1l<x<3, 
d. f(xy)=41, -l<x<1, 
x, —3<x<-l. 


3. To what value does the Fourier series of f converge if f is a continuous, 
sectionally smooth, periodic function? Give an example. 


4. State convergence theorems for the Fourier sine and cosine series that arise 
from half-range expansions. 


5. A function is given on the interval 0 < x < 2 by the formula 


0<x<l, 
x, l<x<2. 


x, 
fo={P_ 
a. Sketch the odd periodic extension f(x) for -4<x <4. 
b. Explain why fy(x) is sectionally smooth. 


c. Determine the value that the sine series of f converges to at these points: 
x=1,x=2,x=9.6,x=—3.8. 


6. For the same function given in Exercise 5, answer the same questions for 
f(x), the even periodic extension of f and its cosine series. 


7. The series 


[o.e) 


a — cos(nx) 


n=1 


converges to a function f(x) whose formula on the interval —1 <x < zis 
f(x) =A+ Bx+ Cx’. 


Determine A, B, and C. 


8. The series 
Co 1 

> a sin(nx) 

n=1 i 
converges to a continuous periodic function. On the interval 0 < x < 27, 
this function coincides with a polynomial p(x) of degree 3. Find the polyno- 
mial. Hint: Determine points x on the interval 0 < x < 2m where p(x) = 0. 
Use this information to get a form for p(x). 
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9. The function f(x) is periodic with period 2. Its graph for -1<x< lisa 
semicircle with radius 1 centered at the origin. 


a. Find the equation of f(x) for -l<x <1. 


b. Determine the value of the coefficient dp in its Fourier series. (This is the 
only cosine coefficient that can be found in closed form.) 


ce. Is f(x) sectionally smooth? 


d. What does the theorem tell us about the convergence of the Fourier se- 
ries of f (x)? 


1.4 Uniform Convergence 


The theorem of the preceding section treats convergence at individual points 
of an interval. A stronger kind of convergence is uniform convergence in an 
interval. Let 


N 
nex nex 

S = n by, i 

N(x) a+ oa cos( ; ) sin( ; ) 


n=1 


be the partial sum of the Fourier series of a function f. The maximum devia- 
tion between the graphs of Sy(x) and f(x) is 


dy = max|f(x)—Sn(@)|, -a<x<a, 


where the maximum” is taken over all x in the interval, including the end- 
points. If the maximum deviation tends to zero as N increases, we say that the 
series converges uniformly in the interval —a < x <a. 

Roughly speaking, if a Fourier series converges uniformly, then the sum of a 
finite number N of terms gives a good approximation — to within +6) — of 
the value of f(x) at any and every point of the interval. Furthermore, by taking 
a large enough N, one can make the error as small as necessary. 

There are two important facts about uniform convergence. Ifa Fourier series 
converges uniformly in a period interval, then (1) it must converge to a con- 
tinuous function, and (2) it must converge to the (continuous) function that 
generates the series. Thus, a function that has a nonremovable discontinuity 
cannot have a uniformly convergent Fourier series. (And not all continuous 
functions have uniformly convergent Fourier series.) 

Figure 9 presents graphs of some partial sums of a square-wave function. It 
is easy to see that for every N there are points near x = 0 and x = +z where 


*If f is not continuous, the maximum must be replaced by the supremum, or least upper 
bound. 
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1, O<x<t 
fe) = 1 -m7m<x<0 


f(x + 2m) = f(x) 


(a) 


4 
S\(x) = Sx) = — sin x 
T 


(b) 


S3(x) = S4(x) = sin x + 4sin 3x) 


S7(x) = S(x) = (sin x + 4sin 3x + sin Sx + } sin 7x) 


(d) 


Si(x) = Spx) = = sin x ++++ + sin 11x). 


(e) 


Figure9 Partial sums of the square-wave function. Convergence is not uniform. 
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f() = kt, —-mT<x<F 
f(x + 2m) = f(x) 


So{x) = 


nia 


Sx) = Si(x) = Ss Sia 
2 


4 
Sx(x) = Sx) = ae (cos x + $ cos 3x) 
2 wT 


Ss(x) = Se(x) = 


nla 
ale 


(cos x + $cos 3x + xs cos Sx) 


Figure 10 Partial sums of a sawtooth function. Convergence is uniform. 
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| f (x) — Sy(x)| is nearly equal to 1, so convergence is not uniform. (Inciden- 
tally, the graphs in Fig. 9 also show the partial sums of f(x) overshooting their 
mark near x = 0. This feature of Fourier series is called Gibbs’ phenomenon 
and always occurs near a jump.) On the other hand, Fig. 10 shows graphs of a 
“sawtooth” function and the partial sums of its Fourier series. The maximum 
deviation always occurs at x = 0, and the convergence is uniform. 

One of the ways of proving uniform convergence is by examining the coef- 
ficients. 


Theorem 1. If the series }°°~ ,(\an| + |bn|) converges, then the Fourier series 


[o.@) 
IU 4 
ay + ae cos( =") +b, sin( ““*) 
n=1 


converges uniformly in the interval —a < x < aand, in fact, on the whole interval 
—00 <x< OM. 


Example. 
For the function 


f@)=|x|, -w1<x<aq, 
the Fourier coefficients are 


2 cos(niz) — 1 
C3 SS 


2 1 ne p Rea 


Since the series )-~° , 1/n* converges, the series of absolute values of the coeffi- 
cients converges, and so the Fourier series converges uniformly on the interval 
—m <x <7 to |x|. The Fourier series converges uniformly to the periodic 
extension of f(x) on the whole real line (see Fig. 10). 


Another way of proving uniform convergence of a Fourier series is by exam- 
ining the function f that generates it. 


Theorem 2. If f is periodic and continuous and has a sectionally continuous 
derivative, then the Fourier series corresponding to f converges uniformly to f (x) 
on the entire real axis. 


While this theorem is stated for a periodic function, it may be adapted to a 
function f(x) given on the interval —a < x < a. If the periodic extension of f 
satisfies the conditions of the theorem, then the Fourier series of f converges 
uniformly on the interval —a <x <a. 


Example. 
Consider the function 


f@=x, -l<x<l. 
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Although f(x) is continuous and has a continuous derivative in the interval 
—1 <x <1, the periodic extension of f is not continuous. The Fourier series 
cannot converge uniformly in any interval containing 1 or —1 because the pe- 
riodic extension of f has jumps there, but uniform convergence must produce 
a continuous function. 

On the other hand, the function f(x) = |sin(x)|, periodic with period 27, is 
continuous and has a sectionally continuous derivative. Therefore, its Fourier 
series converges uniformly to f(x) everywhere. 


Here is a restatement of Theorem 2 for a function given on the interval 
—a <x <a. The condition at the endpoints replaces the condition of conti- 
nuity of the periodic extension of f. 


Theorem 3. If f(x) is given on —a <x <a, iff is continuous and bounded and 
has a sectionally continuous derivative, and if f (—a+) =f (a—), then the Fourier 
series of f converges uniformly to f on the interval —a < x < a. (The series con- 
verges to f(a—) = f(—a+) atx = +a.) 


If an odd periodic function is to be continuous, it must have value 0 at x = 0 
and at the endpoints of the symmetric period-interval. Thus, the odd periodic 
extension of a function given in 0 < x < a may have jump discontinuities even 
though it is continuous where originally given. The even periodic extension 
causes no such difficulty, however. 


Theorem 4. If f(x) is given on0 < x <a, iff is continuous and bounded and has 
a sectionally continuous derivative, and if f (0+) = f(a—) = 0, then the Fourier 
sine series of f converges uniformly to f in the interval 0 < x < a. (The series 
converges to 0 atx =O andx=a.) 


Theorem 5. If f(x) is given on 0 < x <a and if f is continuous and bounded 
and has a sectionally continuous derivative, then the Fourier cosine series of f 
converges uniformly to f in the interval 0 < x < a. (The series converges to f (0+) 
at x = 0 and to f (a—) atx=a.) 


EXERCISES 


1. Determine whether the Fourier series of the following functions converge 
uniformly or not. Sketch each function. 


a. f(xy)=e, -l<x<]; 
b. f(x) =sinh(x), -—m <x <7; 


ce. f(x) =sin(x), -—1 <x <7; 
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d. f(x) =sin(x)+|sin(x)|, —-m <x<a7; 
e. f(x)=x4+ |x|, -T<x<7; 

f. f@) S20? =1),0 =1laxe1; 

g. f(x) =14+2x—2x7, -l<x<1. 


. The Fourier series of the function 


converges at every point. To what value does the series converge at x = 0? 
at x = 2? The convergence is uniform. Why? 


. Determine whether the sine and cosine series of the following functions 
converge uniformly. Sketch. 


a. f(x)=sinh(x), 0<x<zZ; 
b. f(x)=sin(x), O<x<mZ; 
c. f(x) =sin(wx), 0<x <4; 
d. f(xy)=1/U4+x), O0<x<]; 
efMa1/0+x2), 0=x <2. 


. If a, and b,, tend to zero as n tends to infinity, show that the series 
CO 

ay + = Cou (an cos(nx) + by, sin(nx)) 
n=1 


converges uniformly (@ > 0). 


. For each of the following coefficients, use Theorem 1 to decide whether 
convergence of the associate Fourier series is uniform. 


sin? (nz /2) 
a 


n— n2m2 ’ b, = 0; 
1 — cos(nz 
ats 
ni 
2(1 + cos(nz 
c. a, =0, gga SOY GS oy by, = 0; 
n>—1 
1 


d. a,=0, b, = —————. 
cosh(nz /2) 
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1.5 Operations on Fourier Series 


In the course of this book we shall have to perform certain operations on 
Fourier series. The purpose of this section is to find conditions under which 
they are legitimate. Two things must be noted, however. First, the theorems 
stated here are not the best possible: There are theorems with weaker hypothe- 
ses and the same conclusions. Second, in applying mathematics, we often carry 
out operations formally, legitimate or not. The results must then be checked 
for correctness. 

Throughout this section we shall state results about functions and Fourier 
series with period 27, for typographic convenience. The results remain true 
when the period is 2a instead. For functions defined only on a finite interval, 
the periodic extension must fulfill the hypotheses. We shall refer to a function 
f(x) with the series shown: 


f(x) ~aot+ = An cos(nx) + by sin(nx). (1) 
n=1 


Theorem 1. The Fourier series of the function cf (x) has coefficients cag, Cay, and 
cb,, (c is constant). 


This theorem is a simple consequence of the fact that a constant passes 
through an integral. The fact that the integral of a sum is the sum of the inte- 
grals leads to the following. 


Theorem 2. The Fourier coefficients of the sum f(x) + g(x) are the sums of the 
corresponding coefficients of f (x) and g(x). 


These two theorems are so natural that the reader has probably used them 
already without thinking about it. The theorems that follow are much more 
difficult to prove, but they are extremely important. 


Theorem 3. If f(x) is periodic and sectionally continuous, then the Fourier series 
of f may be integrated term by term: 


b b oO ab 
t f(x) dx= i ay dx + S / (an cos(nx) + b, sin(nx)) dx. (2) 
a a n=1°4 


Theorem 4. If f(x) is periodic and sectionally continuous and if g(x) is sectionally 
continuous fora < x < b, then 
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b b 
; F(x)g(x) dx = i agg (x) dx 


a 


co Ab 
+ py | (4, cos(nx) + b, sin(nx)) g(x) dx. (3) 


In Theorems 3 and 4, the function f(x) is only required to be sectionally 
continuous. It is not necessary that the Fourier series of f(x) converge at all. 
Nevertheless, the theorems guarantee that the series on the right converges and 
equals the integral on the left in Eqs. (2) and (4). 

One important application of Theorem 4 was the derivation of the formulas 
for the Fourier coefficients in Section 1. An application of Theorems 3 and 4 
is given in what follows. 


Example. 
The periodic function g(x) whose formula in the interval 0 < x < 27 is 


g(x) =x, O<x<20 


has the Fourier series 
= sin(nx) 
x)~m—-2 —_.. 
g(x) 2 = 


By applying Theorems | and 2, we find that the function f(x) defined by f(x) = 
[7 — g(x)]/2 has the series 


ete sin(nix) 


n 
n=1 


This manipulation would be simple algebra if the correspondence ~ were an 
equality. 

The function f(x) satisfies the hypotheses of Theorem 3. Thus we may inte- 
grate the preceding series from 0 to b to obtain 


il foo oy su 


Theorem 3 guarantees that this equality holds for any b. In the interval from 0 
to 27 we have the formula f(x) = (a7 — x)/2. Hence 


b ee ees 
[i@u=U-F- ye = 0<b<2n. 
0 


n=1 
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Now, replacing b by x, we have 


“Cr re) = = y, SS O0<x<2nz. (4) 


=] n=1 


= 


Outside the indicated interval, the periodic extension of the function on the 
left equals the series on the right. 

It is worthwhile to mention that the series on the right of Eq. (4) is the 
Fourier series of the function on the left. That is to say, 


Lf x=) ou 
On i: Es 2 in’ ©) 
20 _ = 
: i aie Mit cos(nx) dx = = (6) 
wT Jo 4 n2 
20 = 
: / tees) sin(nx) dx = 0. (7) 
Jo 4 


Equations (6) and (7) can be verified directly, of course, but Theorem 4, to- 
gether with the orthogonality relations of Section 1, also guarantees them. In 
addition, Eq. (5) gives us a way to evaluate the series on the right. 


Although the uniqueness property stated in the following theorem is so very 
natural that we tend to assume it is true without checking, it really is a conse- 
quence of Theorem 4. 


Theorem 5. If f(x) is periodic and sectionally continuous, its Fourier series is 
unique. 


That is to say, only one series can correspond to f(x). We often make use of 
uniqueness in this way: If two Fourier series are equal (or correspond to the 
same function), then the coefficients of like terms must match. 

The last operation to be discussed is differentiation, one that plays a princi- 
pal role in applications. 


Theorem 6. If f(x) is periodic, continuous, and sectionally smooth, then the dif- 
ferentiated Fourier series of f (x) converges to f'(x) at every point x where f” (x) 
exists: 


[o.e) 


f oO= So (=na, sin(nx) + nb, cos(nx)). (8) 


n=1 


The hypotheses on f(x) itself imply (see Section 4) that the Fourier series of 
f(x) converges uniformly. If f(x) (or its periodic extension) fails to be contin- 
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uous, it is certain that the differentiated series of f(x) will fail to converge, at 
some points at least. 


Example. 
Let f be the function that is periodic with period 27 and has the formula 


f@)= |x|, -m<x<aZ. 


This function is indeed continuous and sectionally smooth and is equal to its 
Fourier series, 


xz A cos(3x) cos(5x) 
foy= F — 2 (costa T 9 T 5 T ). 


According to Theorem 5, the differentiated series 


4 ( F sin(3x) — sin(5x) ) 
— sin(x) t t t oe 
IU 3 5 


converges to f’(x) at any point x where f” (x) exists. Now, the derivative of the 
sawtooth function f(x) (see Fig. 10) is the square-wave function 


1, 0<x<7Z, 


feo={") —1<x<0 (9) 


(see Fig. 9). Moreover, we know that the foregoing sine series is the Fourier 
series of the square wave f’(x) and that it converges to the values given by 
Eq. (9), except at the points where f’(x) has a jump. These are precisely the 
points where f”(x) does not exist. 


Later on, it will frequently happen that we know a function only through its 
Fourier series. Thus, it will be important to obtain properties of the function 
by examining its coefficients, as the next theorem does. 


Theorem 7. If f is periodic, with Fourier coefficients ay, b,, and if the series 


[e,@) 
do (|a%an| + |1bn) 
n=1 
converges for some integer k > 1, then f has continuous derivatives f’,..., f 


whose Fourier series are differentiated series of f. 


Example. 
Consider the function defined by the series 


f(xy= > e"” cos(nx), 
n=1 
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in which @ is a positive parameter. For this function we have ay = 0, a, =e", 


b, = 0. By the integral test, the series )~ n*e~"” converges for any k. Therefore 
f has derivatives of all orders. The Fourier series of f’ and f” are 


5 ae 63 ys —ne_"” sin(nx), 
n=1 


(eee a —n’e~" cos(nx). 


n=1 


EXERCISES 
1. Evaluate the sum of the series )°>° , 1/n? by performing the integration 
indicated in Eq. (5). 


2. Sketch the graphs of the periodic extension of the function 
fa=t, 0<x<2z, 


and of its derivative f’ (x) and of 
F(x) = i f(b dt. 
0 


3. Suppose that a function has the formula f(x) = x, 0 < x < a. What is its 
derivative? Can the Fourier sine series of f be differentiated term by term? 
What about the cosine series? 


4. Verify Eqs. (6) and (7) by integration. 


5. Suppose that a function f(x) is continuous and sectionally smooth in the 
interval 0 < x < a. What additional conditions must f(x) satisfy in order 
to guarantee that its sine series can be differentiated term by term? the 
cosine series? 


6. Is the derivative of a periodic function periodic? Is the integral of a peri- 
odic function periodic? 


7. Itis known that the equality 


CO 7__4)nt+1 
in( 2<0s( >|) = yy TO cos(nx) 


n=1 
is valid except when x is an odd multiple of 7. Can the Fourier series be 
differentiated term by term? 
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8. Use the series that follows, together with integration or differentiation, to 
find a Fourier series for the function p(x) = x(a —x),0<x<z. 


oO (aa n+1 
ao 2) sin(nx), O<x<Z. 
n 
n=1 


9. Let f(x) be an odd, periodic, sectionally smooth function with Fourier 
sine coefficients b;, bz, .... Show that the function defined by 


CO 
u(x, t) = y= b,e-" 'sin(nx), t>0, 


n=1 


has the following properties: 
Pu 2 
a. sa = ve —rnb,e"'sin(nx), t> 0; 
n=1 
b. u(0,t)=0, u(z,t)=0, t>0; 
1 
e. u(x, 0) = 5(fet) + fe). 


10. Let f be as in Exercise 9, but define u(x, y) by 


u(x, y) = y, bne ™ sin(nx), y>0. 


n=1 


Show that u(x, y) has these properties: 
d°u = <. 2b ny os 0: 
a. ap = oS —n'b,e ™ sin(nx), y> 0; 
n=1 


b. u(0,y)=0, u(z,y)=0, y>0; 


1 
e. u(x,0) = 5(fet) + fe). 


1.6 Mean Error and Convergence in Mean 


While we can study the behavior of infinite series, we must almost always use 
finite series in practice. Fortunately, Fourier series have some properties that 
make them very useful in this setting. Before going on to these properties, we 
shall develop a useful formula. 

Suppose f is a function defined in the interval —a < x < a, for which 


/ "(FQ)" de 


a 
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is a finite number. Let 


fla) ~ay + ayc05(” = )+b, sin( “=*) 


n=1 


and let g(x) have a finite Fourier series 


g(x) = ot DA cos( “™* : “) +8, sin( “=*), 


Then we may perform the following operations: 


« nex 
“Foo de= | joa] aoe Yo cos( “™* “) +5, sin( “= _ ) dx 
o ~ a NIX 
=Aaf fordct DAs f(s) cos( “™*) dx 
N 
+5°B, "Foysin( *) a 
1 


We recognize the integrals as multiples of the Fourier coefficients of f and 
rewrite 


a N 
; / f (x)g(x) dx = 2ajAo + y (GnAn + byBn). (1) 
= i 


Now suppose we wish to approximate f(x) by a finite Fourier series. The 
difficulty here is deciding what “approximate” means. Of the many ways we 
can measure approximation, the one that is easiest to use is the following: 


Ey = / (f@- g(x)” dx. (2) 


(Here g is the function with a Fourier series containing terms up to and in- 
cluding cos(Nzx/a).) Clearly, Ey can never be negative, and if f and g are 
“close,” then Ey will be small. Thus our problem is to choose the coefficients 
of g so as to minimize Ey. (We assume N fixed.) 

To compute Ey, we first expand the integrand: 


Ey = Fe) de—2 f f(x)g(x) ax | g’ (x) dx. (3) 


The first integral has nothing to do with g; the other two integrals clearly de- 
pend on the choice of g and can be manipulated so as to minimize Ey. We 
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already have an expression for the middle integral. The last one can be found 
by replacing f with g in Eq. (1): 


3 N 
i eo tr= of 2a+ oa (4) 
Le ; 
Now we have a formula for Ey in terms of the variables Ap, A, By: 


a N 
En — f (x) dx — 2a am + yo Anti + Aa 


a ri 


N 
oom +) Ar 4 mi (5) 
1 


The error Ey takes its minimum value when all of the partial derivatives 
with respect to the variables are zero. We must then solve the equations 


dE 
aoe eS —4Aady) + 4aAy = 0, 
dAo 
dE 

aa —2aa, + 2aA, = 0, 
OAn 
dE 

N = —2ab, + 2aB, =0. 
OBn 


These equations require that Ay = a, Ay = ay, B, = b,. Thus g should be 
chosen to be the truncated Fourier series of f, 


N 
NIX nNIUXx 

= ) , ee b, sin{ —— 
g(x) =a) + a cos( - )+ sin( ; ) 


n=1 


in order to minimize Ey. 
Now that we know which choice of A’s and B’s minimizes Ey, we can com- 
pute that minimum value. After some algebra, we see that 


a N 
min(En) = / f°) dx oe + ) a, 4 a (6) 
oF ; 


Even this minimum error must be greater than or equal to zero, and thus we 
have the Bessel inequality 


N 

] a 

A fP (x) dx > 205 + Yo a? + by. (7) 
af ; 
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This inequality is valid for any N and therefore is also valid in the limit as N 
tends to infinity. The actual fact is that, in the limit, the inequality becomes 
Parseval’s equality: 


- f(x) dx = 2a, + Da, +b. (8) 
ae : 


Another very important consequence of Bessel’s inequality is that the two 
series )\ a? and )~ b> must converge if the left-hand side of Eqs. (7) and (8) is 
finite. Thus, the numbers a,, and b,, must tend to 0 as n tends to infinity. 

By comparing Eqs. (6) and (8), we get a different expression for the mini- 
mum error: 


(oe) 
min(Ey) =a a, + be. 


N+1 


This quantity decreases steadily to zero as N increases. Since min(Ey) is, ac- 
cording to Eq. (2), a mean deviation between f and the truncated Fourier se- 
ries of f, we often say, “The Fourier series of f converges to f in the mean.” 
(Another kind of convergence!) 


Summary 


If f (x) has been defined in the interval —a < x < aand if 
f? (x) dx 


is finite, then: 


1. Among all finite series of the form 


nit nIUXx 
g(x) = ot DA cos(“™* a “) +8, sin( “= = ) 


the one that best approximates f in the sense of the error described by 
Eq. (2) is the truncated Fourier series of f: 


oot Dan *) +0, sin( “™*), 


= f?(x)dx = 2a + Da, +i. 
ams : 
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Lf? NIX 
3. dn=— | f(x)cos| —— }dx->0 asn>o; 
a J—a a 


i ie aa 
b, = - feopsin( “™*) ax 0 asn— oO. 
adj—a a 


4. The Fourier series of f converges to f in the sense of the mean. 


Properties 2 and 3 are very useful for checking computed values of Fourier 
coefficients. 


EXERCISES 


1. Use properties of Fourier series to evaluate the definite integral 


1 {7 x 2 
al In|2 cos| — dx. 
TE J coe 2 


(Hint: See Section 10, Eq. (4), and Section 5, Eq. (5).) 


2. Verify Parseval’s equality for these functions: 
a. f(x)=x, —-l<x<]; 
b. f(x)=sin(x), -—m<x<Z. 


3. What can be said about the behavior of the Fourier coefficients of the fol- 
lowing functions as n > oo? 


efo=kh", aleve k 
b. f(x)=|xl1?, -l<x<l. 
4. How do we know that Ey has a minimum and not a maximum? 


5. Ifa function f defined on the interval —a < x < a has Fourier coefficients 


what can you say about 
a 
f(x) dx? 
=e 
6. Show that, as 1 > ov, the Fourier sine coefficients of the function 
1 
f@=-, -1<x<TZ, 

x 


tend to a nonzero constant. (Since this is an odd function, we can take the 
cosine coefficients to be zero, although strictly speaking they do not exist.) 
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Use the fact that 


1.7 Proof of Convergence 
In this section we prove the Fourier convergence theorem stated in Section 3. 
Most of the proof requires nothing more than simple calculus, but there are 


three technical points that we state here. 


Lemma l. Forall N=1,2,..., 


Br gaa 6 oe 
2 f° (5+ doco) dy =1. 


Lemma 2. Forall N=1,2,..., 


sin((N + })y) 
2 sin($y) ; 


i 2 
5 + Ss cos(ny) = 


n=1 


Lemma 3. If #(y) is sectionally continuous, —m < y < 1, then its Fourier coef- 
ficients tend to 0 with n: 


4 


1 
lim — oo) cos(ny) dy = 0, 
n>oojyT J_ 


es = fr p(y) sin(ny) dy = 0. 


In Exercises 1 and 2 of this section, you are asked to verify Lemmas 1 and 2 
(also see Miscellaneous Exercise 17 at the end of this chapter). Lemma 3 was 
proved in Section 6. 

The theorem we are going to prove is restated here for easy reference. Period 
2 is used for typographic convenience; we have seen that any other period 
can be obtained by a simple change of variables. 


Theorem. If f(x) is sectionally smooth and periodic with period 27, then the 
Fourier series corresponding to f converges at every x, and the sum of the series is 


ay + > a, cos(nx) + b, sin(nx) = (Few) + f(x-)). (1) 


n=1 
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Proof: Let the point x be chosen; it is to remain fixed. To begin with, we 
assume that f is continuous at x, so the sum of the series should be f(x). 
Another way to say this is that 


Jim, Sn(x) — f(x) = 0, 


where Sy is the partial sum of the Fourier series of f, 


N 
Sn (x) = ao + > An Cos(nx) + by sin(nx). (2) 


n=1 


Of course, the a’s and b’s are the Fourier coefficients of f, 


l us 
Ay = al f(@) dz, 


An = - : f(z) cos(nz) dz, (3) 


1 - . 
b= = [ f (2) sin(nz) dz. 


The integrals have z as their variable of integration, but that does not affect 
their value. 


Part 1. Transformation of Sy (x). 

In order to show a relationship between Sy(x) and f, we replace the co- 
efficients in Eq. (2) by the integrals that define them and use elementary 
algebra on the results: 


rs N a 
Sn (x) = _ [fo dx + a Te cos(nz) dz cos(nx) 


+ - : f(z) sin(nz) dz sin(n) (4) 


1/7 Ney ope 
=z, | foe+d: |_ F(@) cos(nz) cos(nx) da 


20 


he ~ J f (2) sin(nz) sin(nx) a (5) 


1 N x 
= = [fe dx + >|; Be (cos(nz) cos(nx) 


+ sin(nz) sin(nx)) i (6) 
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0 N 
= - iis f@ (; a >» cos(nz) cos(nx) + sin(nz) ante) dz 


n=1 (7) 
a0 [ f{@ : + 3 cos(n(z — x)) } dz (8) 
U Jn 2 n=1 . 


In this very compact formula for Sy (x), we now change the variable of in- 
tegration from z to y=z—x: 


1 T+. 
= 


N 
i 1 
“rern(3 oe Sent dy. (9) 
n=1 
Note that both factors in the integrand are periodic with period 27. The 
interval of integration can be any interval of length 27 with no change in 
the result. (See Exercise 5 of Section 1.) Therefore, 


17 i; 
Sn (x) = ~ | poy(3 + ) cnt) dy. (10) 
ade n=1 


Part 2. Expression for Sy (x) — f(x). 

Since we must show that the difference Sn(x) — f(x) goes to 0, we need to 
have f(x) in a form compatible with that for Sy(x). Recall that x is fixed 
(although arbitrary), so f(x) is to be thought of as a number. Lemma 1 
suggests the appropriate form, 


a 


fo) =f) [ 


—T 


ib 

(; + 2 cxtop dy 

= = [fe sere dy (11) 
T Jon 2 n=1 . 


Now, using Eq. (10) to represent Sy(x), we have 


4 N 
Sn(x) — f(x) = = (f(xt+y) —f()) : cos(ny) | dy. (12) 
NT Jen 2 


n=1 


Part 3. The limit. 
The next step is to use Lemma 2 to replace the sum in Eq. (12). The result 
is 


m sin((N + t)y) 


1 
sx@—foy= sf (fete) dy 3) 
= 2 
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The addition formula for sines gives the equality 


sin( (1+ 3)")= = cos(Ny) sin(5 r) + sin(Ny) cos( 5 y). 


Substituting it in Eq. (13) and using simple properties of integrals, we ob- 
tain 


1 8 
Su (x) — f(x) = — / (fie+y) — feo); cos(Ny) dy 


cos(5y) 
sin(5y) 


The first integral in Eq. (14) can be recognized as the Fourier cosine coeffi- 
cient of the function 


1 8 
+= f (f(x+y) —f ) sin(Ny) dy. (14) 


V=S(Feety)— fed). (15) 


Since f is a sectionally smooth function, so is yw, and the first integral has 
limit 0 as N increases, by Lemma 3. 

The second integral in Eq. (14) can also be recognized, as the Fourier sine 
coefficient of the function 


eN= 


Ge dae cos( 5 ), (16) 


2sin($y) ne 


To proceed as before, we must show that @(y) is at least sectionally contin- 
uous, —w < y <7. The only difficulty is to show that the apparent division 
by 0 at y = 0 does not cause #(y) to have a bad discontinuity there. 

First, if f is continuous and differentiable near x, then f(x + y) — f(x) is 
continuous and differentiable near y = 0. Then L'H6pital’s rule gives 


nfEtY-f@) 4 fey 
—— a 1m. —,— 


v0 2sin(4y) y>0 cos(4y) 


=f’ (x). (17) 


Under these conditions, the function ¢(y) of Eq. (16) has a removable dis- 
continuity at y = 0 and thus is sectionally continuous. 

Second, if f is continuous at x but has a corner there, then f(x + y) — f(x) 
is continuous with a corner at y = 0. In this case, LHdépital’s rule applies 
with the one-sided limits, which show 


A 5 Chie 9 eee’ Ga Oe fe cae ee 
om 2sin(4y) pee eek "ai ca ee 
EAD=FO _ jy LEAP _ pry, ‘iy 


y>0- 2sin(4y) ~ y¥>0- cos(4 xy) 


1.7 Proof of Convergence 99 


Under these conditions, the function ¢(y) of Eq. (16) has a jump disconti- 
nuity at y = 0 and again is sectionally continuous. 

In either case, we see that the second integral in Eq. (14) is the Fourier 
sine coefficient of a sectionally continuous function. By Lemma 3, then, it 
too has limit 0 as N increases, and the proof is complete for every x where 
f is continuous. 


Part 4. If f is not continuous at x. 
Now let us suppose that f has a jump discontinuity at x. In this case, we 
must return to Part 2 and express the proposed sum of the series as 


(Fe +) + f(x N= -{ pon(3 + Yeon] dy 
i Le 
+ = [fe (; + Yeon dy. (20) 


n=1 


Here, we have used the evenness of the integrand in Lemma | to write 


i fe hi Lp (las : 
-{ (5 + Yeon) b=2[' (F+donn] Ws: (21) 


Next, we have a convenient way to write the quantity to be limited: 


1 
Sn (x) 5 (f+) + f (x—-)) 


== [ (Fe ty) rose) (i Yeon dy 


n=1 


1 0 l N 
+-f (fe+y —f& (5 Yeon dy. (22) 


n=1 


The interval of integration for Sy(x) as shown in Eq. (10) has been split in 
half to conform to the integrals in Eq. (20). 

The last step is to show that each of the integrals in Eq. (22) approaches 0 
as N increases. Since the technique is the same as in Part 3, this is left as an 
exercise. 

Let us emphasize that the crux of the proof is to show that the function 
from Eq. (16), 


o(y)= (23) 


fa+y) —f@) (; ) 
— cos 
2sin(>y) 2 
(or a similar function that arises from the integrands in Eq. (22)), does not 
have a bad discontinuity at y = 0. 
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EXERCISES 


1. Verify Lemma 2. Multiply through by 2 sin(}y). Use the identity 


a) n=l (043) af (0-29) 


Note that most of the series then disappears. (To see this, write out the 
result for N = 3.) 


2. Verify Lemma 1 by integrating the sum term by term. 


3. Let f(x) = f(x + 2m) and f(x) = |x| for —m <x <z. Note that f is con- 
tinuous and has a corner at x = 0. Sketch the function ¢(y) as defined in 
Eq. (16) if x = 0. Find ¢(0+) and ¢(0-). 


4. Let f be the odd periodic extension of the function whose formula is 7 — x 
for 0 < x < az. In this case, f has a jump discontinuity at x = 0. Taking 
x = 0, sketch the functions 


_ fa@ty) —fx+) 1 

ory) = 2sin(Zy) cos( 5) (vy > 0), 
JOT ==) 1 

aL) = 2sin(y) cos( 3) (y < 0). 


(These functions appear if the integrands in Eq. (22) are developed as in 
Part 3 of the proof.) 


5. Consider the function f that is periodic with period 27 and has the formula 
f(x) =|x|?/4 for -—m <x<7z. 


a. Show that f is continuous at x = 0 but is not sectionally smooth. 


b. Show that the function ¢(y) (from Eq. (16), with x = 0) is sectionally 
continuous, —z <x <7, except for a bad discontinuity at y = 0. 


c. Show that the Fourier coefficients of ¢(y) tend to 0 as n increases, de- 
spite the bad discontinuity. 


1.8 Numerical Determination of Fourier Coefficients 


There are many functions whose Fourier coefficients cannot be determined 
analytically because the integrals involved are not known in terms of easily 
evaluated functions. Also, it may happen that a function is not known explic- 
itly but that its value can be found at some points. In either case, if a Fourier 


1.8 Numerical Determination of Fourier Coefficients 101 


series is to be found for the function, some numerical technique must be em- 
ployed to approximate the integrals that give the Fourier coefficients. It turns 
out that one of the crudest numerical integration techniques is the best. 

Any periodic, sectionally smooth function can be reduced by the procedure 
illustrated in Fig. 11 to the sum of some functions f| (x) and f;(x), whose series 
can be found by integration, and another function that is continuous, periodic, 
and sectionally smooth. This last function’s Fourier coefficients will approach 
0 rapidly with n. 

Suppose then that f (x) is continuous, sectionally smooth, and periodic with 
period 2a. We wish to find its Fourier coefficients numerically. For instance, 


l a 
ay = = _ Fe dx. 
The integral is approximated using the trapezoidal rule. First, cut up the inter- 
val —a <x <a into r equal subintervals with endpoints xo, x1, ..., x; where 
2a 


xp=—at+tkAx, Ax=—. 
r 


Next, evaluate the sum 


1/1 1 
mo = (fou) t f(xy) ++: Pa) + 5fei) a (1) 


Since x9 = —a, x, = a, and f is periodic with period 2a, we have f (xo) = f (x;): 
The two terms with ; multipliers can be combined. Thus, our approxima- 
tion is 


2a 
ae 


~ 1 
ao = = (f(a) + f (x2) +++ +f (%;)) 


The occurrences of 2a cancel, and the computed value is just the average of the 
functional values. 

We use a caret over the usual coefficient name to designate approximations. 
Other Fourier coefficients are approximated in a similar way. 


Summary 


Let f(x) be continuous, sectionally smooth and periodic with period 2a. Ap- 
proximate Fourier coefficients of f(x) are 


Az “(Fx see FGe)), (2) 


an = = (f)cos(“=*) + +++ +f) cos(“**)), (3) 
r a sg 


b, = = (ren)sin(“** ) +--+ f (x) sin(“™*))). (4) 
r a 
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f(x) 


(b) 


f(x) 


f(x)-f(x)-A(x) 


Figure 11 Preparation of a function for numerical integration of Fourier co- 
efficients. (a) Graph of sectionally smooth function f(x) given on —a <x <a. 
(b) Graph of f| (x), which has jumps of the same magnitude and position as f(x). 
Coefficients can be found analytically. (c) Graph of f(x) — fi (x). This function has 
no jumps in —a < x < a. (d) Graph of f,(x). The periodic extensions of f;(x) and 
of f (x) — fi (x) have jumps of the same magnitude at x = ta, and so forth. The co- 
efficients of f; can be found analytically. (e) Graph of f3(x) = f(x) — fi(x) — fa(x). 
The Fourier series of f;(x) converges uniformly (the coefficients tend to zero 
rapidly). 
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If r is odd, Eqs. (3) and (4) are valid forn = 1, 2,..., (r—1)/2, giving a total of 
r coefficients. If r is even, Eq. (4) gives b,/2 = 0, and Eq. (3) has to be modified: 


) +--+7encos(Z*)). (3’) 


The formulas in Eqs. (2)—(4) were derived for the case in which xo, x1, ..., X; 
are equally spaced points in the interval —a < x < a. However, they remain 
valid for equally spaced points on the interval 0 < x < 2a. That is, 


TITX, 
a 


1 
ar/2 = . (Fox cos( 5 


We again get r valid coefficients. 


2a 4a 
x=0, xm =—, HM=—, ..., xX =2a. (5) 

r r 
Note also that when f(x) is given in the interval 0 < x < a and the sine or co- 
sine coefficients are to be determined, the formulas may be derived from those 
already given here. Let the interval be divided into s equal subintervals with 
endpoints 0 = x, x1,..., x; =a (in general, x; = ia/s). Then the approximate 

Fourier cosine coefficients for f or its even extension are 


fa 1 
ay = ( Ff (x0) f (x1) pve: fl) + 5F60)). 
s\2 2 


in= 2 (Fhe) +F(a)cos( 2") ry yeoea("*)), 


n=1,...,s—l, 


SIUX] 


as = = (5/0) + f (x1) cos( ‘ ) feeet shes) cos(*)), (6) 


Similarly, the approximate Fourier sine coefficients for f or its odd extension 


are 
b, = =(fen)sin(“2* ) apes +Fx.)sin(“51)). 
Ss a a 


WED? ects8 (7) 


An important feature of the approximate Fourier coefficients is this: If 


are UX ~ (TX 
FH) = ay + 0 co5( ) | i sin( ) Jp... 
a a 


is a finite Fourier series using a total of r approximate coefficients calculated 
from Eqs. (3) and (4), then F(x) actually interpolates the function f(x) at 
X1,X2,...,X,. That is, 


F(x) =f(x), i=1,2,...,7. 
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1 Xx; COS X; cos2x; cos3x;  sin(x;)/x; 
0 0 1.0 1.0 1.0 1.0 

ly 4 0.86603 0.5 0 0.95493 
De 0.5 —0.5 —1.0 0.82699 
Si TS 0 —1.0 0 0.63662 
4 4% -0.5 —0.5 1.0 0.41350 
5 ae —0.86603 0.5 0 0.19099 
6 «a —1.0 1.0 —1.0 0.0 


Table 3 Numerical information 


Gn An Error 
0.58717 0.58949 0.00232 
0.45611 0.45141 0.00470 

—0.06130 —0.05640 0.00490 
0.02884 0.02356 0.00528 


WN fF Od 


Table 4 Approximate coefficients 
of sin(x) /x 


Thus the graph of F(x) cuts the graph of f(x) at the points xj,i=1,2,...,1. 


Example. 
Calculate the approximate Fourier coefficients of f(x) = sin(x)/x in —m < 
x <. Since f is even, it will have a cosine series. We simplify computation by 
using the half-range formulas and making s even. We take s = 6, x» = 0, x; = 
1/6,...,X5 = 5/6, Xs = 1. The numerical information is given in Table 3. 
The results of the calculation are given in Table 4. On the left are the approx- 
imate coefficients calculated from the table. On the right are the correct values 
(to five decimals), obtained with the aid of a table of the sine integral (see Ex- 
ercise 2). Figure 12 shows the difference between f(x) and F(x) (the sum of the 
Fourier series using the approximate coefficients through dg). 


For hand calculation, choosing s to be a multiple of 4 makes many of the 
cosines “easy” numbers such as 1 and 0.5. When the calculation is done by 
digital computer, this is not a consideration. 


EXERCISES 


1. Since Table 3 gives sin(x)/x for seven points, seven cosine coefficients can 
be calculated. Find ag. 
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Figure 12 Graph of the difference between f(x) = sin(x)/x and F(x), the sum of 
the Fourier series using the approximate coefficients a through dg. 


2. Express the Fourier cosine coefficients of the example in terms of integrals 
of the form 


dt. 


(n+l) os 
si((n+ 1)m) =f mn) 
0 


This is the sine integral function and is tabulated in many books, especially 
Handbook of Mathematical Functions, Abramowitz and Stegun, 1972. 


3. Each entry in the list that follows represents the depth of the water in Lake 
Ontario (minus the low-water datum of 242.8 feet) on the first of the cor- 
responding month. Assuming that the water level is a periodic function 
of period one year, and that the observations are taken at equal intervals, 
compute the Fourier coefficients ao, a, b,, a), bz, thus identifying the 
mean level, and fluctuations of period 12 months, 6 months, 4 months, 
and so forth. Take x9 as January, ..., x;, as December, and x; as January 
again. 


Jan. 0.75 July 2.35 
Feb. 0.60 Aug. 2.15 
Mar. 0.65 Sept. 1.75 
Apr. 1.15 Oct. 1.05 
May = 1.80 Nov. 1.00 
June 2.25 Dec. 0.90 


4. The numbers in the table that follows represent the monthly precipi- 
tation (in inches of water) in Lake Placid, NY, averaged over the pe- 
riod 1950-1959. Find the approximate Fourier coefficients Go, ..., @ and 


by, ..., D5. 
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Jan. 2.751 July 3.861 
Feb. 2.004 Aug. 4.088 
Mar. 3.166 Sept. 4.093 
Apr. 2.909 Oct. 3.434 
May 3.215 Nov. 2.902 
June 3.767 Dec. 3.011 


1.9 Fourier Integral 


In Sections 1 and 2 of this chapter we developed the representation of a pe- 
riodic function in terms of sines and cosines with the same period. Then, by 
means of periodic extension, we obtained series representations for functions 
defined only on a finite interval. Now we must deal with nonperiodic functions 
defined for x between —oo and oo. Can such functions also be represented in 
terms of sines and cosines? We make some transformations that suggest an 
answer. 

Suppose f (x) is defined for —oo < x < oo and is sectionally smooth in every 
finite interval. Then for any positive a, f(x) can be represented in the interval 
—a <x <a by its Fourier series: 


CO 
4 IU 
Fla) = a+ Yay cos( * *) bysin(” *). a<x<a, 
= a a 


n=1 
1 * 1 f% 
ay = al f(x)dx, a,=- fts)cos(“**) dx, 
2a J_a a J_a a 
1 a 
b=-| f@ sin( “™*) dx. (1) 
a J_a a 
Example 1. 
Let 


foo= |e" sh 


x<0. 


For any a > 0, we have the Fourier series for f(x) on the interval —a <x <a: 


CO 
NIX NIX 
Fla) = ay-+ Yan cos( ) by sin( ), a<x<a, 
; a a 


a 


l-e 1—e“cos(nz) 
ag = Qh = sta PRS 
2a a(1 + (nz/a)’) 
ithe e “cos(nm))nz 
" @(1 + (n/a)?) 


(The series converges to 1/2 atx = 0 and to e */2 atx=a.) 


(2) 
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Now we modify Eq. (1). Let 4,, = n/a and define two functions 
1 f°? 1 f% ; 
A,(A)=— | f(x)cos(Ax) dx, B,(A) = — f(x) sin(Ax) dx. 
uw J_o uw J_o 


Notice that 
a us 
Ayn = —Ag(An), by = —Ba(An). 
a a 


Because of this, the Fourier series Eq. (1) becomes 
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F(x) = a9 + Y[Aag(An) COs(Anx) + Ba(An) sin(anx)]+ AA, —a<x<a, (4) 


n=1 


where AA = 1/a=)yiy — An. 


The form in which Eq. (4) is written is chosen to suggest an integral with 
respect to A over the interval 0 < A < oo. We may imagine a increasing to 


infinity, so AA — 0 and 


A,(A) > AQ) = -[- f (x) cos(Ax) dx, 


B,(A) > B(A) = ~ | f(x) sin(Ax) dx, 


and dy —> 0. Then Eq. (4) suggests 
f@= i [A(A) cos(Ax) + B(A) sin(Ax)] dA, —00 <x <0. 
0 


Example 1 (continued). 
For f (x) as in Example 1, we find 


A(A) = -[ e *cos(Ax) dx = oe, 
Jo (1 +A?) 

BAA) = S is e *~sin(Ax) dx = ————_,, 
T Jo w(1+A?) 


and therefore we expect that 


= 1 rn ; e*, 0<x, 
i | cos(Ax) + +2) sin() dx = | 0, fk, 


(5) 


(6) 


(7) 


The foregoing derivation is not a proof, but it does suggest the following 


theorem. 


108 Chapter 1 Fourier Series and Integrals 


Fourier Integral Representation Theorem. Let f(x) be sectionally smooth on 
every finite interval, and let fe | f (x)|dx be finite. Then at every point x, 


/ (A(A) cos(Ax) + B(A) sin(Ax)) da = -( f(x+) +f(x-)), 
0 
—00 <x <M, (8) 


where 


A(A) = =[- f(x) cos(Ax) dx, BOA) = ~ | f(x) sin(Ax) dx. (9) 


Equation (8) is called the Fourier integral representation of f (x); A(A) and B(A) 
in Eq. (9) are the Fourier integral coefficient functions of f(x). The right-hand 
side of Eq. (8) was also seen in the Fourier series convergence theorem. Since 
f (&) is sectionally smooth, the expression in Eq. (8) is the same as f (x) almost 
everywhere, so we often write Eq. (7) instead of Eq. (8). 


Example 2. 
The function 
Jl, ixl<1, 
foo={ |x| >1 
has the Fourier integral coefficient functions 
i i ae ie 2sin(A 
A(A) = ~ | f(x) cos(Ax) dx = ~ | cos(Ax) dx = =u ) 
Sie pane mJy wr 


BA) = 0. 


Since f (x) is sectionally smooth, the Fourier integral representation is legit- 
imate, and we write 


2 °° 2sin(d) 
fo = | = cos(Ax) dx. 


(Actually the integral equals + at x = +1, so equality is not strictly correct at 
these two points.) 


Example 3. 
Find the Fourier integral representation of f(x) = exp(—|x|). 
Solution: Direct integration gives 


A(A) = =f. exp(—|x|) cos(Ax) dx, (10) 


(oe) 
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A(A) = = [" e *cos(Ax) dx, (11) 
0 


2 e-*(—cos(Ax) + Asin(Ax))|~ 2 1 
A(A) = 2 — 7° 
a 1+ 0 wi+a 


(12) 


B(A) = 0, because exp(—|x|) is even. Since exp(—|x|) is continuous and sec- 
tionally smooth, we may write 


dn, oO<x<O. 


2 [°° cos(Ax) 
exp(—le) == f 


These two examples illustrate the fact that, in general, one cannot evaluate 


the integral in the Fourier integral representation. It is the theorem stated in 
the preceding that allows us to write the equality between a suitable function 
and its Fourier integral. 


or 


If f (x) is defined only in the interval 0 < x < 00, one can construct an even 


odd extension whose Fourier integral contains only cos(Ax) or sin(Ax). 


These are called the Fourier cosine and sine integral representations of f, re- 
spectively. 


Let f(x) be defined and sectionally smooth for 0 < x < oo, and let 
Lom | f (x)| dx < oo. Then we write: 
Fourier cosine integral representation 
[e,2) 
f@M= / A(A) cos(Ax) da, O<x<0o 
0 
2 [o,e) 
with A(A) = = [ f(x) cos(Ax) dx, 

HT Jo 

Fourier sine integral representation 


fw= [30 sin(Ax)dA, O<x<co 
0 


with B(A)= = [se sin(Ax) dx. 
0 


Example 4. 
Find the Fourier sine and cosine integral representations of f (x) given for 0 < x 


by 


f@-= ic 0<x<q7, 


0, <x. 
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Since f(x) = 0 for x > 7, the integral for B(A) reduces to one over the interval 
O<x<mZ: 


8 


B(A) = = [ f(x) sin(Ax) dx = =f sin(x) sin(Ax) dx 
0 0 


y) [ne —1)x)  sin(a+ aah 


mi 2(A—1) PA et at 0 a [ 
= 2/sin(aA—1)7)  sin(A+1)7) 
XN 2(A — 1) 2(.A +1) i 


This expression can be simplified by using the fact that 
sin((A + 1)m) = sin(ax £7) = —sin(Az). 
Then, creating a common denominator, we obtain 


—2sin(Az) 


er OES 


Hence the Fourier sine integral representation of f(x) is 


7 ° —2sin(Ar) , 
f(x) = [ aed): sin(Ax) dx, 0<x. 


Since f(x) is continuous for 0 < x, the equality holds at every point. 
Similarly, we can compute the cosine coefficient function 


—2(1 + cos(Az)) 
A(Qa) = > aay a 


and the cosine integral representation of f(x) is 


a °° —2(1 + cos(Az)) 
f@) -| ROP =D cos(Ax) da, O<x. 


Note that both A(A) and B(A) have removable discontinuities at 4 = 1. 


It seems to be a rule of thumb that if the Fourier coefficient functions A(A) 
and B(A) can be found in closed form for some function f(x), then the inte- 
gral in the Fourier integral representation cannot be carried out by elementary 
means, and vice versa. (See Exercise 3.) 

Rules for operations on Fourier integrals generally follow the lines men- 
tioned in Section 1.5 for Fourier series. In particular: If f(x) is continuous and 
if both f(x) and f’(x) have Fourier integral representations, then 


fw= if [A(A) cos(Ax) + B(A) sin(Ax)]| da, 
0 
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ios / [—AA(A) sin(Ax) + AB(A) cos(Ax)] da. 
0 


Example 5. 
Let f(x) = exp(—|x|) as in Example 3. Then its derivative is 


x<0. 


f@= ie er 


Clearly, f(x) is continuous, and both f(x) and f’(x) have Fourier integral rep- 
resentations. The one for f(x) is in Example 3. Thus we have 


Ke =["= = Gh 
fm= ; = era x) dd. 


EXERCISES 


1. Sketch the even and odd extensions of each of the following functions, and 
find the Fourier cosine and sine integrals for f. Each function is given in 
the interval 0 < x < oo. 


a. f(x) =e 

1, O0<x<l, 
bf =| 9 1<x; 

w—-x, 0O<x<7, 
f= 5 Tw <x. 


2. Find the Fourier integral representation of the following function f;(x). 
This is sometimes called a “window” because it is “open” for t—h<x< 
eet 


_— Jl, |[x-t)<h, 
ped ={ 9 Ix—t|>h. 
3. Find the Fourier integral representation of each of the following functions. 
- : = sin(x) 
a. JO) = Tage b. f(x) = aa 


(Hint: To evaluate the Fourier integral coefficient functions, consult the 
Fourier integral representations found in the examples.) 


4. In Exercise 3b, the integral i hae | f (x)|dx is not finite. Nevertheless, A(A) 
and B(A) do exist (B(A) = 0). Find a rationale in the convergence theo- 
rem for saying that this function can be represented by its Fourier integral. 
(Hint: See Example 1.) 


5. Find the Fourier integral representation of each of these functions: 
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_ jsin(x), -w7 <x<7, 
a. foo= {5 |x| > 73 

_ Jsin(x), O<x<z, 
b. f(x) = i otherwise; 

_ Jlsin@)|, -1<x<n, 
e f(x) = | 0, otherwise. 


6. Show that if k and K are positive, then the following are true: 


so 1 
a. | eS sin(x) dx = 53 


Oy e kx 
b. / sin(x) dx = tan”!(K); 
0 x 


c. ; a) ia. 
0 x 2 


(Part (a) by direct integration, (b) by integration of (a) with respect to k 
over the interval 0 to K, (c) by limit of (b) as K > ov.) 


7. Starting from Exercise 6c, show that 


: 2 0<z 
[e,2) Xx / ’ > 
| NO ig | 0, 2=0, 

0 A —m/2, z<0 


Is this the Fourier integral of some function? 


8. Change the variable of integration in the formulas for A and B, and justify 
each step of the following string of equalities. (Do not worry about chang- 
ing order of integration.) 


f(xy= -{- [fo (cos(At) cos(Ax) + sin(Af) sin(Ax)) dt did 
0 —oo 
= Z [so [soa = x)) da dt 
HT J—co 0 


on / . ro] lim seal aataZ)) =) dt 
I Joo @-> 0o t—x 


cla =f so=e* dt. 


@O->OO JT x 


The last integral is called Fourier’s single integral. Sketch the function 
sin(wv)/v as a function of v for several values of w. What happens near 
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v = 0? Sometimes notation is compressed and, instead of the last line, we 
write 


fa) = / f(DS(t — x) dt. 


Although 64 is not, strictly speaking, a function, it is called Dirac’s delta func- 
tion. 


1.10 Complex Methods 


Fourier series 


Suppose that a function f(x) equals its Fourier series 


f(x) =a )+ y An cos(nx) + b, sin(nx). 


n=1 
(We use period 27 for simplicity only.) A famous formula of Euler states that 
e” = cos(0) +isin(6), where i =—1. 


Some simple algebra then gives the exponential definitions of the sine and 


cosine: 


1, : i eae : 
cos(9) = 5 (e* + e”), sin(0) = 5 (07 — e”). 
i 
By substituting the exponential forms into the Fourier series of f we arrive at 
the alternate form 


i 
fx) =a+ : oy An (e"™ ae ee) 9b. (e"* _ e 


= ao == 


EG 4b, Je" (ap hibne 


We are now led to define complex Fourier coefficients for f: 


1 1 
Co = Ao, Cn = 5 An — thn), Cn = 5 (an + tbr), n=1,2,3,.... 


In terms of these two coefficients, we have 


f(x)=cot ae ege = bs Ger (1) 


n=1 
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This is the complex form of the Fourier series for f. It is easy to derive the 
universal formula 


C= = [foe dx, (2) 


which is valid for all integers n, positive, negative, or zero. The complex form is 
used especially in physics and electrical engineering. Sometimes the function 
corresponding to a Fourier series can be recognized by use of the complex 
form. 


Example. 
The series 


OO 7 _4yntl 
~ cos(nx) 


n=1 


may be considered the real part of 


oe (py! CAI zs 
ye ? cma yes ) (e*) (3) 


n 
n=1 n=1 


because the real part of e” is cos(@). The series on the right in Eq. (3) is recog- 
nized as a Taylor series, 


acd gees Ds ca a ’ 
— oe" =In(1+e*). 
n=1 


Some manipulations yield 


1+ eff = ei*/? (ei*/2 4 #2) — agin? cos(3), 


In(1 + e) — 5 +In(2<0s(5)). 


The real part of In(1+ e™) is In(2 cos(x/2)) when —2 < x < 2. Thus, we derive 
the relation 


OO ¢_yyntl 
in(2 cos(3)) ~ SS ( ~ cos(nx), —m <x<TZ. (4) 


n=1 


(The series actually converges except at x = +7, +37,....) 
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Fourier integral 


The Fourier integral of a function f(x) defined in the entire interval —oo < 
x < oo can also be cast in complex form: 


fw®= / A C(A)e”* dh. (5) 


The complex Fourier integral coefficient function is given by 
cay=s [fone a (6) 
=e ie x)e x, 
It is simple to show that 
1 : 
COye= 5 (AQ) — iB(A)), (7) 


where A and B are the usual Fourier integral coefficients. The complex Fourier 
integral coefficient is often called the Fourier transform of the function f (x). 


Example. 
Find the complex Fourier integral representation of 


—a<x<a, 


1, 
roo={ x <|al. 


The coefficient function (or transform) of f is 


1 a ; 1 eT iAx a 
caw=—- | e™ dy = — —_ 
20 Ja 2m 1dr |_, 
_ il en as __ sin(Aa) 
on ia one ee 


The representation of f is 


fx= i me edi, —00<x<00, 
agg 00 


Of course, at x = +a, the integral converges to 1/2. 


This example brings out a fact about symmetry: If f(x) is even, C(A) is real; 
if f(x) is odd, C(A) is imaginary. 

The Fourier integral or transform may be used to solve differential equations 
on the interval —oo < x < oo, in much the same way that Laplace transform 
is used. 
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EXERCISES 


1. Use the complex form 
1 [* 
A, — ib, = — fie "dx, n¥0, 
ts —T 


to find the Fourier series of the function 


f@=e™, -m<x<TZ. 


2. Find the complex Fourier series for the “square wave” with period 27: 


0O<x<Z, 
—m <x<0. 


fey=() 


3. Find the complex Fourier integral representation of the following func- 
tions: 


a foo= |e" = 


x < 0; 


_ Jsin(x), O<x<z, 
Fe) i elsewhere. 


4. Find the complex Fourier integral for 


_ Jxe*, O<x, 
a foo={™ x <0; 
b. f(x) =e %" sin(x). 


5. Relate the functions and series that follow by using complex form and Tay- 
lor series. 


CO 
1 — rcos(x) 
maa r” cos(nx) = , OK<r<l; 

tert a Om) 1— 2rcos(x) + r? — 

= sin(nx) 
b. a a e00s) sin(sin(x)). 

n! 
n=1 


6. Show by integrating that 


i ell! p—imx dx= | 0, n x m, 


* 2m, n=m, 


and develop the formula for the complex Fourier coefficients using this idea 
of orthogonality. 
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7. Find the function f(x) whose complex Fourier coefficient function is 
given. 


1, -l<ijA <1, 


a. C(A) = te otherwise; 
b. C(A)= eM, 


8. Show that the complex Fourier coefficient of f(x) = e~* is 


42 
e/A 


2/m 


Use a change of variable in the exponent. You need to know that 


CA) = 


i. e* dz=VJn. 


[o.e) 


1.11 Applications of Fourier Series and Integrals 


Fourier series and integrals are among the most basic tools of applied mathe- 
matics. In what follows, we give just a few applications that do not fall within 
the scope of the rest of this book. 


A. Nonhomogeneous Differential Equation 


Many mechanical and electrical systems may be described by the differential 
equation 


yray+ By=f(). 


The function f(t) is called the “forcing function,” By the “restoring term,” and 
ay the “damping term.” It is known (see Section 0.2) that: (1) a sine or cosine 
in f(t) will cause functions of the same period in y(t); (2) if f(f) is broken 
down as a sum of simpler functions, y(t) can be broken down in the same way. 
Suppose that f(t) is periodic with period 27, and let its Fourier series be 


f(t) =ao+ y a, cos(nt) + by sin(nt). 
n=1 
Then a particular solution y(t) will be periodic with period 27; it and its deriv- 


atives have Fourier series 


Ce 
y(t) = Ao + bee cos(nt) + B, sin(nt), 


n=1 
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[o.@) 
j(t) = ) > =n, sin(nt) + nB, cos(nt), 
n=1 


(oe) 


y(t) = s —n’ A, cos(nt) — n’B,, sin(nt). 


n=1 


Then the differential equation can be written in the form 


BAo + >) (WA, + anB, + BA,) cos(nt) 


| yl n’B, —anA, 4 BBn) sin(nt) = dg + Ss d, cos(nt) + b,, sin(nt). 


n=1 n=1 
The A’s and B’s are now determined by matching coefficients 
BAo = 4, 
(6 — n)An +anB,, = ay, 
—anA, + (6 — n’)Bn = by. 


When these equations are solved for the A’s and B’s, we find 


Ay (B — n)an — ae Bus (B —n’)by Hone 
A A 
where 
A=(6- ny’ +a?n’. 


Now, given the function f, the a’s and b’s can be determined, thus giving the 
A’s and B’s. The function y(t) represented by the series found is the periodic 
part of the response. Depending on the initial conditions, there may also be a 
transient response, which dies out as t increases. 


Example. 
Consider the differential equation 


y+ 0.47 + 1.04y = r(t). 
If r(t) = sin(nt), the corresponding particular solution is 


—0.4ncos(nt) + (1.04 — n*) sin(nt) 
(1.04 — n*)? + (0.4n)2 


yt) = 
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Next, suppose that r(f) is a square-wave function with Fourier series 


r(t) 


sin(nt). 


a s 2(1 — cos(nz)) 
- = nit 


The corresponding response is 


3 2(1 — cos(nz)) ——0.4n cos(nt) + (1.04 — n’) sin(nt) 


2 = (1.04 = n2)? + (0.4)? 


n=1 


Note that the term for n = 1 has a small denominator, causing a large 
response. 


B. Boundary Value Problems 


By way of introduction to the next chapter, we apply the idea of Fourier series 
to the solution of the boundary value problem 


2 


du 
—+pu=f(x), 0<x<a, 
dx? 


u(0)=0, u(a)=0. 


First, we will assume that f(x) is equal to its Fourier sine series, 


fio = Yo bysin(“*)., 0<x<a. 


n=1 


And second, we will assume that the solution u(x), which we are seeking, 
equals its Fourier sine series, 


[e,@) 
_ (nx 
u(x) = SB) sin( "™*), 0<x<a, 
a 
n=1 
and that this series may be differentiated twice to give 
fu x ea _ (nx 
ae 2 B, } sin ae O<x<a. 
n=1 


When we insert the series forms for u, wu”, and f(x) into the differential 
equation, we find that 


Doe di 


Co Ce 
1 1 1 
) (-33 B, + pB,) sin( "=*) = ) bysin(“**), 0<x <a. 
n=1 


n=1 
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Since the coefficients of like terms in the two series must match, we may con- 


clude that 
nm 
(>- )Br=b, n=1,2,3,.... 


a 


If it should happen that p = m’z7/a’ for some positive integer m, there is 


no value of B,,, that satisfies 
mes 
( 7 a Pn = . 


unless b,, = 0 also, in which case any value of B,, is satisfactory. In summary, 
we may say that 


bn 


B, = ———. 
Me p—wn?/a 


and 


= ab, _ (nnx 
We) =) a sin( > ), 


n=1 


with the agreement that a zero denominator must be handled separately. 


Example. 
Consider the boundary value problem 


—~ -u=-x, 0<x<l, 
u(0)=0, u(l)=0. 


We have found previously that 


lo) 
2(—1)" 
-x=) > = sin(nwx), O<x<l. 


n=1 


Thus, by the preceding development, the solution must be 


[o.e) 


2 (—1)™! 


— ———— _sin(namx), O0<x<l. 
a nln? + 1) ( ) 


u(x) = 


Although this particular series belongs to a known function, one would not, 
in general, know any formula for the solution u(x) other than its Fourier sine 
series. 
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C. The Sampling Theorem 


One of the most important results of information theory is the sampling the- 
orem, which is based on a combination of the Fourier series and the Fourier 
integral in their complex forms. What the electrical engineer calls a signal is 
just a function f(t) defined for all t. If the function is integrable, there is a 
Fourier integral representation for it: 


seo= f C(@) exp(iwt) dw, 


C(@) = = [to exp(—iwt) dt. 


A signal is called band limited if its Fourier transform is zero except in a 
finite interval, that is, if 


C(w)=0, for |wa| > Q. 


Then Q is called the cutoff frequency. If f is band limited, we can write it in 
the form 


Q 
fO= / C(w) exp(iwt) dw (1) 
-2 


because C(w) is zero outside the interval —Q < w < Q. We focus our attention 
on this interval by writing C(@) as a Fourier series: 


Cw) = wern(“Z*), -Q<a<Q. (2) 


The (complex) coefficients are 


= 1 ee ) ina d 
on = 56 ne @) exp = wo. 


The point of the sampling theorem is to observe that the integral for c, ac- 
tually is a value of f(t) at a particular time. In fact, from the integral Eq. (1), 


we see that 
1 —nit 
Ch = a(= ) 


Thus there is an easy way of finding the Fourier transform of a band-limited 


function. We have 
i hes —nt INnTTW 
C(@) = — ) 
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1 3 f nq into ° ° 
= — — )ex , -—Q<a<Q. 

22 NA) PL 


By utilizing Eq. (1) again, we can reconstruct f (1): 


Q 
fO= i C(w) exp(iwt) dw 
-2 


oe) Q _ 
= os »1(F) / exp( ae exp(iwt) dw. 
-2 


—oo 


Carrying out the integration and using the identity 


; 2 (e? best e*) 
sin(@) = se 
we find 
_ = ni \ sin(Qt — nz) 
f(o) =Sr( 5 ) a (3) 


This is the main result of the sampling theorem. It says that the band-limited 
function f(t) may be reconstructed from the samples of f att = 0, +7/Q,.... 
It is difficult to determine what functions are actually band limited. However, 
the process usually works quite well. 

In practice, we must use a finite series to approximate the function 


N : 
fie »(Z) sin(Qt — nn) (4) 
—N 


Qt — nw 


Since the sampled values all come from the interval —Na/Q to Nz/Q, the 
series cannot attempt to approximate the function outside that interval. An 
animation on the CD shows the effects of choosing N and Q. 


Example. 
The function 
t? + 2t 
(+) 
is not band limited but can be approximated satisfactorily from a finite por- 
tion of the sum as in Eq. (4). Figure 13 shows results for N = 100 (that 


is, 201 terms) and Q = 4 and 10. The target function is dashed. Notice the 
improvement. 


fo= 
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Figure 13. Graphs of approximation using sampling: Eq. (4) with N = 100 and 
Q = 4 and 10. 


EXERCISES 
1. Use the method of Part A to find a particular solution of 


aU Geary (t) 
GROG cape! Seno wee 


where r(t) is periodic with period 47 and 


t 
r(t)=—, O<t<4z. 
Ar 
2. In the solution of Exercise 1, calculate the magnitude of the coefficients of 
the Fourier series of u(t) (periodic part). 


3. A simply supported beam of length L has a point load w in the middle and 
axial tension T. (See Exercises in Section 0.3.) Its displacement u(x) satisfies 
the boundary value problem 

ee oT w 
ae ees Ey: 0<x<L, 
u(0) = 0, u(L) = 0, 


where h(x) is the “triangle function” 


_ | 2x/L, 0<x<L/2, 
HOG ik L/2<x<L. 


Use the method of Part B to find u(x) as a sine series. 


4. The inhomogeneity in the differential equation in Exercise 3 has a dis- 
continuous derivative. Find another way to solve the differential equation. 
Hint: Both u(x) and u’(x) must be continuous for 0 < x < L. 
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5. Use the software to approximate the function f(t) = e~" by the Sampling 
Theorem. Try Q = 4, N = 2. 


6. Simplify the final formula for sampling to 


Qt— nn 


f@) =sin(2t) »(Z) aes 


1.12 Comments and References 


The first use of trigonometric series occurred in the middle of the eighteenth 
century. Euler seems to have originated the use of orthogonality for the de- 
termination of coefficients. In the early nineteenth century Fourier made ex- 
tensive use of trigonometric series in studying problems of heat conduction 
(see Chapter 2). His claim, that an arbitrary function could be represented as 
a trigonometric series, led to an extensive reexamination of the foundations 
of calculus. Fourier seems to have been among the first to recognize that a 
function might have different analytical expressions in different places. 

Dirichlet established sufficient conditions (similar to those of our conver- 
gence theorem) for the convergence of Fourier series around 1830. Later, Rie- 
mann was led to redefine the integral as part of his attempt to discover condi- 
tions on a function necessary and sufficient for the convergence of its Fourier 
series. This problem has never been solved. Many other great mathematicians 
have founded important theories (the theory of sets, for one) in the course of 
studying Fourier series, and they continue to be a subject of active research. An 
entertaining and readable account of the history and uses of Fourier series is 
in The Mathematical Experience, by Davis and Hersh. (See the Bibliography.) 

Historical interest aside, Fourier series and integrals are extremely impor- 
tant in applied mathematics, physics, and engineering, and they merit further 
study. A superbly written and organized book is Tolstov’s Fourier Series. Its 
mathematical prerequisites are not too high. Fourier Series and Boundary Value 
Problems by Churchill and Brown is a standard text for some engineering ap- 
plications. 

About 1960 it became clear that the numerical computation of Fourier co- 
efficients could be rearranged to achieve dramatic reductions in the amount 
of arithmetic required. The result, called the fast Fourier transform, or FFT, has 
revolutionized the use of Fourier series in applications. See The Fast Fourier 
Transform by James S. Walker. 

The sampling theorem mentioned in the last section has become bread and 
butter in communications engineering. For extensive information on this as 
well as the FFT, see Integral and Discrete Transforms with Applications and Error 
Analysis, by A.J. Jerri. 
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Chapter Review 


See the CD for review questions. 


Miscellaneous Exercises 


1. 


Find the Fourier sine series of the trapezoidal function given for 
0<x<z by 


x/a, 0<x<a, 
fwm= 41, a<x<1-aQ, 
(7 —x)/a, W-A<x<Z. 


. Show that the series found in Exercise 1 converges uniformly. 


. When a approaches 0, the function of Exercise 1 approaches a square 


wave. Do the sine coefficients found in Exercise 1 approach those of a 
square wave? 


. Find the Fourier cosine series of the function 


F(x) = i f@) dt, 
0 


where f denotes the function in Exercise 1. Sketch. 


. Find the Fourier sine series of the function given in the interval 0 <x <a 


by the formula (a is a parameter between 0 and 1) 


hx 
—, 0<x<aa, 
aa 
1O)= h(a —x) 
Goa’ aa<x<a. 


. Sketch the function of Exercise 5. To what does its Fourier sine series 


converge atx = 0? atx =aa? atx=a? 


. Suppose that f(x) = 1, 0 < x < a. Sketch and find the Fourier series of 


the following extensions of f (x): 
a. even extension; 
b. odd extension; 
c. periodic extension (period a); 


d. even periodic extension; 
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Co 


10. 


11. 


12. 


13. 


14. 


15. 
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e. odd periodic extension; 

f. the one corresponding to f(x) =x, -a<x <0. 
. Perform the same task as in Exercise 7, but f(x) =0,0<x <a. 
. Find the Fourier series of the function given by 


0, —a<x<0, 
fe=[,, 0<x<a. 


Sketch the graph of f(x) and its periodic extension. To what values does 
the series converge at x = —a, x = —a/2,x=0,x=a, and x= 2a? 


Sketch the odd periodic extension and find the Fourier sine series of the 
function given by 
1, O<x<% 
— ’ 2 > 
form fe Zcx<n. 


To what values does the series converge atx =0,x=7/2,x=7,x= 
3/2, and x = 27? 


Sketch the even periodic extension of the function given in Exercise 10. 
Find its Fourier cosine series. To what values does the series converge at 
x=0,x=7/2,x=1,x=3n/2, andx= 27? 


Find the Fourier cosine series of the function 


eel * 0<x<l, 
g) = 0, l1<x<2. 


Sketch the graph of the sum of the cosine series. 


Find the Fourier sine series of the function defined by f(x) = 1 — 2x, 
0 <x < 1. Sketch the graph of the odd periodic extension of f(x), and 
determine the sum of the sine series at points where the graph has a 
jump. 


Following the same requirements as in Exercise 13, use the cosine series 
and the even periodic extension. 


Find the Fourier series of the function given by 
0, See ss 
{QO ={sines),. = e253 
0, et eee 


Sketch the graph of the function. 


16. 


17. 


18. 


19. 


20. 
21. 
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Show that the function given by the formula f(x) = (mw — x)/2,0<x< 
27, has the Fourier series 


[o.e) 


fo=>, == 0<x<2z. 


1 


Sketch f (x) and its periodic extension. 


Use complex methods and a finite geometric series to show that 


x ee sin((N + D+) satan): 
oa 2 sin(5x) 


Then use trigonometric identities to identify 


sin(5.Nx) cos(4 (N+ 1)x) 


sin(5x) 


N 
ys cos(nx) = 
n=1 
Identify the partial sums of the Fourier series in Exercise 16 as 


= sin(nx) 
Sy(x) = )> ——. 


n 
n=1 


The series of Exercise 17 is Si,(x). Use this information to locate the max- 
ima and minima of Sy(x) in the interval 0 < x < z. Find the value of 
Sn (x) at the first point in the interval 0 < x < a where S\,(x) = 0 for 
N =5. Compare to (7 — x)/2 at that point. 


Find the Fourier sine series of the function given by 
. (Xx 
sin(—], 0<x<a, 
f@= a 
0, a<x<Q, 


assuming that0<a<z. 
Find the Fourier cosine series of the function given in Exercise 19. 
Find the Fourier integral representation of the function given by 


1, O0<x<a, 
fe=[, x<Oorx>a. 
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22. 


23. 


24, 


25. 


26. 


27. 


28. 


29. 


30. 
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Find the Fourier sine and cosine integral representations of the function 
given by 


a-—x 
poo =| ce 0<x<a, 


0, a<x. 


Find the Fourier sine integral representation of the function 


0, <x. 


4G) = ee 0<x<aZ7, 


Find the Fourier integral representation of the function 
l/ée, a<x<a+te, 
f@) = | 0, elsewhere. 


Use integration by parts to establish the equality 


sae 1 
i e * cos(Ax) dA = ; 
6 1+ x 


The equation in Exercise 25 is valid for all x. Explain why its validity 


implies that 
2 (eX X 
=f osm dx=e"*, A>0. 
0 


5 1+x? 
Integrate both sides of the equality in Exercise 25 from 0 to t to derive 
the equality 
© e* sin(At 
/ pea) di. = tan! (t). 
0 Xr 
Does the equality in Exercise 27 imply that 


e* 


2. [e,2) 
a / tan !(t) sin(At) dt = —? 
T Jo Xr 


From Exercise 27 derive the equality 


Ce 1 _ —h t 
/ : sin(Ax) dA = — —tan '(x), x>0. 
ae oe 2 


Without using integration, obtain the Fourier series (period 277) of each 
of the following functions: 
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a. 2+ 4sin(50x) — 12 cos(41x); b. sin?(5x); 
c. sin(4x + 2); d. sin(3x) cos(5x); 
e. cos? (x); f. cos(2x + i). 


31. Let the function f(x) be given in the interval 0 < x < 1 by the formula 
f@)=1-x. 


Find (a) a sine series, (b) a cosine series, (c) a sine integral, and (d) a 
cosine integral that equals the given function for 0 < x < 1. In each case, 
sketch the function to which the series or integral converges in the inter- 
val -—2<x <2. 


32. Verify the Fourier integral 


by transforming the left-hand side according to these steps: (a) Con- 
vert to an integral from —oo to oo by using the evenness of the inte- 
grand; (b) replace cos(Aq) by exp(iAq) (justify this step); (c) complete 
the square in the exponent; (d) change the variable of integration; (e) use 
the equality 


i aa aaa 


CO 
33. Approximate the first seven cosine coefficients (do, 41,...,d6) of the 
function 
1 
j=. Geren 
F@) 14x? 


34. Use Fourier sine series representations of u(x) and of the function f(x) = 
x, 0 <x <a, to solve the boundary value problem 


Cu 5 
— -yu=-x, 0<x<a, 


u(0)=0, u(a)=0. 


35-43. For each of these exercises, 
a. find the Fourier cosine series of the function; 


b. determine the value to which the series converges at the given values 
of x; 
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c. sketch the even periodic extension of the given function for at least 
two periods. 


44—52. For each of these exercises, 
a. find the Fourier sine series of the function; 


b. determine the value to which the series converges at the given values 
of x; 


c. sketch the odd periodic extension of the given function for at least 
two periods. 


a 
0, 0<x<-, 
3 
35. & 44 nde a8 (oe 
i ad — x ’ <xX< > xX=U,7-,a,—-Zz> 
FO) ao 3 3 gen g 
a 2a 
=, —<x< a. 
3 
1 a 
-, 0<x<-, x=-,2a,0,—a, 
36. & 45. f(x) =} 2 2 
1, =<x<a 
2x a a 3a 
ne a aery) 2D Bates 
— a 
37. & 46. f(x) = a ae 
—— -—-<x<4. 
2a 
a 
x, O<x<-, x=0,a,-—-, 
38. & 47. f(x)=} g 2 
ae -~<x<a 
2 
(a —x) a 
39. & 48. f(x) = », O<x<a, x= 0,4, —5. 
a 
a 
0, O<x<-, 
4 
40. & 49 is 2 a8 aes 
‘ ; = > Tex, =VU,—-,7,a,—-—, 
f(x) 4 x 4 x 2 a Z 
3a 
0, —<x<a. 
4 
41. & 50. f(x) =x(a—x), 0<x<a, x= 0,—a,—5. 


a 
42. & 51. f(x) =e, 0<x <a, x= 0, 5,0, —4. 
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a a 
0, O<x<-+, x=~-—a,~,4, 
43, & 52. f(x) = - 2 2 
Ls pone 


53-58. For each of these exercises, 
a. find the Fourier cosine integral representation of the function; 
b. sketch the even extension of the function. 

59-64. For each of these exercises, 
a. find the Fourier sine integral representation of the function; 
b. sketch the odd extension of the function. 

53.&59. f(x) =e%*, O<x. 


Roo FH 1c Se 
0, a<x 
1, O<x<b, 
0, b<x 


cos(x), O<x<7Z, 


56. & 62. f(x) =} 4 os 


l-x, O0<x<l, 


55.& 61. f(x) = | 


57. & 63. f(x) = 


0, l<x. 
1, 0<x<l, 
58. & 64. f(x) = {2x 1<x<2, 
0, 2<x. 
65. (Cesaro summability.) Let f(x) be a periodic function with period 27 
whose Fourier coefficients are day, a;, b},.... Then, the partial sum 
N 
Sn (x) = do + > An Cos(nx) + by sin(nx) 
n=1 


is an approximation to f(x) if f is sectionally smooth and N is large 
enough. The average of these approximations is 


1 
on(x) = (Sie) +--+ + Sw). 


It is known that on(x) converges uniformly to f(x) if f is continuous. 
Show that 


N 
N+1- 
On(X) = ay + s (a cos(nx) + b, sin(nx)). 


n=1 
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66. 


67. 


68. 


69. 
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In analogy to Lemma 2 of Section 7, prove that 


=. 1 sin’ (3 Ny) 
Sl (e-) 


az sin( +y) : 


Following the lines of Section 7, show that 


; i < (:Ny) 2 
on(x) —f(x) = mi [fet —feo|( 2") o 
= 2 


This equality is the key to the proof of uniform convergence mentioned 
in Exercise 65. 


In a study of river freezing, E.P. Foltyn and H.T. Shen [St. Lawrence River 
freeze-up forecast, Journal of Waterway, Port, Coastal and Ocean Engi- 
neering, 112 (1986): 467-481] use data spanning 33 years to find this 
Fourier series representation of the air temperature in Massena, NY: 


T(t) =a + s a, cos(2n zt) + b, sin(2nzt). 


n=1 


Here T is temperature in °C, t is time in years, and the origin is Oct. 1. 
The first coefficients were found to be 


a) = 6.638, a, =5.870, bj =—13.094, a,=0.166, db, =0.583, 


and the remaining coefficients were all less than 0.3 in absolute value. 
The authors decided to exclude all the terms from a) and b2 up, so their 
approximation could be written 


T(t) =a9 + Asin(2zt+ 6). 


. Find the average temperature in Massena. 


a. 
b. Find A, the amplitude of the annual variation, and the phase angle 0. 


a 


. Find the approximate date when the minimum temperature occurs. 


a 


. Find the dates when the approximate temperature passes through 0. 


e. Discuss the effect on the answer to part d if the next two terms of the 
series were included. 


In each part that follows, a function is equated to its Fourier series as 
justified by the Theorem of Section 3. By evaluating both sides of the 
equality at an appropriate value of x, derive the second equality. 


ig 


s 


4: l 
mu? lod 
=1l+-4 bea lis 
8 9 25 
SF a taco, 8988 
m4 2k+1" 3 aa ss es 
x, rn aoe 
4 3 °5 7 ‘ 
4 CO 
ate 2 ; 
|sin(x)| ao os i cos(2nx) 
1 1 1 | 
2° 3° 15° 45" 
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2.1 Derivation and Boundary Conditions 


As the first example of the derivation of a partial differential equation, we 
consider the problem of describing the temperature in a rod or bar of heat- 
conducting material. In order to simplify the problem as much as possible, we 
shall assume that the rod has a uniform cross section (like an extrusion) and 
that the temperature does not vary from point to point on a section. Thus, if 
we use a coordinate system as suggested in Fig. 1, we may say that the temper- 
ature depends only on position x and time t. 

The basic idea in developing the partial differential equation is to apply the 
laws of physics to a small piece of the rod. Specifically, we apply the law of 
conservation of energy to a slice of the rod that lies between x and x + Ax 
(Fig. 2). 

The law of conservation of energy states that the amount of heat that enters 
a region plus what is generated inside is equal to the amount of heat that leaves 
plus the amount stored. The law is equally valid in terms of rates per unit time 
instead of amounts. 

Now let q(x, t) be the heat flux at point x and time t. The dimensions of q 
are! [q] = H/tL’, and q is taken to be positive when heat flows to the right. 
The rate at which heat is entering the slice through the surface at x is Aq(x, t), 
where A is the area of a cross section. The rate at which heat is leaving the slice 
through the surface at x + Ax is Aq(x + Ax, f). 


"Square brackets are used to symbolize “dimension of.” H = heat energy, t = time, T= 
temperature, L = length, m = mass, and so forth. 
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Figure 1 Rod of heat-conducting material. 


Q(x + Ax,f) 


Figure 2 Slice cut from rod. 


The rate of heat storage in the slice of material is proportional to the rate of 
change of temperature. Thus, if p is the density and c is the heat capacity per 
unit mass ([c] = H/mT), we may approximate the rate of heat storage in the 
slice by 


Ou 
‘A Ax— (x, t), 
pc Fe) 


where u(x, f) is the temperature. 

There are other ways in which heat may enter (or leave) the section of rod 
we are looking at. One possibility is that heat is transferred by radiation or 
convection from (or to) a surrounding medium. Another is that heat is con- 
verted from another form of energy — for instance, by resistance to an elec- 
trical current or by chemical or nuclear reaction. All of these possibilities we 
lump together in a “generation rate.” If the rate of generation per unit volume 
is g, [¢] = H/tL?, then the rate at which heat is generated in the slice is A Axg. 
(Note that g may depend on x, t, and even u.) 

We have now quantified the law of conservation of energy for the slice of 
rod in the form 


a 
Aq(x, t) + A Axg = Aq(x+ Ax, N+AAK pe. (1) 


After some algebraic manipulation, we have 


q(x, t) — q(x + Ax, t) au 
ee + g= pc ae 
The ratio 
q(x + Ax, t) — q(x, t) 
Ax 
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should be recognized as a difference quotient. If we allow Ax to decrease, this 
quotient becomes, in the limit, 


. g(x+Ax,t)—q(x,t) 0q 
lim =—_—. 
Ax—>0 Ax Ox 


The limit process thus leaves the law of conservation of energy in the form 


0q ou 
+g= : 2 
ie eae (2) 


We are not finished, since there are two dependent variables, gq and u, in this 
equation. We need another equation relating q and u. This relation is Fourier’s 
law of heat conduction, which in one dimension may be written 


In words, heat flows downhill (q is positive when du/dx is negative) at a rate 
proportional to the gradient of the temperature. The proportionality factor x, 
called the thermal conductivity, may depend on x if the rod is not uniform and 
also may depend on temperature. However, we will usually assume it to be a 
constant. 

Substituting Fourier’s law in the heat balance equation yields 


a ( ~) espel G3) 


K : 
ox\ Ox ot 


Note that «, o, and c may all be functions. If, however, they are independent 
of x, t, and u, we may write 
dug pcdu 
ax? kk «Ot! 


(4) 


The equation is applicable where the rod is located and after the experiment 
starts: for 0 < x <a and for t > 0. The quantity «/pc is often written as k 
and is called the thermal diffusivity. Table 1 shows approximate values of these 
constants for several materials. 
For some time we will be working with the heat equation without genera- 
tion, 
au ldu 
ae. kde? 0<x <a, 0 <t, (5) 
which, to review, is supposed to describe the temperature u in a rod of length 
a with uniform properties and cross section, in which no heat is generated and 
whose cylindrical surface is insulated. 
Some qualitative features can be obtained from the partial differential equa- 
tion itself. Suppose that u(x, f) satisfies the heat equation, and imagine a graph 
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c p K k= oe 
Material = (25) (4s) (aac) (*) 
Aluminum = 0.21 27 0.48 0.83 
Copper 0.094 8.9 0.92 1.1 
Steel 0.11 7.8 0.11 0.13 
Glass 0.15 2.6 0.0014 0.0036 
Concrete 0.16 2.3 0.0041 0.011 
Ice 0.48 0.92 0.004 0.009 


Table 1 Typical values of constants 


of u(x, t*), with ¢* a fixed time. If a portion of the graph is shaped like U, J or 
backwards J, the graph is concave there — that is, 0*u/dx* is positive. Then by 
the heat equation, du/dt must be positive as well. Vice versa, when the graph 
is convex, 0?u/dx? and hence du/dt must be negative. Thus, a solution of the 
heat equation tends to straighten out. 

This equation alone is not enough information to completely specify the 
temperature, however. Each of the functions 


u(x, t) = x” + 2kt, 


u(x, t) = at sin(x) 


satisfies the partial differential equation, and so do their sum and difference. 
Clearly this is not a satisfactory situation either from the mathematical or 
physical viewpoint; we would like the temperature to be uniquely determined. 
More conditions must be placed on the function u. The appropriate additional 
conditions are those that describe the initial temperature distribution in the 
rod and what is happening at the ends of the rod. 
The initial condition is described mathematically as 


u(x,0)=f(x), O0<x<a, 


where f(x) is a given function of x alone. In this way, we specify the initial 
temperature at every point of the rod. 

The boundary conditions may take a variety of forms. First, the temperature 
at either end may be held constant, for instance, by exposing the end to an ice- 
water bath or to condensing steam. We can describe such conditions by the 
equations 


u(0, t) = To, u(a, t) —= Th, t> 0, 


where Ty and T, may be the same or different. More generally, the temperature 
at the boundary may be controlled in some way, without being held constant. 
If xo symbolizes an endpoint, the condition is 


u(xo, t) =a(t), (6) 
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where @ is a function of time. Of course, the case of a constant function is 
included here. This type of boundary condition is called a Dirichlet condition 
or condition of the first kind. 

Another possibility is that the heat flow rate is controlled. Since Fourier’s 
law associates the heat flow rate and the gradient of the temperature, we can 
write 


0 
+ (x9, t) = BU), (7) 
Ox 


where £ is a function of time. This is called a Neumann condition or condition 
of the second kind. We most frequently take 6(t) to be identically zero. Then 
the condition 


Ou 
—(xp, t) =0 
aye ) 


corresponds to an insulated surface, for this equation says that the heat flow is 
zero. 
Still another possible boundary condition is 


Ou 
c1u(%o, t) + = Oo) = 7 (8), (8) 


called third kind or a Robin condition. This kind of condition can also be real- 
ized physically. If the surface at x = a is exposed to air or other fluid, then the 
heat conducted up to that surface from inside the rod is carried away by con- 
vection. Newton’s law of cooling says that the rate at which heat is transferred 
from the body to the fluid is proportional to the difference in temperature 
between the body and the fluid. In symbols, we have 


q(a, t) = h(u(a, t) — T(d)), (9) 


where T(f) is the air temperature. After application of Fourier’s law, this be- 
comes 


ip eg t) = hu(a, t) — hT(t). (10) 
Ox 


This equation can be put into the form of Eq. (8). (Note: / is called the con- 
vection coefficient or heat transfer coefficient; [h] = H/L’tT.) 

All of the boundary conditions given in Eqs. (6), (7), and (8) involve the 
function u and/or its derivative at one point. If more than one point is in- 
volved, the boundary condition is called mixed. For example, if a uniform rod 
is bent into a ring and the ends x = 0 and x = aare joined, appropriate bound- 
ary conditions would be 
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u(0, t) = u(a, t), t>0, (11) 


Ou Ou 
Ox Ox 


both of mixed type. 

Many other kinds of boundary conditions exist and are even realizable, but 
the four kinds already mentioned here are the most commonly encountered. 
An important feature common to all four types is that they involve a linear 
operation on the function u. 

The heat equation, an initial condition, and a boundary condition for each 
end form what is called an initial value—boundary value problem. For instance, 
one possible problem would be 


au 1du 

aa par O0<x<a, 0<t, (13) 

u(0, t) = To, 0 <t, (14) 
Ou 

mar ice Hh= h(u(a, t)— nh), 0<t, (15) 
x 

u(x, 0) =f (x), 0<x<a. (16) 


Notice that the boundary conditions may be of different kinds at different 
ends. 

Although we shall not prove it, it is true that there is one, and only one, 
solution to a complete initial value—boundary value problem. 

We have derived the heat equation (4) as a mathematical model for the tem- 
perature in a “rod,” suggesting an object that is much longer than it is wide. 
The equation applies equally well to a “slab,” an object that is much wider than 
it is thick. The important feature is that we may assume in either case that the 
temperature varies in only one space direction (along the length of the rod 
or the thickness of the slab). In Chapter 5, we derive a multidimensional heat 
equation. 

It may come as a surprise that the partial differential equations of this sec- 
tion have another completely different but equally important physical inter- 
pretation. Suppose that a static medium occupies a region of space between 
x = 0 and x =a (a slab!) and that we wish to study the concentration u, mea- 
sured in units of mass per unit volume, of another substance, whose molecules 
or atoms can move, or diffuse, through the medium. We assume that the con- 
centration is a function of x and t only and designate q(x, t) to be the mass 
flux ([q] = m/tL). Then the principle of conservation of mass may be applied 
to a layer of the medium between x and x + Ax to obtain the equation 


0 
q(x, t) + Axg = q(x + Ax, t) + Ax > (x, t). (17) 
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When we rearrange Eq. (17) and take the limit as Ax approaches 0, it becomes 
(18) 


In these equations, g is a “generation rate” ([g] = m/tL*), a function that ac- 
counts for any gain or loss of the substance from the layer by means other than 
movement in the x-direction. For example, the substance may participate in a 
chemical reaction with the medium at a rate proportional to its concentration 
(a first-order reaction) so that in this case the generation rate is 


g=—ku(x, ft). (19) 


The concentration and the mass flux are linked by a phenomenological re- 
lation called Fick’s first law, written in one dimension as 


Ou 
D 


q=-D=. (20) 


In words, the diffusing substance moves toward regions of lower concentra- 
tion at a rate proportional to the gradient of the concentration. The coefficient 
of proportionality D, usually constant, is called the diffusivity. By combining 
Fick’s law with Eq. (18) arising from the conservation of mass, we obtain the 
diffusion equation 


au g 1du 
D Dat 

At a boundary of the medium, the concentration of the diffusing substance 
may be controlled, leading to a condition like Eq. (6), or the flux of the sub- 
stance may be controlled, leading via Fick’s law to a condition like Eq. (7); an 
impermeable surface corresponds to zero flux. If a boundary is covered with a 
permeable film, then the flux through the film is usually taken to be propor- 
tional to the difference in concentrations on the two sides of the film. Suppose 
that the surface in question is at x = a. Then these statements may be expressed 
symbolically as 


(21) 


where the proportionality constant h is called the film coefficient and C is the 
concentration outside the medium. Using Fick’s law here leads to the equation 


et t) = hu(a, t) — hC(t). (23) 
Ox 


This equation is analogous to Eq. (10) and can be put into the form of Eq. (8). 


142 Chapter 2 The Heat Equation 


EXERCISES 


1. Give a physical interpretation for the problem in Eqs. (13)—(16). 


2. Verify that the following functions are solutions of the heat equation (5): 
u(x,t) = exp(—A°kt) cos(Ax), 
u(x, t) = exp(—A°kt) sin(Ax). 


3. Suppose that the rod exchanges heat through the cylindrical surface by con- 
vection with a surrounding fluid at temperature U (constant). Newton’s law 
of cooling says that the rate of heat transfer is proportional to exposed area 
and temperature difference. What is g in Eq. (1)? What form does Eq. (4) 
take? 


4. Suppose that the end of the rod at x = 0 is immersed in an insulated con- 
tainer of water or other fluid; that the temperature of the fluid is the same 
as the temperature of the end of the rod; that the heat capacity of the fluid 
is C units of heat per degree. Show that this situation is represented math- 
ematically by the equation 


Ou Ou 
C— (0, t) =xA—(0, ft), 
ee a 


where A is the cross-sectional area of the rod. 


5. Put Eq. (10) into Eq. (8) form. Notice that the signs still indicate that heat 
flows in the direction of lower temperature. That is, if u(a, ft) > T(£), then 
q(a, t) is positive and the gradient of u is negative. Show that, if the surface 
at x = 0 (left end) is exposed to convection, the boundary condition would 
read 


) 
«—-(0, t) = hu(0, t) — ATC). 
ox 
Explain the signs. 


6. Suppose the surface at x = a is exposed to radiation. The Stefan—Boltzmann 
law of radiation says that the rate of radiation heat transfer is proportional 
to the difference of the fourth powers of the absolute temperatures of the 


bodies: 
q(a, th) = o(u*(a, t) — i) 


Use this equation and Fourier’s law to obtain a boundary condition for 
radiation at x = a to a body at temperature T. 


7. The difference cited in Exercise 6 may be written 


“—-Tha=(u-T)(w+uT+ur+T’). 
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Under what conditions might the second factor on the right be taken ap- 
proximately constant? If the factor were constant, the boundary condition 
would be linear. 


8. Interpret this problem in terms of diffusion. Be sure to explain how the 
boundary conditions could arise physically. 


O<x<a, O<t, 


d 
HORSE? Ueyad: Oe 
Ox 


u(x, 0) = 0, O0<x<a. 


2.2 Steady-State Temperatures 


Before tackling a complete heat conduction problem, we shall solve a simpli- 
fied version called the steady-state or equilibrium problem. We begin with this 
problem: 


ote oe 0<x<a, O<t, (1) 
0x2 —k ot 

u(0, t) = To, 0<t, (2) 
u(a, t) = T}, 0<t, (3) 
u(x,0)=f(x), O<x<a. (4) 


We may think of u(x, t) as the temperature in a cylindrical rod, with insulated 
lateral surface, whose ends are held at constant temperatures Ty and T). 

Experience indicates that after a long time under the same conditions, the 
variation of temperature with time dies away. In terms of the function u(x, ft) 
that represents temperature, we thus expect that the limit of u(x, f), as t tends 
to infinity, exists and depends only on x, 


lim u(x, t) = v(x), 
too 
and also that 
The function v(x), called the steady-state temperature distribution, must still 


satisfy the boundary conditions and the heat equation, which are valid for all 
t>0. 
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Example. 
For the preceding problem, v(x) should be the solution to the problem 


Le a eee (5) 
ae 0 <x <a, 
v0)=T), va@=T. (6) 


On integrating the differential equation twice, we find 


dv 
— =A, v(x)=Ax+B. 
dx 


The constants A and B are to be chosen so that v(x) satisfies the boundary 
conditions: 


v(0)=B=T%, v(a)=Aa+B=T. 


When the two equations are solved for A and B, the steady-state distribution 
becomes 


‘aT Hh s< To) =. (7) 


Of course, Eqs. (5) and (6), which together form the steady-state problem 
corresponding to Eqs. (1)—(4), could have been derived from scratch, as was 
done in Chapter 0, Section 3. Here, however, we see it as part of a more com- 
prehensive problem. 


We can establish this rule for setting up the steady-state problem corre- 
sponding to a given heat conduction problem: Take limits in all equations that 
are valid for large t (the partial differential equation and the boundary condi- 
tions), replacing u and its derivatives with respect to x by v and its derivatives, 
and replacing du/dt by 0. 


Example. 
Find the steady-state problem and solution of Eqs. (13)—(16) of Section 2.1, 
which were 


esa O<x<a, O<t (8) 

Ox? kt’ : ; 

u(0, t) = To, 0<t, (9) 
Ou 

—K (a, t)=h(u(a,t)—T,), 0<t, (10) 


u(x, 0) =f(x), 0<x<a. (11) 
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When the rule given here is applied to this problem, we are led to the following 
equations: 
dv 
dx? 


v(0)=T), —Kv'(a) =h(v(a) — T)). 


=0, 0<x<a, 


The solution of the differential equation is v(x) = A+ Bx. The boundary con- 
ditions require that A and B satisfy 


v(0) => To: A= To, 
—«v'(a) =h(v(a) — T): —kB=h(A + Ba— T}). 
Solving simultaneously, we find 


h(T, — T, 
was, gilt aay 
kK +ha 


Thus the steady-state solution of Eqs. (8)—(11) is 


oo xh(T — To) 


In both of these examples, the steady-state temperature distribution has 
been uniquely determined by the differential equation and boundary condi- 
tions. This is usually the case, but not always. 


Example. 
For the problem 
aus au ed (13) 
— =_-—, <x <A, <t, 
Ox Kk Ot “ 
a) 
ene t: “Hee (14) 
Ox 
Ou 
—(a,t)=0, 0<t, (15) 
Ox 
u(x,0)=f(x), O<x<a, (16) 


which describes the temperature in an insulated rod that also has insulated 
ends, the corresponding steady-state problem for v(x) = lim;_,.o u(x, f) is 


—=0, 0<x<a, 


® 0) =0 ON 
he ae 
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It is easy to see that v(x) = T (any constant) is a solution to this problem. 
However, there is no information to tell what value T should take. Thus, this 
boundary value problem has infinitely many solutions. 


It should not be supposed that every steady-state temperature distribution 
has a straight-line graph. This is certainly not the case in the problem of Exer- 
cise 1. 

While the steady-state solution gives us some valuable information about 
the solution of an initial value—boundary value problem, it also is important 
as the first step in finding the complete solution. We now isolate the “rest” of 
the unknown temperature u(x, t) by defining the transient temperature distri- 
bution, 


w(x, t) = u(x, t) — v(x). 


The name transient is appropriate because, according to our assumptions 
about the behavior of u for large values of t, we expect w(x, ft) to tend to zero 
as t tends to infinity. 

In general, the transient also satisfies an initial value—boundary value prob- 
lem that is similar to the original one but is distinguished by having a homo- 
geneous partial differential equation and boundary conditions. To illustrate 
this point, we shall treat the problem stated in Eqs. (1)—(4) whose steady-state 
solution is given by Eq. (7). 

By using the equality u(x, t) = w(x, t) + v(x) and what we know about v — 
that is, Eqs. (5) and (6) — we make the original problem for u(x, t) into a new 
problem for w(x, f), as shown in what follows. 


a? 0? d° 
x by rules of calculus, 


a2 Ox | de 
0? 
= — because of Eq. (5), 
ax 
a a d 
ideage dee by rules of calculus, 
ot ot dt 
0 
= — u(x) does not depend on ¢, 
0° ld 
sr = _ by substituting into Eq. (1), 
u(0, t) = w(0, t) + v(0) by definition of the transient, 
To = w(0, t) + To from Eqs. (2) and (6), 
u(a, t) = w(a, t) + v(a) by definition of the transient, 
T,; =w(a,t)+T, from Eqs. (3) and (6), 
u(x, 0) = w(x, 0) + v(x) by definition of the transient, 


f(x) = w(x, 0) + To + (T — To)x/a from Eqs. (4) and (7). 
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Now we collect and simplify these transformations of Eqs. (1)—(4) to get an 
initial value—boundary value problem for w: 


a? ld 
alien cyte O<x<a, O0<t, (17) 


Ox kat’ 

w(0, t) =0, 0<t, (18) 

w(a, t) =0, 0<t, (19) 

w(x, 0) = f(x) E L(y ny (20) 
= g(x), 0<x<a. (21) 


In the last line, we have just renamed the combination of f(x) and v(x) in 
Eq. (20). 

In the next section, we shall see how the problem for the transient temper- 
ature can be solved. The mathematical purpose of setting up the steady-state 
problem and then the transient problem is that the transient problem is ho- 
mogeneous. You can test this by trying w(x, t) = 0: This function satisfies the 
partial differential equation (17) and the boundary conditions (18) and (19). It 
is crucially important for the method we will develop to have a homogeneous 
partial differential equation and boundary conditions. 


EXERCISES 


See extra exercises on the CD. 
1. State and solve the steady-state problem corresponding to 


a) ae lau 
U)= ; 
ag Oa 


u(0, t) = To, u(a, t) = Th, 0< t, 


O<x<a, OK<t, 


u(x,0)=0, O<x<a. 


Also find a physical interpretation of this problem. (See Exercise 3, Sec- 
tion 1.) 


2. State the problem satisfied by the transient temperature distribution corre- 
sponding to the problem in Exercise 1. 


3. Obtain the steady-state solution of the problem 


au 1 1) = Loe 
Ox? Rea kat’ 


u(0,t)=T, u(a,th=T, OK<t, 


O0<x<a, O<t, 


x 
u(x,0)=T|-, O<x<a. 
a 
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Can you think of a physical interpretation of this problem? Note the differ- 
ence between the partial differential equation in this exercise and in Exer- 
cise 1. What happens if y = 2/a? 


. State the initial value—boundary value problem satisfied by the transient 


temperature distribution corresponding to Eqs. (8)—(11). 


. Find the steady-state solution of the problem 


ax\ ax ot’ 
u(0,t)=To, ula,th=Ti, O<t 


0 Ou Ou 
K =co 0O<x<a, O<t, 


if the conductivity varies in a linear fashion with x: k(x) = ko + Bx, where 
Ky and £ are constants. 


. Find and sketch the steady-state solution of 


au 1du 


poe OE | gees ghey 
je eee 


together with boundary conditions 


Ou 
a. —(0,t)=0, u(a,t)=T); 
Ox 
) r) 
b. u(0,t) - (0,1) =T, (a, t) =05 
Ox Ox 


Ou Ou 
e. u(0,t) - —(0,H)=To, u(a,t)+—(a,t)=T}. 
Ox Ox 


. Find the steady-state solution of this problem, where r is a constant that 


represents heat generation. 


a-u lou 


ae eae O0<x<a, O0<t, 


Ou 
u(0,t)}=T), —(a,t)=0, O<t. 
Ox 


. Find the steady-state solution of 


a? lo 
aa tV(U@)—u=5E, O<x<a, 0<t, 


Ou 
u(0,t) = Up, —(a,th=0, O0K<t, 
Ox 


where U(x) = Up + Sx (Up, S are constants). 
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9. This problem describes the diffusion of a substance in a medium that is 
moving with speed S to the right. The unknown function u(x, t) is the con- 
centration of the diffusing substance. Write out the steady-state problem 


and solve it. (D, U, and S are constants.) 


= +S—, 0<x <a, 


u(0,t)=U, u(a,t)=0, OK<t, 


u(x, 0) = 0, 0<x <a. 


2.3 Example: Fixed End Temperatures 


In Section 1 we saw that the temperature u(x, ft) in a uniform rod with insu- 


lated material surface would be determined by the problem 


a7 u _ 1du 
ax2 ik at’ 
u(0, t) = To, 0 <t, 


O0<x<a, O<t, 


u(a,t)=T), 0<t, 
u(x,0)=f(x), O<x<a 


if the ends of the rod are held at fixed temperatures and if the initial tempera- 
ture distribution is f(x). In Section 2 we found that the steady-state tempera- 


ture distribution, 


v(x) = im u(x, t), 
satisfied the boundary value problem 


Lv 
dx? 
v(O)=T, v(a=T}. 


=0, O0<x<a, 


In fact, we were able to find v(x) explicitly: 
x 
v(x) = Ty + (T) — To). 
We also defined the transient temperature distribution as 


w(x, t) = u(x, t) — v(x) 


(5) 
(6) 


(7) 
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and determined that w satisfies the boundary value—initial value problem 


ee O<x<a, 0<t, (8) 
ax? sk Ot 

w(0, t) =0, 0<t, (9) 
w(a, t) = 0, 0<t, (10) 
w(x, 0) = f(x) —v(x~)=g(x), 0<x<a. (11) 


Our objective is to determine the transient temperature distribution, w(x, ft), 
and — since v(x) is already known — the unknown temperature will be 


u(x, t) = v(x) + w(x, ft). (12) 


The problem in w can be attacked by a method called product method, sepa- 
ration of variables, or Fourier’s method. For this method to work, it is essential 
to have homogeneous partial differential equation and boundary conditions. 
Thus, the method may be applied to the transient distribution w but not to 
the original function u. Of course, because both the partial differential equa- 
tion and the boundary conditions satisfied by w(x, t) are homogeneous, the 
function w = 0 satisfies them. Because this solution itself is obvious and is of 
no help in satisfying the initial condition, it is called the trivial solution. We 
are seeking the unobvious, nontrivial solutions, so we shall avoid the trivial 
solution at every turn. 

The general idea of the method is to assume that the solution of the par- 
tial differential equation has the form of a product: w(x, t) = ¢(x)T(t). We 
require that neither of the factors @(x) and T(t) be identically 0, since that 
would lead back to the trivial solution. Now, each of the factors depends on 
only one variable, so we have 


2Y grr, @=smre 
Be ES Ga Oe 


The partial differential equation becomes 


1 
b'(X)TO) = 5o™ T(t), 
and on dividing through by #T we find 
e@ _ TO 
p(x) — kT (t)’ 


Here is the key argument: The ratio on the left contains functions of x alone 
and cannot vary with t. On the other hand, the ratio on the right contains 
functions of t alone and cannot vary with x. Since this equality must hold for 
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all x in the interval 0 < x < a and for all t > 0, the common value of the two 
sides must be a constant, varying neither with x nor f: 


ox) TH) 
om” tO? 


Now we have two ordinary differential equations for the two factor functions: 


¢” —pe=0, TT’ —pkT=0. (13) 
The two boundary conditions on w may also be stated in the product form: 
w0,t)=A(O0)TH)=0, wa,th=d(aT(h =0. 


There are two ways these equations can be satisfied for all t > 0. Either the 
function T(t) = 0 for all t, which is forbidden, or the other factors must be 
zero. Therefore, we have 


o(0)=0, (a) =0. (14) 


Our job now is to solve Eqs. (13) and satisfy the boundary conditions (14) 
while avoiding the trivial solution. 
Case 1: If p > 0, the solutions of Eqs. (13) are 


(x) = c, cosh(./px) +c sinh(./px), T(t) = ce?™. 
Now we apply the boundary conditions: 
$(0)=0: « =0, 
o(a)=0: csinh(./pa) = 0. 


Because the sinh function is 0 only when its argument is 0 — clearly not true 
of ./pa—we have c = c, = 0 and ¢(x) = 0, which is not acceptable. 

Case 2: If we take p = 0, the solutions of the differential equations (13) are 
(x) = c; + 2x, T(t) = c. The boundary conditions require 


~(0)=0: c =0, 
d(a)=0: oma=0. 


Again we have #(x) = 0. 
Case 3: We now try a negative constant. Replacing p by —A7 in Eqs. (13) 
gives us the two equations 


pe’  +i6=0, T +i7kT =0, 
whose solutions are 


b(x) =c, cos(Ax) + @sin(Ax), T(h= cexp(—A7kt). 
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If @ has the form given in the preceding, the boundary conditions require that 
(0) =c, = 0, leaving (x) = ~ sin(Ax). Then $(a) = c) sin(Aa) = 0. 

We now have two choices: either c. = 0, making #(x) = 0 for all values of x, 
or sin(Aa) = 0. We reject the first possibility, for it leads to the trivial solution 
w(x, t) = 0. In order for the second possibility to hold, we must have A = 
nw /a, where n = +1, +2, +3,.... The negative values of n do not give any 
new functions, because sin(—@) = — sin(@). Hence we allow n = 1, 2,3,... 
only. We shall set A, = n/a. 

Incidentally, because the differential equations (13) and the boundary con- 
ditions (14) for ¢(x) are homogeneous, any constant multiple of a solution is 
still a solution. We shall therefore remember this fact and drop the constant c, 
in @(x). Likewise, we delete the c in T(t). 

To review our position, we have, for each n = 1, 2,3,...,a function ¢,(x) = 
sin(A,,x) and an associated function T,,(t) = exp(—A2kt). The product w,(x, t) 
= sin(A,,x) exp(—A?2kt) has these properties: 


92 4 a 
1 we = — wai tt = —)?kw,; and therefore w,, satisfies the heat equa- 
tion. 


2. wn(0, t) = sin(O)e~*»kt = 0 for any n and ft; and therefore w,, satisfies the 
boundary condition at x = 0. 


3. w,(a,t) = sin(A,a)e*"*" = 0 for any n and t because A,a = nz and 
sin(nz) = 0. Therefore w,, satisfies the boundary condition at x = a. 


Now we call on the Principle of Superposition in order to continue. 
Principle of Superposition. 


If uy, uw, ... are solutions of the same linear, homogeneous equations, then so 
is 


U=Cyuy+Cuz+---. 


In fact, we have infinitely many solutions, so we need an infinite series to 
combine them all: 


w(x, t)= > by, sin(Ay,x) exp(—Ac kt). (15) 


n=1 


Using an infinite series brings up questions about convergence that we are go- 
ing to ignore. However, it is easy to verify that the function defined by the 
series does satisfy the boundary conditions: At x = 0 and at x = a, each term 
is 0, so the sum is 0 as well. To check the partial differential equation, we have 
to differentiate w(x, t) by differentiating each term of the series. This done, it 
is easy to see that terms match and the heat equation is satisfied. 
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Notice that the choice of the coefficients b,, does not enter into the check- 
ing of the partial differential equation and the boundary conditions. Thus, 
Eq. (15) plays the role of a general solution of Eqs. (8)—(10). 

Of the four parts of the original problem, only the initial condition has not 
yet been satisfied. At t = 0, the exponentials in Eq. (15) are all unity. Thus the 
initial condition takes the form 


w(x, 0) =) bysin(*) =g(x), O<x<a. (16) 


n=1 


We immediately recognize a problem in Fourier series, which is solved by 
choosing the constants b,, according to the formula 


b,= = [se sin( ““*) dx. (17) 
a Jo a 


If the function g is continuous and sectionally smooth, we know that the 
Fourier series actually converges to g(x) in the interval 0 < x < a, so the solu- 
tion that we have found for w(x, ft) actually satisfies all requirements set on w. 
Even if g does not satisfy these conditions, it can be shown that the solution 
we have arrived at is the best we can do. 

Once the transient temperature has been determined, we find the original 
unknown u(x, t) as the sum of the transient and the steady-state solutions, 


u(x, t) = v(x) + w(x, £). 


Example. 

Suppose the original problem to be 
du 1du 
dx? k at’ 
u(0, t) = To, 0<t, 
u(a,t)=T), O<t, 


O<x<a, O<t, 


u(x, 0) =0, 0<x<a. 


The steady-state solution is 
x 
v(x) = To + (Ti — To) 


The transient temperature, w(x, t) = u(x, t) — v(x), satisfies 
aw 1ldw 
axe ok Ot’ 
w(0, t)=0, 0<t, 


O<x<a, O0<t, 
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w(a, t) =0, 0 <t, 


w(x, 0) = —T) —(T; — Tp) = g(x), 0 <x <a. 
a 


According to the preceding calculations, w has the form 


w(x, t)= > b, sin(A,x) exp(—A< kt) (18) 


n=1 
and the initial condition is 
= nIex 
,0)= b, sin{ —— ] = , O<x<a. 
w(x, 0) 3s vsin( “*) g(x) x<a 


The coefficients b, are given by 


== [| ieee Ti) |sin(™*) a 
a Jo a a 


a 


3 2To cos(nmx/a) 


a (n/a) | 
2 sin(nax/a) — (nw x/a) cos(nmx/a) |" 
a (fi ~ To) (n/a)? 0 
Sa eet Oey 
nit ni 


Now the complete solution (see Fig. 3) is 


u(x, t) = w(x, t) + To + (T) Ts 
a 


where 


w(x, t) = “ S To = a sin(A,x) exp(—Az kt). (19) 


n=1 


The solution of this problem is shown as an animation on the CD. 


We can discover certain features of u(x, t) by examining the solution. First, 
u(x, 0) really is zero (0 < x < a) because the Fourier series converges to — v(x) 
at t = 0. Second, when t is positive but very small, the series for w(x, t) will 
almost equal —Ty — (T; — To)x/a. But at x = 0 and x = a, the series adds 
up to zero (and w(x, ft) is a continuous function of x); thus u(x, t) satisfies 
the boundary conditions. Third, when t is large, exp(—A{kt) is small, and the 
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100 4 


u(x,t) 


x 1 


Figure 3. The solution of the example with T; = 100 and Tp = 20. The function 
u(x, t) is graphed as a function of x for four values of t, chosen so that the dimen- 
sionless time kt/a’ has the values 0.001, 0.01, 0.1, and 1. For kt/a* = 1, the steady 
state is practically achieved. See the CD. 


other exponentials are still smaller. Then w(x, t) may be well approximated 
by the first term (or first few terms) of the series. Finally, as t > 00, w(x, f) 
disappears completely. 


EXERCISES 


Also see Separation of Variables Step by Step on the CD. 
1. Write out the first few terms of the series for w(x, t) in Eq. (19). 


2. If k= 1 cm?/s, a= 1 cm, show that after t = 0.5 s the other terms of the 
series for w are negligible compared with the first term. Sketch u(x, t) for 
t=0,t=0.5,f=1.0, and t= oo. Take Ty = 100, T; = 300. 


3. We can see from Eq. (19) that the dimensionless combinations x/a and 
kt/a” appear in the sine and exponential functions. Reformulate the partial 
differential equation (8) in terms of the dimensionless variables. = x/a, 
t =kt/a’. Set u(x, t) = U(E, T). 


4. Sketch the functions ¢, ¢2, and $3, and verify that they satisfy the bound- 
ary conditions (0) = 0, ¢(a) = 0. 
In Exercises 5-8, solve the problem 
aw 1ldw 
ax? k at’ 
w(0,t)=0, w(a,t)=0, OK<t, 


O<x<a, O<t, 


w(x, 0) = g(x), 0<x<a 


for the given function g(x). 
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5 


9 


g(x) = To (constant). 
g(x) = Bx (f is constant). 


g(x) = B(a— x) (f is constant). 


2Tox a 
—, 0<x<-, 
G\= a 2 
8 2Ty)(a—x) a 
————, -<x<a. 
a 2 


A.N. Virkar, T.B. Jackson, and R.A. Cutler [Thermodynamic and kinetic ef- 
fects of oxygen removal on the thermal conductivity of aluminum nitride, 
Journal of the American Ceramic Society, 72 (1989): 2031-2042] use the fol- 
lowing boundary value problem to study the kinetics of oxygen removal 
from a grain of aluminum nitride by diffusion: 


dC a7C 
dt Ox?” 
C(0,t)=C,, Caph=C, 0<t, 
C(x,0)=Co, O<x<a. 


0<x <a, 0<t, 


In these equations, C is the oxygen concentration, D is the diffusion con- 
stant, a is the thickness of a grain, Cy and C, are known concentrations. 


a. Find the steady-state solution, v(x). 


b. State the problem (partial differential equation, boundary conditions 
and initial condition) for the transient, w(x, t) = C(x, t) — v(x). 


c. Solve the problem for w(x, f), and write out the complete solution 
C(x, f). 


d. The concentration in the center of the grain, C(a/2, t), varies from Cp 
at time t = 0 toward C| as t increases. Suppose we want to find out how 
long it takes for this concentration to complete 90% of the change it will 
make from Cp to C;; that is, we want to solve this equation for f: 


o($. ) ~ Cy =0.9(C, — G). 


Show that this equation is equivalent to the equation 


t iS 04(C.=E 
ee AC, 0) 


Find an approximate formula for the solution by using just the first term 
of the series for w(x, t). 
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e. Use the formula in d to find ¢ explicitly for a=5 x 10°° m, D= 
10—" cm?/s. Be careful to check dimensions. 


2.4 Example: Insulated Bar 


We shall consider again the uniform bar that was discussed in Section 1. Let 
us suppose now that the ends of the bar at x = 0 and x = a are insulated in- 
stead of being held at constant temperatures. The boundary value—initial value 
problem that describes the temperature in this rod is: 


dud au é oe (1) 
——=__, <x<a, <t, 

Ox2 kk Ot 

0 7) 

“(0,)=0, “(@a)=0, 0<t, (2) 
Ox Ox 

u(x,0)=f(x), O0<x<a, (3) 


where f (x) is supposed to be a given function. 

We saw in Section 2 that the solution of the steady-state problem is not 
unique. However, the mathematical purpose behind finding the steady-state 
solution is to pave the way for a homogeneous problem (partial differential 
equation and boundary conditions) for the transient. In this example the par- 
tial differential equation and boundary conditions are already homogeneous. 
Thus, we do not need the steady-state solution or the transient problem. We 
may look for u(x, ft) directly. 

Assume that u has the product form u(x, t) = ¢(x)T(®), with neither factor 
identically 0. The heat equation becomes 


"” 1 y 
? (x)T() = pPOF (t), 
and the variables are separated by dividing through by $T, leaving 


g'@) _ T) 
6) kT" 


In order that a function of x equal a function of t, their mutual value must 
be a constant. If that constant were positive, T would be an increasing expo- 
nential function of time, which would be unacceptable. It is also easy to show 
that if the constant were positive, @ could not satisfy the boundary conditions 
without being identically zero. 

Assuming then a negative constant, we can write 


e'@) __»_ TO 
o() kT) 
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and separate these equalities into two ordinary differential equations linked by 
the common parameter A?: 


o’'+V76=0, O0<x<a, (4) 
T+iVkT=0, OK<t. (5) 


The boundary conditions on u can be translated into conditions on @, be- 
cause they are homogeneous conditions. The boundary conditions in product 
form are 


ou ; 
—(0,)=PO)THM=0, 0K<t, 
ax 

ou ; 
—(a,th=¢(aTH=0, 0<t. 
ax 


To satisfy these equations, we must have the function T(t) always zero (which 
would make u(x, t) = 0), or else 


g'(0)=0, $'(a)=0. 


The second alternative avoids the trivial solution. 
We now have a homogeneous differential equation for @ together with ho- 
mogeneous boundary conditions: 


go’ +i7o=0, 0<x<a, (6) 
¢'(0)=0, (a) =0. (7) 


A problem of this kind is called an eigenvalue problem. We are looking for those 
values of the parameter 4? for which nonzero solutions of Eqs. (6) and (7) 
may exist. Those values are called eigenvalues, and the corresponding solutions 
are called eigenfunctions. Note that the significant parameter is A”, not A. The 
square is used only for convenience. It is worth mentioning that we already 
saw an eigenvalue problem in Section 3 and in the Euler buckling problem of 
Chapter 0. 
The general solution of the differential equation in Eq. (6) is 


P(x) = c, cos(Ax) + c sin(Ax). 


Applying the boundary condition at x = 0, we see that $'(0) = mA = 0, giv- 
ing c = 0 or A = 0. We put aside the case 4 = 0 and assume cz = 0, so 
(x) = c, cos(Ax). Then the second boundary condition requires that (a) = 
—c A sin(Aa) = 0. Once again, we may have c; = 0 or sin(Aa) = 0. But c; = 0 
makes (x) = 0. We choose therefore to make sin(Aa) = 0 by restricting 4 to 
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the values 2/a, 27/a, 3/a, .... We label the eigenvalues with a subscript: 


2 nit 2 
a Ves MR a eae 


Notice that any constant multiple of an eigenfunction is still an eigenfunction; 
thus, we may take c; = 1 for simplicity. 
Returning to the case A = 0, we see that Eqs. (6) and (7) become 


o”’=0, 0<x<a, 
¢'(0)=0, (a) =0. 


The solution of the differential equation is @(x) = c) + x. Both boundary 
conditions say c, = 0. Therefore ¢(x) is a (any) constant. Thus 0 is an eigen- 
value of the problem Eqs. (6) and (7), and we designate 


46 =9, go(x) = 1. 


Let us summarize our findings by saying that the eigenvalue problem, 
Egs. (6) and (7), has the solution 


Aj = 0, go(x) = 1, 
2 ni : 
An=(—-] > Pal) = cosnx), n=1,2,.... 


Now that the numbers A? are known, we can solve Eq. (5) for T(t), finding 
To(t)=1, T,,(t) = exp(—Az kt). 


The products ¢,(x)T,(£) give solutions of the partial differential equation (1) 
that satisfy the boundary conditions, Eq. (2): 


u(x,t) =1, uy(x, ft) = COS(Anx) exp(—A< kt). (8) 


Because the partial differential equation and the boundary conditions are all 
linear and homogeneous, the principle of superposition applies, and any linear 
combination of solutions is also a solution. The solution u(x, t) of the whole 
system may therefore have the form 


u(x,t) =ag + ye An COS(A,X) exp(—Ac kt). (9) 
1 


There is only one condition of the original set remaining to be satisfied, the 
initial condition Eg. (3). For u(x, f) in the form of Eq. (9), the initial condi- 
tion is 


u(x, 0) =a) + So an cos(Anx) =f(x), O<x<a. 
1 
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100 4 


u(x,t) 


x 1 


Figure4 The solution of the example, u(x, t), as a function of x for several times. 
The initial temperature distribution is f(x) = Tp + (Ti — To)x/a. For this illustra- 
tion, Ty = 20, T; = 100, and the times are chosen so that the dimensionless time 
kt/a? takes the values 0.001, 0.01, 0.1, and 1. The last case is indistinguishable from 
the steady state. See the CD also. 


Because A, = nz /a, we recognize a problem in Fourier series and can imme- 
diately cite formulas for the coefficients: 


ay = ~ [fe dx,  an= = [Fe cos( “*) dx. (10) 
a Jo a Jo a 


When these coefficients are computed and substituted in the formulas for 
u(x, t), that function becomes the solution to the initial value—boundary value 
problems, Eqs. (1)—(3). Notice that when t — oo, all other terms in the sum- 
mation for u(x, t) disappear, leaving 


1 a 
lim u(x, t) =a) = - / f(x) dx. 
t00 a Jo 


Example. 

Find the complete solution of Eqs. (1)-(3) for the initial temperature dis- 
tribution f(x) = Ty + (T; — To)x/a. It requires no integration to find that 
ay = (T; + To) /2. The remaining coefficients are 


2 fF T, — T, 
On = = | (n os ”*) cos(“*) dx 
a Jo a a 


cos(nz) — 1 
nm 


= 2(T; — To) 


Thus the solution is given by Eq. (9) with these coefficients for ay and ay. 
A graph of u(x, t) as a function of x is shown in Fig. 4 and as an animation on 
the CD. 
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EXERCISES 
1. Using the initial condition 
u(x, 0) = Th. 0<x <a, 
find the solution u(x, t) of Eqs. (1)-(3). Sketch u(x, 0), u(x, t) for some 


t > 0 (using the first three terms of the series), and the steady-state solu- 
tion. 


2. Repeat Exercise 1 using the initial condition 
x\? 
ula 0)=T+T(*) », O<x<a. 
a 


3. Same as Exercise 1, but with initial condition 


aioe O<x<— 
a? 2’ 
x,0) = 
Wed) 2To(a — x) ae - 
————,, =~<x<a. 
a 2 


4. Solve Eqs. (1)—(3) using the initial condition u(x, 0) = f(x), where 


a 
Tj, O<x<-, 
2 


fix) = : 


To, ge 


5. Consider this heat problem, which is related to Eqs. (1)—(3): 
aud Ou ; Gees 
——— < <t, 
Men ae Cet ee 


Ou Ou 
—(0,t)=So, —(G@th=S;, 0<t, 
Ox Ox 


ux, 0D=f@), Oex<a, 


a. Show that the steady-state problem has a solution if and only if Sp = S;, 
and give a physical reason why this should be true. (Recall that the heat 
flux q is proportional to the derivative of u with respect to x.) Find the 
steady-state solution if this condition is met. 


b. If the steady-state solution u(x) exists, show that the “transient,” 
w(x, t) = u(x, t) — v(x), has the boundary conditions 


dw dw 
—(0,t)=0, —(@tH=0, 0<t. 
Ox Ox 
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c. Show that the function u(x, t) = A(kt + x?/2) + Bx satisfies the heat 
equation for arbitrary A and B and that A and B can be chosen to satisfy 
the boundary conditions 


Ou Ou 
—(0,)=S, —@nhp=S;, O0<t. 
Ox Ox 


What happens to u(x, f) as t increases if So 4 Sj? 


6. Verify that u,(x, t) in Eq. (8) satisfies the partial differential equation (1) 
and the boundary conditions, Eq. (2). 


7. State the eigenvalue problem associated with the solution of the heat prob- 
lem in Section 3. Also state its solution. 


8. Suppose that the function (x) satisfies the relation 
g(x) 
=p 

p(x) 


Show that the boundary conditions ¢’(0) = 0, ¢’(a) = 0, then force (x) 
to be identically 0. Thus, a positive “separation constant” can only lead to 
the trivial solution. 


> 0. 


9. Refer to Eqs. (9) and (10), which give the solution of the problem stated 
in Eqs. (1)-(3). If f is sectionally continuous, the coefficients a, — 0 as 
n— oo. Fort =f, > 0, fixed, the solution is 


u(x, t}) =ag + S an exp(—A;kt1) COS(A nx) 
1 


and the coefficients of this cosine series are 
2 
Ay(t)) = ay exp(—A< kt). 


Show that A,(t,) — 0 so rapidly as n — oo that the series given in the 
preceding converges uniformly 0 < x < a. (See Chapter 1, Section 4, The- 
orem 1.) Show the same for the series that represents 


a-u 


ae t)). 


10. Sketch the functions ¢1, ¢2, and ¢3 and verify graphically that they satisfy 
the boundary conditions of Eq. (7). 


11. The boundary conditions Eq. (2) require that 
Ou 
—(0,t)=0, OK<t, 
Ox 


and similarly at x = a. Does this mean that u is constant at x = 0? 
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12. This table gives values of u(0, t) for the function u found in the example 
and shown in Fig. 4. Make a graph of u(0, t) and describe the graph in 
words. 


kt/a°: | 0.001 | 0.003 | 0.01 | 0.03 | 0.1] 0.3] 1 
u(O, t): | 22.9] 24.9 | 29.0 | 35.6 | 47.9 | 58.3 | 


13. Check that the partial differential equation and boundary conditions are 
satisfied by the series in Eq. (9). 


2.5 Example: Different Boundary Conditions 


In many important cases, boundary conditions at the two endpoints will be 
different kinds. In this section we shall solve the problem of finding the tem- 
perature in a rod having one end insulated and the other held at a constant 
temperature. The boundary value—initial value problem satisfied by the tem- 
perature in the rod is 


du 1du 


aul Be 0<x <a, 0 <t, (1) 
u(0, t) = To, 0 < t, (2) 
) 

“(at)=0, 0<t, (3) 
Ox 

u(x,0)=f(x), O<x<a. (4) 


It is easy to verify that the steady-state solution of this problem is v(x) = To. 
Using this information, we can find the boundary value—initial value problem 
satisfied by the transient temperature w(x, t) = u(x, t) — To: 


aw «ol dw . oe 5) 
——.._ = —-— — < < < 
a Kk at’ ge 
ow 
w(0, t) = 0, —(a, t) = 0, 0 < t, (6) 
Ox 
w(x, 0) = f(x) -Top=g(x), O<x<a. (7) 


Since this problem is homogeneous, we can attack it by the method of sep- 
aration of variables. The assumption that w(x, t) has the form of a product, 
w(x, t) = (x) T(t), and insertion of w in that form into the partial differential 
equation (5) lead, as before, to 


o'®) _ TO 
o@) ITO 


= constant. (8) 
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The boundary conditions take the form 
g(0O)T(t)=0, OK<t, (9) 
¢'(a)T(t)=0, O<t. (10) 
As before, we conclude that @(0) and ¢’(a) should both be zero: 
o(0)=0, (a) =0. (11) 


By trial and error we find that a positive or zero separation constant in Eq. (8) 
forces p(x) = 0. Thus we take the constant to be —A”. The separated equations 
are 


bo’ +io=0, O<x<a, (12) 
T +A7kT=0, 0<t. (13) 


Now, the general solution of the differential equation (12) is 
P(x) = c, cos(Ax) + cp sin(Ax). 
The boundary condition, ¢(0) = 0, requires that c, = 0, leaving 
P(x) = c) sin(Ax). 
The boundary condition at x = a now takes the form 
og’ (a) = cA cos(Aa) = 0. 


The three choices are: c, = 0, which gives the trivial solution; 4 = 0, which 
should be investigated separately (Exercise 2), and cos(Aa) = 0. The third al- 
ternative — the only acceptable one — requires that Aa be an odd multiple of 
gt /2, which we may express as 


_ Qn—1)a 


Xr 
2a 


, n=1,2,.... (14) 
Thus, we have found that the eigenvalue problem consisting of Eqs. (11) 
and (12) has the solution 


oo o,(x) =sin(A,x), n=1,2,3,.... (15) 


With the eigenfunctions and eigenvalues now in hand, we return to the dif- 
ferential equation (13), whose solution is 


T,(t) = exp(—A; kt). 
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As in previous cases, we assemble the general solution of the homogeneous 
problem expressed in Eqs. (5)—(7) by forming a general linear combination of 
our product solutions, 


w(x, t) = yi b, sin(Anx) exp(—A7kt). (16) 


n=1 


The choice of the coefficients, b,, must be made so as to satisfy the initial con- 
dition, Eq. (8). Using the form of w given by Eq. (16), we find that the initial 
condition is 


w(x, 0) =) bysin( #7") — ge, 0<x<a. (17) 


n=1 


A routine Fourier sine series for the interval 0 < x < a would involve the func- 
tions sin(nzx/a), rather than the functions we have. By one of several means 
(Exercises 10-12), it may be shown that the series in Eq. (17) represents the 
function g(x), provided that g is sectionally smooth and that we choose the 
coefficients by the formula 


b, = = [gt sin( dx. (18) 
aJo 2a 


Now the original problem is completely solved. The solution is 


u(x,t) = Tp + a b, sin(A,,x) exp(—A< kt). (19) 


n=1 


It should be noted carefully that the Tp term in Eq. (19) is the steady-state 
solution in this case; it is not part of the separation-of-variables solution. 


Example. 
Find the solution of Eqs. (1)—(4) with the initial condition 


u(x,0)=T1, O<x<a. 


Then g(x) = T; — Tp, 0 < x <a, and the coefficients as determined by Eq. (18) 
are 


b, = (T, — To) ui 

SE ge ple 
Therefore, the complete solution of the boundary value—initial value problem 
with initial condition u(x, 0) = T; would be 


[o.e) 


4 1 
sEH= To + (1 — Ti 
u(x, t) = To + (Ti le 


; sin(Ayx) exp(—Ac kt). (20) 


See Fig. 5 for graphs and an animation on the CD. 
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100 5 


u(x,t) 


x 1 


Figure 5 Solution of the example, Eq. (20): u(x, t) is shown as a function of x 
for various times, which are chosen so that the dimensionless time kt/a’ takes the 
values 0.001, 0.01, 0.1, 1.0. For the illustration, Ty has been chosen equal to 0 and 


Now that we have been through three major examples, we can outline the 
method we have been using to solve linear boundary value—initial value prob- 
lems. Up to this moment we have seen only homogeneous partial differential 
equations, but a nonhomogeneity that is independent of t can be treated by 
the same technique. 


Summary of Separation of Variables 


Prepare 


If the partial differential equation or a boundary condition or both are not 
homogeneous, first find a function v(x), independent of t, that satisfies the 
partial differential equation and the boundary conditions. Since v(x) does not 
depend on ft, the partial differential equation applied to v(x) becomes an ordi- 
nary differential equation. Finding v(x) is just a matter of solving a two-point 
boundary value problem. 

Determine the initial value—boundary value problem satisfied by the “tran- 
sient solution” w(x, t) = u(x, t) — v(x). This must be a homogeneous problem. 
That is, the partial differential equation and the boundary conditions (but not 
usually the initial condition) are satisfied by the constant function 0. 


Separate 


Assuming that w(x, ft) = ¢(x)T(d), with neither factor 0, separate the partial 
differential equation into two ordinary differential equations, one for @(x) and 
one for T(t), linked by the separation constant, —A*. Reduce the boundary 
conditions to conditions on ¢ alone. 
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Solve 


Solve the eigenvalue problem for ¢. That is, find the values of A* for which 
the eigenvalue problem has nonzero solutions. Label the eigenfunctions and 
eigenvalues ¢,(x) and A2. 

Solve the ordinary differential equation for the time factors, T;,(t). 


Combine and Satisfy Remaining Condition 


Form the general solution of the homogeneous problem as a sum of constant 
multiples of the product solutions: 


w(x, t) = Yo cndn(x)Tn(t). 


Choose the c, so that the initial condition is satisfied. This may or may not 
be a routine Fourier series problem. If not, an orthogonality principle must 
be used to determine the coefficients. (We shall see the theory in Sections 7 
and 8.) 


Check 
Form the solution of the original problem 
u(x, t) = v(x) + w(x, t) 


and check that all conditions are satisfied. 


EXERCISES 


See Common Eigenvalue Problems on the CD. 
1. Find the steady-state solution of the problem stated in Eqs. (1)—(4). 


2. Determine whether 0 is an eigenvalue of the eigenvalue problem stated 
in Eqs. (11) and (12). That is, take 2. = 0 and see whether the solution is 
nonzero. 


3. Solve the problem stated in Eqs. (1)—(4), taking f (x) = Tx/a. 
4. Solve the problem stated in Eqs. (1)—(4) if 


_ JT, 0O<x<a/2, 
oo= | a/2<x<a. 
5. Solve the nonhomogeneous problem 


du 1du T 
ax2 kk Ot a?” 


O<x<a, O0<t, 
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du 
u(0,t)=T), —(a,t)=0, 0<t, 
Ox 
u(x, 0) = To, 0<x<a. 
6. Solve this problem for the temperature in a rod in contact along the lateral 
surface with a medium at temperature 0. 


au Lou, 2 . pee 
SS u, <x <4, <t, 
a2 kh OR 


Ou 
u(0,t)=0, —(a,t)=0, OK<t, 
Ox 


u(x, 0) = To, 0<x <a. 


7. Solve the problem 
a-u _ lou 
ax2 ik Ot’ 
Ou 
—(0,t)=0, u(ath=T, OK<t, 
Ox 
u(x, 0) = Tj, 0<x<a. 

8. Compare the solution of Exercise 7 with Eq. (20). Can one be turned into 

the other? 


9. Solve the problem in Exercise 7 taking Ty = 0 and 


UX 
u(x, 0) = Ty cos( 3"), 0<x <a. 
2a 


10. a. Show that the eigenfunctions found in this section are orthogonal. That 
is, prove that 


a 0 (m¥#n), 
i sin(A,X) sin(A nx) dx = : (m=n) 


when A, = eee 


b. Use the orthogonality relation in part a to justify the formula in 
Eq. (18). 


11. To justify the expansion of Eq. (17), for an arbitrary sectionally smooth 
g(x); 


> tysin( SP o2*) = a0 0<x <a, 
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construct the function G(x) with these properties: 


G(x) = g(x), 0<x <a, 
G(x) =g(2a—x), a<x<2a. 


Show that G(x) corresponds to the series 


= _ (Nax 
G(x) ~ 5° By sin era 0<x<2a. 


N=1 


. Show that the By of the series in the preceding equation satisfy 


a 


2 N. 
By=0 (Neven), By= = | g(x) sin(“*) dx (N odd). 
a Jo a 


. a. Solve this problem over the interval 0 < x < 2a. 


au 1 au r é ie idee 
AL FAs < ’ <T, 
axe kot aera 
u(0,t)=To, u(2a,t)=To, 0<t, 


u(x, 0) = g(x), 0<x <2a. 


A function f is given over the interval 0 < x < a, and g is an extension 


of f defined by 


_ Jf), 0<x<a, 
r= {70 a<x<2a. 


b. Explain why the solution of the problem comprising Eqs. (1)—(4) is 
exactly the same as the solution of the problem in part a. 


. In the ceramics industry, the following problem has to be analyzed for 


parameter measurement. A cylindrical rod of uniform porous material is 
suspended vertically so that its lower end is immersed in water. The cylin- 
drical surface and the upper end are sealed — with wax, for example. The 
concentration of water in the rod (weight per unit volume) is a function 
C(x, t) that satisfies the boundary value problem 


aC aC 
D =, 


—=—, 0<x<lL, 0<t, 
ax* ot 


aC 
C(0,t)=Co, —(L,t)=0, OK<t, 
Ox 


C(x,0)=0, O<x<L. 
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In these equations, D is the diffusion constant, L is the length of the cylin- 
der, and Cy is the saturation concentration, which depends on the porosity 
of the material. Find C(x, t). 


15. Use the solution of Exercise 14 to find an expression for the total weight 
of water absorbed by the rod, 


L 
W(t) = af C(x, t) dx. 
0 


16. A plot of W(t)/Co as a function of s = ,/Dt/L’ over the range 0 to 2 
resembles a slanted line segment joined by a curve to a horizontal line 
segment. The slope of the slanted line segment in this graph is approx- 
imately 1. Experimenters plot measured values of W(t)/Co vs t to get 
a similar graph. Then they use the slope of the slanted line segment to 
find D. Explain how. 


2.6 Example: Convection 


We have seen three examples in which boundary conditions specified either 
u or du/dx. Now we shall study a case where a condition of the third kind 
is involved. The physical model is conduction of heat in a rod with insulated 
lateral surface whose left end is held at constant temperature and whose right 
end is exposed to convective heat transfer. The boundary value—initial value 
problem satisfied by the temperature in the rod is 


ge eet O0<x<a, O0<t (1) 

ax2 kk Ot’ : 3 

u(0, t) = To, 0 <t, (2) 
Ou 

—K a, tHh= h(u(a, t)— Th), 0<t, (3) 

u(x, 0) =f (x), 0<x <a. (4) 


We found in Section 2 that the steady-state solution of this problem is 


xh(T = To) 
v(x) = To + —————.. 5 
(x) = To rae (5) 
Now, since the original boundary conditions were nonhomogeneous, we 
form the problem for the transient solution w(x, t) = u(x, t) — v(x). By direct 
substitution it is found that 


a-w _ 1ldw 


ae ae O<x<a, O<t, (6) 
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ow 
w(0,t)=0, hw(a, he a th=0, O<t, (7) 
w(x, 0) = f(x) — v(x) = g(x), 0<x<a. (8) 


The solution for w(x, tf) can now be found by the product method. On the 
assumption that w has the form of a product #(x)T(t), the variables can be 
separated exactly as before, giving two ordinary differential equations linked 
by a common parameter A: 


o'+Vo=0, O0<x<a, 
T +AkT=0, O<t. 


Also, since the boundary conditions are linear and homogeneous, they can be 
translated directly into conditions on ¢: 


w(0, t) = 6(0)T(t) = 0, 
) 
Kk 55 t) + hw(a, t) = [«¢' (a) + hg(a) T(t) = 0. 
Either T(t) is identically zero (which would make w(x, t) identically zero) or 


~(0)=0, K«d'(a)+hd(a) = 0. 


Combining the differential equation and boundary conditions on @¢, we get 
the eigenvalue problem 


o'+i7o=0, 0<x<a, (9) 
(0) =0, Ko (a) + ho(a) = 0. (10) 


The general solution of the differential equation is 
(x) = c, cos(Ax) + c sin(Ax). 


The boundary condition at x = 0 requires that @(0) = c; = 0, leaving #(x) = 
C sin(Ax). Now, at the other boundary, 


Ko’ (a) + ho (a) = («kA cos(Aa) + hsin(Aa)) = 0. 


Discarding the possibilities c) = 0 and A = 0, which both lead to the trivial 
solution, we are left with the equation 


KX. cos(Aa) +hsin(Aa)=0, or tan(Aa) = —52. (11) 


172 Chapter 2 The Heat Equation 


A 
n 0.2500 0.5000 1.0000 2.0000 4.0000 
1 2.5704 2.2889 2.0288 1.8366 1.7155 
2 5.3540 5.0870 4.9132 4.8158 4.7648 
3 8.3029 8.0962 7.9787 7.9171 7.8857 
4 11.3348 11.1727 11.0855 11.0408 11.0183 
5 14.4080 14.2764 14.2074 14.1724 14.1548 


Table 2 First five positive solutions of the equation tan(x) = —Ax 


Figure6 Graphs of tan(Aa) and —A«/h. The points of intersection are solutions 
of tan(Aa) = —Ak/h, eigenvalues of the problem Eqs. (9)—(10). The intersection 
at A = 0 corresponds to the trivial solution. 


From sketches of the graphs of tan(Aa) and —xA/h (Fig. 6), we see that there is 
an infinite number of solutions, A), A2, 43, ..., and that, for very large n, A, is 
given approximately by 
2n—1z 

2a" 
Table 2 shows the first five values of the product Aa for several different values 
of the dimensionless parameter «x /ha. (More solutions are tabulated in Hand- 
book of Mathematical Functions by Abramowitz and Stegun.) 

Thus we have for each n = 1, 2,... an eigenvalue A? and an eigenfunction 
¢n(x), which satisfies the eigenvalue problem Eqs. (9) and (10). Accompanying 
n(x) is the function 


T,(t) = exp(—AZkt) 
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that makes w,(x, t) = $,(x)T,(¢) a solution of the partial differential equa- 
tion (6) and the boundary conditions Eq. (7). Since Eqs. (6) and (7) are lin- 
ear and homogeneous, any linear combination of solutions is also a solution. 
Therefore, the transient solution will have the form 


w(x, t) = x b,, sin(A,,x) exp(—A<kt), 


n=1 


and the remaining condition to be satisfied, the initial condition Eq. (8), is 


w(x, 0) = ys b, sin(anx) =g(x), O<x<a. (12) 


n=1 


Thus the constants b, are to be chosen so as to make the infinite series equal 
g(x). 

Although Eq. (12) looks like a Fourier series problem, it is not, because i2, 
A3, and so forth are not all integer multiples of 1. If we attempt to use the idea 
of orthogonality, we can still find a way to select the b,,, for it may be shown by 
direct computation that 


/ sin(A,X) sin(A,»x)dx=0, ifnsAm. (13) 
0 


Then if we multiply both sides of the proposed Eq. (12) by sin(Amx) (where 
m is fixed) and integrate from 0 to a, we have 


[os sin(A nx) dx = >, b, , sin(A,,x) sin(A,,x) dx, 
0 0 


n=1 


where we have integrated term by term. According to Eq. (13), all the terms 
of the series disappear except the one in which n = m, yielding an equation 
for Diy: 


Jo g(x) Sin(Amx) dx 
= he sin? (Amx) dx 
By this formula, the b,, may be calculated and inserted into the formula for 
w(x, t). Then we may put together the solution u(x, t) of the original problem 
Egs. (1)—(4): 
u(x, t) = v(x) + w(x, f) 


xh(T = To) 
= (x + ha) 


Bin (14) 


> b, Sin(AnX) exp(—Ackt). 


n=1 


In Fig. 7 are graphs of u(x, t) for two different values of the parameter «/ha; 
both have initial conditions u(x, 0) = 0. See animations on the CD. 
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100 4 100 4 


! 


x 1 x 1 


(a) (b) 


Figure 7 Solution of Eqs. (1)—(4) with Tp = 20, T, = 100, and f(x) = 0. Graphs 
(a) and (b) correspond to «/ha = 0.1 and «/ha = 1.0, respectively. In each case, 


u(x, 


t) is graphed as a function of x for times chosen so that the dimensionless 


time kt/a? takes on the values 0.001, 0.01, 0.1, 1. Note that both the temperature 
and its slope at the right end (x = a) change with time, so the boundary condition 
Eq. (3) is satisfied. See animations on the CD. 


EXERCISES 


. Sketch v(x) as given in Eq. (5) assuming 


a. Ti > To; b. T) = To3 c. T, < To. 


. If T; > To, as in Fig. 7, what is the maximum value of the temperature 


u(x, t) on the interval 0 < x < aat any fixed time f? The solution will be a 
function of Ty, T; and z=«x/ha. 


. Why have we ignored the negative solutions of the equation 


—kKih 
tan(Aa) = 


. Derive the formula Eq. (12) for the coefficients D,,. 


. Sketch the first two eigenfunctions of this example taking «/h = 0.5 (A, = 


2.29/a, hy = 5.09/a). 


. Verify that 


aK cos?(Ap, a) 


/ sin? (Amx) dx = 5 + i 5 
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7. Find the coefficients b,, corresponding to 
g(ix)=1, O<x<a. 


8. Using the solution of Exercise 7, write out the first few terms of the solu- 
tion of Eqs. (6)—(8), where g(x) = T,0 <x <a. 


9. Same as Exercise 7 for g(x) = x,0 <x <a. 


10. Verify the orthogonality integral by direct integration. It will be necessary 
to use the equation that defines the i,: 


Ky COS(A,a) + hsin(A,a) = 0. 


2.7 Sturm—Liouville Problems 


At the end of the preceding section, we saw that ordinary Fourier series are 
not quite adequate for all the problems we can solve. We can make some gen- 
eralizations, however, that do cover most cases that arise from separation of 
variables. In simple problems, we often find eigenvalue problems of the form 


o'+Vo=0, Il<x<r, (1) 
aid (1) — a¢'() = 0, (2) 
Bid (r) + Bod'(r) = 0. (3) 


It is not difficult to determine the eigenvalues of this problem and to show the 
eigenfunctions orthogonal by direct calculation, but an indirect calculation is 
still easier. 

Suppose that ¢, and ¢, are eigenfunctions corresponding to different 
eigenvalues A7, and A?,. That is, 


pr ote Mon — 0, pr a din _ 0, 


and both functions satisfy the boundary conditions. Let us multiply the first 
differential equation by ¢,, and the second by ¢,, subtract the two, and move 
the terms containing ¢,@,, to the other side: 


P bin eek On = (A;, a M)OnPm- 


The right-hand side is a constant (nonzero) multiple of the integrand in the 
orthogonality relation 


[ b004n00 dx=0, nm, 
1 
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which is proved true if the left-hand side is zero: 


[ ron — #6.) de=0. 


This integral is integrable by parts: 
[ ron — 0,6.) ds 


=[#,094n(3) — by(2dbuC]; — f (8, by — Pio) a 


The last integral is obviously zero, so we have 


(83,— 24) [dalam a) dx = [8y(0)bm(8) — B60] 
Both ¢, and ¢,, satisfy the boundary condition at x = 1, 


Bidbm(t) + Brbin(7) = 0, 
Bidn(t) + Br),(r) = 0. 


These two equations may be considered simultaneous equations in 6, and fh). 
At least one of the numbers £, and f; is different from zero; otherwise, there 
would be no boundary condition. Hence the determinant of the equations 
must be zero: 


bm(1)b,(7) — bn()G),(r) = 0. 
A similar result holds at x = 1. Thus 
[F,bm(X) — $),(0 bn(x)] |, = 0. 


and, therefore, we have proved the orthogonality relation 


J ¢0094n(0 dx=0, nm, 
1 


for the eigenfunctions of Eqs. (1)—(3). 

We may make a much broader generalization about orthogonality of eigen- 
functions with very little trouble. Consider the following model eigenvalue 
problem, which might arise from separation of variables in a heat conduction 
problem (see Section 9): 


[s(x b'(x) | -— ao) + HM p(@O(~X) =0, <x <r, 
a (l) — on’ (I) = 0, 
Bib (1) + Bod'(r) = 0. 
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Let us carry out the procedure used in the preceding with this problem. The 
eigenfunctions satisfy the differential equations 


(sb),)' — an + X2ppn = 0, 
(s',,)’ — 4m + 2?,pbn = 0. 


Multiply the first by ¢,, and the second by ¢,,, subtract (the terms containing 
q(x) cancel), and move the term containing pd, to the other side: 


(sd/,) Pm b= (s6),,) Pn = (Ain = M)POnPm- (4) 


Integrate both sides from / to r, and apply integration by parts to the left-hand 
side: 


[ [605)' en — (0) 64] av 
=[s#ibn—sBue] |i — | (din — sbi) A 
The second integral is zero. From the boundary conditions we find that 
$1, (1 bm(1) — Pn (NPn(r) = 0, 
$,.DbmD — bn Don) = 0 


by the same reasoning as before. Hence, we discover the orthogonality relation 


i POX) bn(X)Gm(x) dx=0, 0, FA, 
l 


for the eigenfunctions of the problem stated. 

During these operations, we have made some tacit assumptions about in- 
tegrability of functions after Eq. (4). In individual cases, where the coefficient 
functions s, q, and p and the eigenfunctions themselves are known, one can 
easily check the validity of the steps taken. In general, however, we would like 
to guarantee the existence of eigenfunctions and the legitimacy of computa- 
tions after Eq. (4). To do so, we need the following. 


Definition 
The problem 
(s$')’ — qb +0°pp=0, I<x<r, (5) 
aid (1) — arg’ (1) = 0, (6) 
Bib(r) + Brd'(r) =0 (7) 
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is called a regular Sturm—Liouville problem if the following conditions are ful- 


filled: 
a. s(x), s(x), q(x), and p(x) are continuous for 1 < x <r; 
b. s(x) > Oand p(x) > 0 forl<x <r; 
c. The a’s and f’s are nonnegative, and af + a; > 0, B; + By > 0. 


d. The parameter 4 occurs only where shown. 


Condition a and the first condition b guarantee that the differential equation 
has solutions with continuous first and second derivatives. Notice that s(J) and 
s(r) must both be positive (not zero). Condition c just says that there are two 
boundary conditions: a} + a} = 0 only if a; = a = 0, which would be no 
condition. The other requirements contribute to the desired properties in ways 
that are not obvious. 

We are now ready to state the theorems that contain necessary information 
about eigenfunctions. 


Theorem 1. The regular Sturm—Liouville problem has an infinite number of 
eigenfunctions $1, 2, ..., each corresponding to a different eigenvalue X71, A5,.... 
Ifn # m, the eigenfunctions oy and $,, are orthogonal with weight function p(x): 


/ bn(X)bm(x)p(x)dx=0, nm. 


The theorem is already proved, for the continuity of coefficients and eigen- 
functions makes our previous calculations legitimate. It should be noted that 
any constant multiple of an eigenfunction is also an eigenfunction; but aside 
from a constant multiplier, the eigenfunctions of a Sturm—Liouville problem 
are unique. 

A number of other properties of the Sturm—Liouville problem are known. 
We summarize a few here. 


Theorem 2. (a) The regular Sturm—Liouville problem has an infinite number of 
eigenvalues, and 4? > oo asn > oo. 

(b) If the eigenvalues are numbered in order, 4} < 45 < +++, then the eigen- 
function corresponding to 42 has exactly n — 1 zeros in the interval | < x <r 
(endpoints excluded). 

(c) If q(x) = 0 and a), a, B), B2, are all greater than or equal to zero, then all 
the eigenvalues are nonnegative. 


Examples. 


1. We note that the eigenvalue problems in Sections 3-6 of this chapter are 
all regular Sturm—Liouville problems, as is the problem in Eqs. (1)—(3) of 
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this section. In particular, the problem 
o'+i7o=0, 0<x<a, 
$(0)=0, hp(a)+«d'(a) =0 
is a regular Sturm—Liouville problem, in which 
six)=p(xy)=1, gix)=0, a=1, a=0, 
Bi=h, po=k. 
All conditions of the definition are met. 


2. A less trivial example is 


co’ +22(~)6=0. l<x<2, @()=0, (2)=0. 


We identify s(x) = x, p(x) = 1/x, q(x) = 0. This is a regular Sturm— 
Liouville problem. The orthogonality relation is 


2 1 
i PulX)Pm(%) = dx=0, nsém. 
al 


The conclusions of Theorems 1 and 2 hold for both examples. 


EXERCISES 
1. The general solution of the differential equation in Example 2 is 
ox) =c cos(A In(x)) + C2 sin(A In(x)). 


Find the eigenvalues and eigenfunctions, and verify the orthogonality rela- 
tion directly by integration. 


2. Check the results of Theorem 2 for the problem consisting of 
o" +276 =0, 0<x <a, 
with boundary conditions 


a. $(0)=0, $(a)=0; b. H'(0)=0, (a) =0. 
In case b, Aj = 0. 


3. Find the eigenvalues and eigenfunctions, and sketch the first few eigenfunc- 
tions of the problem 


eo’ +iV76=0, 0<x<a, 
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with boundary conditions 
a. $(0)=0, ¢'(a)=0, 
b. d’'(0)=0, g(a) =0, 
ce. (0) =0, p(a)+¢'(a) =0, 
d. $(0)—$'(0)=0, (a) =0, 
e. (0) P'(0)=0, H(a)+4'(a) =0. 
4. In Eqs. (1)-(3), take / = 0, r = a, and show that 
a. The eigenfunctions are d,(x) = 2A, COS(A,x) + a) sin(A,X). 


b. The eigenvalues must be solutions of the equation 


A(at Bo + 02 By) 


—tan(Aa) = : 
at} By — at BrA? 


5. Show by applying Theorem 1 that the eigenfunctions of each of the follow- 
ing problems are orthogonal, and state the orthogonality relation. 


a O” +A7(1+x)H6=0, $(0)=0, (a) =0; 
b. (e°')' +A°e%=0, $(0)—46'(0)=0, g(a) =0; 


2 
c. $”+(>])p=0, o(1)=0, $'(2)=0; 
x 


d. 6” —sin(x)d +e2¢=0, 6'(0)=—0, (a) =0. 
6. Consider the problem 


(so’)’ —qo+a*po=0, l<x<r, 
g(r) = 0, 


in which s(1) = 0, s(x) > 0 for! <x < r, but pand q satisfy the conditions of 
a regular Sturm-—Liouville problem. Require also that both ¢(x) and ¢’(x) 
have finite limits as x — /+-. Show that the eigenfunctions (if they exist) are 
orthogonal. 


7. The following problem is not a regular Sturm—Liouville problem. Why? 
Solve, and show that the eigenfunctions are not orthogonal. 


be +Vh=0, I0<xK<a, 
d(0)=0, ¢'(a)—AG(a) =0. 
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8. Show that 0 is an eigenvalue of the problem 
(so’)’) +2p@=0, l<x<r, 
eY)=0, ¢'(r)=0, 


where s and p satisfy the conditions of a regular Sturm—Liouville problem. 


9. Find all values of the parameter yz for which there is a nonzero solution of 
this problem: 


¢” + ue =0, 
~(0)+ ¢'(0)=0, o(a)+ ¢'(a) =0. 


One solution is negative. Does this contradict Theorem 2? 


2.8 Expansion in Series of Eigenfunctions 


We have seen that the eigenfunctions that arise from a regular Sturm—Liouville 
problem 


(so’)’ —qo+r*p@=0, I<x<r, (1) 
aid (l) — a9’ (1) = 0, (2) 
Bib (1) + Bod’ (r) =0 (3) 


are orthogonal with weight function p(x): 


/ P(x) bn(*)bm(x) dx =0, n#m, (4) 
I 


and it should be clear, from the way in which the question of orthogonality 
arose, that we are interested in expressing functions in terms of eigenfunction 
series. 

Suppose that a function f(x) is given in the interval | < x < r and that we 
wish to express f(x) in terms of the eigenfunctions @,,(x) of Eqs. (1)—(3). That 
is, we wish to have 


fF) =D crdn), l<x<r. (5) 
n=1 


The orthogonality relation Eq. (4) clearly tells us how to compute the coef- 
ficients. Multiplying both sides of the proposed Eq. (5) by ¢m(x)p(x) (where 
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m is a fixed integer) and integrating from / to r yields 


[ fobnCpt0) d= on [ bnGdbnPC0 a 
n=1 


The orthogonality relation says that all the terms in the series, except that one 


in which n = m, must disappear. Thus 


i F(X) Pm (x) p(x) dx = Cn / &.,, (x) p(x) dx 


gives a formula for choosing ¢,. 


We can now cite a convergence theorem for expansion in terms of eigen- 
functions. Notice the similarity to the Fourier series convergence theorem. Of 
course, the Fourier sine or cosine series are series of eigenfunctions on a regu- 


lar Sturm—Liouville problem in which the weight function p(x) is 1. 


Theorem. Let ¢), ¢o,... be eigenfunctions of a regular Sturm—Liouville problem 


Eqs. (1)—(3), in which the a’s and B’s are not negative. 
If f (x) is sectionally smooth on the interval 1 < x <r, then 


, l<x<r, 


> Cun (x) = De) tT) 


n=1 


where 
2 iif (x)n(x)p(x) dx 
JS, ¢2x)p(x) dx 


n 


Furthermore, if the series 


oo r 1/2 
Yialf f 9%cec a 
n=1 


converges, then the series Eq. (6) converges uniformly, 1< x <r. 


(6) 


EXERCISES 


1. Verify that 


2 
x = (=) » n= sin(An In(x)) 


are the eigenvalues and eigenfunctions of 
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(xo’)’ +22(2\o =0, l<x<b, 
g(1)=0, (b)=0. 


Find the expansion of the function f(x) = x in terms of these eigenfunc- 
tions. To what values does the series converge at x = 1 andx= b? 


. If b), do, ... are the eigenfunctions of a regular Sturm—Liouville problem 
and are orthogonal with weight function p(x) on 1 < x < r and if f(x) is 
sectionally smooth, then 


[ Pepe dx = J 0 ancy, 
! n=1 


where 
a= i o,, (x) p(x) dx 
1 


and c, is the coefficient of f as given in the theorem. Show why this should 
be true, and conclude that c,,./ad, > 0 asn— oo. 


. Verify that the eigenvalues and eigenfunctions of the problem 
(eo) +e y*o=0, 0<x<a, 
~(0)=0, (a= 


; (“) 1 ( *) . (=*) 
y,=(—]) 4+-. n(x) =exp{ —-= } sin{ —— ]. 
a 4 2 a 


Find the coefficients for the expansion of the function f(x) = 1,0 <x <a, 
in terms of the dy. 


are 


. If 1, b,... are eigenfunctions of a regular Sturm—Liouville problem, the 
numbers ./a, are called normalizing constants, and the functions y, = 
on/ Jay are called normalized eigenfunctions. Show that 


i Ww (x) p(x) dx = 1, i Wil) Wm(x)p(x) dx=0, nm. 


. Find the formula for the coefficients of a sectionally smooth function f(x) 
in the series 


fO=)_ bits). Lex <tr, 


n=1 


where the y,, are normalized eigenfunctions. 
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6. Show that, for the function in Exercise 5, 
/ foOrOca= yk, 
I n=1 


7. What are the normalized eigenfunctions of the following problem? 


o'+Vo=0, O0<x<1, 
¢'(0)=0, (1) =0. 


2.9 Generalities on the Heat Conduction Problem 


On the basis of the information we have about the Sturm—Liouville problem, 
we can make some observations on a fairly general heat conduction problem. 
We take as a physical model a rod whose lateral surface is insulated. In order 
to simplify slightly, we will assume that no heat is generated inside the rod. 

Since material properties may vary with position, the partial differential 
equation that governs the temperature u(x, f) in the rod will be 


a («eost) = pone. l<x<r, O<t. (1) 


Any of the three types of boundary conditions may be imposed at either 
boundary, so we use as boundary conditions 


0 
aj u(l, t) — ay =, t) =C), t> 0, (2) 
Ox 


Bur, pee: tHh=o, t>0. (3) 
Ox 


If the temperature is fixed, the coefficient of du/0dx is zero. If the boundary is 
insulated, the coefficient of u is zero, and the right-hand side is also zero. If 
there is convection at a boundary, both coefficients will be positive, and the 
signs will be as shown. 

We already know that in the case of two insulated boundaries, the steady- 
state solution has some peculiarities, so we set this aside as a special case. As- 
sume, then, that either @; or 6, or both are positive. Finally we need an initial 
condition in the form 


u(x,0)=f(x), l<x<r. (4) 


Equations (1)—(4) make up an initial value—boundary value problem. 
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Assuming that c,; and c) are constants, we must first find the steady-state 
solution 


v(x) = jim u(x, t). 


The function v(x) satisfies the boundary value problem 


d ( 2) 260 5) 
ep CO. =0, <x <7, 

a)u(l) —anv'()=c, (6) 
Biv(r) + fov'(r) = &. (7) 


Since we have assumed that at least one of a or is positive, this problem 
can be solved. In fact, it is possible to give a formula for v(x) in terms of the 


function (see Exercise 1) 
x dé 
—— =I(x). 8 
/ KE) (x) (8) 


Before proceeding further, it is convenient to introduce some new functions. 
Let K, p, and ¢ indicate average values of the functions « (x), p(x), and c(x). 
We shall define dimensionless functions s(x) and p(x) by 


K(x) =Ks(x), p(x)c(x) = pcp(x). 
Also, we define the transient temperature to be 
w(x, t) = u(x, t) — v(x). 


By direct computation, using the fact that v(x) is a solution of Eqs. (5)-(7), 
we can show that w(x, f) satisfies the initial value—boundary value problem 


~(s00 52) = 7 Oa ) ae (9) 

UE Re OR es ee 

a, w(l, t) — Pk) t)=0, 0 <t, (10) 
Ox 

Bywr, D+ Boer t)=0, 0<t, (11) 

w(x, 0) = f(x) —va%)=g(x), 1l<x<r, (12) 


which has homogeneous boundary conditions. The constant k is defined to be 
K/pe. 

Now we use our method of separation of variables to find w. If w has the 
form w(x, t) = $(x)T(t), the differential equation becomes 


1 


T(t)(s(x)$'(x))' = PPO) r@, 
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and, on dividing through by p@T, we find the separated equation 
(sp’)’ _ TT 


=—, I<x<r, 0<t. 

po kT 

As before, the equality between a function of x and a function of t can hold 
only if their common value is constant. Furthermore, we expect the constant 
to be negative, so we put 


(so')’ = i ee 
pe kT 
and separate two ordinary equations 
T’ +47kT =0, Oh 
(so’)’) +2p@=0, l<x<r. 


The boundary conditions, being linear and homogeneous, can also be changed 
into conditions of @. For instance, Eq. (10) becomes 


[aio () —ag'(N]T( =0, 0<t, 


and, because T(t) = 0 makes w(x, t) = 0, we take the other factor to be zero. 
We have, then, the eigenvalue problem 


(sp’)’ ++2p@=0, Il<x<r, (13) 
aid (1) — ar¢'(l) = 0, (14) 
Bib (r) + Bop’ (r) = 0. (15) 


Since s and p are related to the physical properties of the rod, they should be 
positive. We suppose also that s, s’, and p are continuous. Then Eqs. (13)—(15) 
comprise a regular Sturm—Liouville problem, and we know the following. 


1. There is an infinite number of eigenvalues 


Oak Sag es 


2. To each eigenvalue corresponds just one eigenfunction (give or take a con- 
stant multiplier). 


3. The eigenfunctions are orthogonal with weight p(x): 


i bn(x)bm(x)p(x) dx =0, nAm. 


The function T;,(f) that accompanies @, (x) is given by 


T,(t) = exp(—A; kt). 
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We now begin to assemble the solution. For each n = 1, 2, 3,..., W(x, t) 
= ,(x)T,,(f) satisfies Eqs. (9)—(11). As these are all linear homogeneous equa- 
tions, any linear combination of solutions is again a solution. Thus the tran- 
sient temperature has the form 


w(x, t) = 3 An n(x) exp(—Az kt). 


n=1 


The initial condition Eg. (12) will be satisfied if we choose the a, so that 


w(x, 0) = S- anbu(x) =g(x), Il<x<r. 


n=1 


The convergence theorem tells us that the equality will hold, except possibly at 
a finite number of points, if f(«) — and therefore g(x) — is sectionally smooth. 
Thus w(x, ft) is the solution of its problem, if we choose 


ams ST g(x) bn(x)p(x) dx 
"fT g2(x)p(x) dx” 


Finally, we can write the complete solution of Eqs. (1)—(4) in the form 


u(x, t) = v(x) + a AnPn(x) exp(—Az kt). (16) 


n=1 


Working from the representation Eq. (16) we can draw some conclusions 
about the solution of Eqs. (1)—(4). 


1. Since all the 42 are positive, u(x, t) does tend to u(x) as t > oo. 


2. For any t; > 0, the series for u(x, t;) converges uniformly in] <x <r 
because of the exponential factors; therefore u(x, t,) is a continuous func- 
tion of x. Any discontinuity in the initial condition is immediately elimi- 
nated. 


3. For large enough values of t, we can approximate u(x, t) by 
v(x) + aig (x) exp(—Azkt). 


(To judge how large t might be, we need to know something about the a, 
and the A,,.) Because (x) is of one sign on the interval | < x < r (that 
is, @(x) > 0 or $\(x) < 0 for all x between / and r), the graph of our 
approximation will lie either above or below the graph of v(x) but will 
not cross it (provided that a; 4 0). 


188 Chapter 2 The Heat Equation 


EXERCISES 


1. Find the explicit form for v(x) in terms of the function in Eq. (8) assuming 
a @) =f, =0, co =O =0; 
b. a > Oor f; > 0, and no coefficient negative. 
Why are these two cases separate? 

2. Justify each of the conclusions. 


3. Derive the general form of u(x, t) if the boundary conditions are du/dx = 0 
at both ends. In this case, A* = 0 is an eigenvalue. 


2.10 Semi-Infinite Rod 


Up to this point we have seen only problems over finite intervals. Frequently, 
however, it is justifiable and useful to assume that an object is infinite in length. 
(Sometimes this assumption is used to disguise ignorance of a boundary con- 
dition or to suppress the influence of a complicated condition.) Thus, if the rod 
we have been studying is very long, we may treat it as semi-infinite — that is, as 
extending from 0 to oo. If properties are uniform and there is no “generation,” 
the partial differential equation governing the temperature u(x, t) remains 


au du 
—=-—, 0K<x, 0<t. 
0x? sk Ot 
Let us suppose that at x = 0 the temperature is held constant, say, u(0, t) = 0 
in some temperature scale. In the absence of another boundary, there is no 
other boundary condition. However, it is desirable that u(x, tf) remain finite — 
less than some fixed bound —as x — oo. 
Thus, our mathematical model is 


oe oe O0<x<w, O0<t, (1) 
ax? k dt 

u(0, t) = 0, 0 <t, (2) 
u(x,t) bounded asx—> oo, (3) 
u(x, 0) =f(x), 0<x. (4) 


The heat equation (1) and the boundary condition (2) are homogeneous. 
The boundedness condition (3) is also homogeneous in an important way: 
A (finite) sum of bounded functions is bounded. Thus, we can attack Eqs. (1)— 
(3) by separation of variables. Assume that u(x, t) = ¢(x)T(d), so the partial 
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differential equation can be separated into two ordinary equations as usual: 


o'@) TWH _. 
o@)  kTO 


There is just one boundary condition on u, which requires that ¢(0) = 0. The 
boundedness condition also requires that @(x) remain finite as x > on. It is 
easy to check (see Exercises) that a positive separation constant produces func- 
tions (x) that cannot fulfill both the boundary and boundedness conditions 
without being identically 0. Thus, we must choose a negative separation con- 
stant, —A7. The differential equation, together with the boundary and bound- 
edness conditions, forms a singular eigenvalue problem (singular because of 
the semi-infinite interval), 


onst. (5) 


o’+i76=0, 0<x, (6) 
~(0) = 0, d(x) bounded asx— oo. (7) 


The general solution of the differential equation is 
(x) = c, cos(Ax) + c sin(Ax), 


which is bounded for any choice of the constants and for any value of 4. The 
boundedness condition told us to use a negative constant in Eq. (5) and now 
contributes nothing further. 

Applying the boundary condition at x = 0 shows that c; = 0, leaving (x) = 
c sin(Ax). In this singular eigenvalue problem, there are no “special” values 
of 4: Any value produces a nonzero solution of the differential equation that 
also satisfies the boundary and boundedness conditions. (But negative values 
of A produce no new solutions.) Recalling that any constant multiple of a so- 
lution of a homogeneous problem is still a solution, we choose c. = 1 and 
summarize the solution of the singular eigenvalue problem as 


o(x;r4) =sin(Ax), A>O0. (8) 
The solution of Eq. (5) for T(t), with constant —27, is 
TH= exp(—A7kt). 
For any value of 47, the function 
u(x, t; 4) = sin(Ax) exp(—A7kt) 
satisfies Eqs. (1)—(3). Equation (1) and the boundary condition Eq. (2) are ho- 


mogeneous, and Eq. (3) is homogeneous in effect; therefore any linear combi- 
nation of solutions is a solution. Since the parameter A may take on any value, 
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we must use an integral—the continuous analogue of a sum or series — to 
include all possibilities. Thus u should have the form 


u(x, t) = [ B(A) sin(Ax) exp(—A°kt)da. (9) 
0 


(We need not include negative values of 4. They give no new solutions.) The 
initial condition will be satisfied if B(A) is chosen to make 


CO 
u(x, 0) = / B(A) sin(ax) dA =f(x), O<x. 
0 
We recognize this as a Fourier integral; B(A) is to be chosen as 


BA) = - [ 1 sin(Ax) dx. (10) 
0 


If B(A) exists, then Eq. (9) is the solution of the problem. Notice that when 
t > 0, the exponential function makes the improper integral in Eq. (9) con- 
verge very rapidly. 

Some care must be taken in the interpretation of our solution. If the rod re- 
ally is finite (say, length L) the expression in Eq. (9) is, of course, meaningless 
for x greater than L. The presence of a boundary condition at x = L would 
influence temperatures nearby, so Eq. (9) can be considered a valid approxi- 
mation only for x < L. 


Example. 
Solve the problem in Eqs. (1)—(4) using the initial temperature distribution 


_ JT, O<x<b, 
foo={ j b<x. 


This means that a section of length b at the left end of the rod starts out at 
temperature To, different from the temperature of the long right end, which 
is at the same temperature as the left boundary. (We assume Ty > 0.) The 
solution is given by Eq. (9), with B(A) calculated from Eq. (10): 


BA) = =f f(x) sin(Ax) dx 
Jo 
2 pb 
=— / To sin(Ax) dx 
1 


0 


= 2T» 
= ae — cos(Ab)). 
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100 4 


u(x,t) 


oes | 


1 gn 3 


Figure 8 Graphs of the solution of the example, u(x, f) as a function of x over 
the interval 0 < x < 3b, where b = 1 and Ty = 100 for convenience. The times 
have been chosen so that the dimensionless time kt/b* takes the values 0.001, 0.01, 
0.1, and 1. When kt/b* = 0.01, the temperature near x = b/2 has not changed 
noticeably from its initial value. 


Therefore, the complete solution is 


col Xr 
u(x, t) = = [ tacos”) sin(Ax) exp(—A°kt) dx. 
0 


In Fig. 8 are graphs of u(x, t) as a function of x for various values of t; an 
animation can be seen on the CD. 


EXERCISES 


1. Find the solution of Eqs. (1)—(3) if the initial temperature distribution is 
given by 


0, O<x<a, 
f@=)T, a<x<b, 
0, b<x. 


2. Verify that u(x, ft) as given by Eq. (9) is a solution of Eqs. (1)—(3). What is 
the steady-state temperature distribution? 
3. Find the solution of Eqs. (1)—(4) if f(x) = Toe™™, x > 0. 


4. Find a formula for the solution of the problem 
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d’u du 
dx? k at’ 
du 
—(0, t)=0, 0<t, 
Ox 


u(x,0)=f(x), O<x. 


5. Determine the solution of Exercise 4 if f(x) is the function given in Exer- 
cise 1. 


6. Penetration of heat into the earth. Assume that the earth is flat, occupying 
the region 0 < x (so that x measures distance down from the surface). At 
the surface, the temperature fluctuates according to season, time of day, etc. 
We cover several cases by taking the boundary condition to be u(0, t) = 
sin(wt), where the frequency w can be chosen according to the period of 
interest. 


a. Show that u(x, t) = e-?* sin(wt — px) satisfies the boundary condition 
and is a solution of the heat equation if p = ./w/2k. 


b. Sketch u(x, t) as a function of t for x = 0, 1, and 2 m, taking w = 2 x 
10~’ rad/s (approximately one cycle per year) and k= 0.5 x 107° m?/s. 


c. With @ as in part b, find the depth (as a function of k) at which seasons 
are reversed. 


7. Consider the problem 


a-u _ lou 
ax2 kk Ot’ 
u(0,t)=T, O<t, 
u(x,0)=f(x), O<x. 


Show that, for our method of solution to work, it is necessary to have Ty = 
limy-+oo f (x). Find a formula for u(x, f) if this is the case. 


8. If the separation constant in Eq. (5) were positive (say, p?), we would at- 
tempt to solve 6” — p’@ = 0 subject to the conditions, Eq. (7). Solve the 
differential equation, and show that any nonzero, bounded solution is not 
0 at x = 0 and that any solution that is 0 at x = 0 is not bounded. 


9. R.C. Bales, M.P. Valdez and G.A. Dawson [Gaseous deposition to snow, 
2: Physical-chemical model for SO, deposition, Journal of Geophysical Re- 
search, 92 (1987): 9789-9799] develop a mathematical model for the trans- 
port of SO, gas into snow by molecular diffusion. The governing partial 
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differential equation is 
aC eu <5 
— =D| —- aC}, 


where C is the concentration of SO, as a function of x (depth into the snow) 
and time and D is a diffusion constant. The term containing C appears be- 
cause the SO, takes part in a chemical reaction with water in the snow, 
forming sulphuric acid, H)SO,. The coefficient a* depends on pH, temper- 
ature, and other circumstances; we treat it as a constant. The problem is to 
be solved for a wide range of values for the parameters. 

If the snow is deep, the authors believe that it is reasonable to use a semi- 
infinite interval for x and to add the condition C(x, t) > 0 as x > oo. In 
addition, a natural boundary condition at the snow surface is that con- 
centration in the snow match that in the air: C(0, t) = Co. Furthermore, 
if the snow is fresh, we can assume that the concentration throughout is 
initially 0, 


C(x,0)=0, O<x. 


a. Find a steady-state solution v(x) that satisfies the partial differential 
equation and the boundary conditions. 


b. State the problem (partial differential equation, boundary condition at 
x = 0, condition as x — oo, and initial condition) to be satisfied by the 
transient w(x, f) = C(x, t) — v(x). 


c. Solve the problem for the transient. Note that the condition as x — oo 
must be relaxed to: w(x, t) bounded as x — oo. Individual product so- 
lutions do not approach 0 as x increases. 


2.11 Infinite Rod 


If we wish to study heat conduction in the center of a very long rod, we may as- 
sume that it extends from —oo to oo. Then there are no boundary conditions, 
and the problem to be solved is 


au =1du ee (1) 
= a —00 <x < 00, <t, 

ax kot 7 

u(x, 0) = f(x), —0 <x< OO, (2) 


u(x, t)| bounded asx— oo. (3) 
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Using the same techniques as before, we look for solutions in the form 
u(x, t) = ¢(x)T(®) so that the heat equation (1) becomes 
p" (x) = T’(t) 
p(x) T(t) 


= constant. 


As in the previous section, the constant must be nonpositive (say, —A7) in 
order for the solutions to be bounded. Thus, we have the singular eigenvalue 
problem 


p’ +i*o=0, -0O<x<~m, 
d(x) bounded asx— oo. 


It is easy to see that every solution of 6” /¢ = —A? is bounded. Thus, our fac- 
tors @(x) and T(t) are 


&(x; A) = Acos(Ax) + Bsin(Ax), 
T(t; A) = exp(—A7kt). 


We combine the solutions ¢(x)T(¢) in the form of an integral to obtain 
u(x, t) = ie (AA) cos(Ax) + B(A) sin(Ax)) exp(—A°kt) dn. (4) 
At time t = 0, the exponential factor becomes 1, and the initial condition is 
i “(4@ cos(Ax) + B(A) sin(Ax)) dA = f(x), —0o <x <0. 


As this is clearly a Fourier integral problem, we must choose A(A) and B(A) to 
be the Fourier integral coefficient functions, 


A(A) = ~ | f(x) cos(Ax) dx, BOA) = ~ | f(x) sin(Ax) dx. (5) 


Then the function u(x, f) in Eq. (4) satisfies the partial differential equation (1) 
and the initial condition (2), provided that f is sectionally smooth and |f(x)| 
has a finite integral. It can be proved that the boundedness condition (3) is 
also satisfied, provided that the initial value f(x) is bounded as x + too. 


Example. 
Solve the problem posed in Eqs. (1)—(3) with 


0, x<—a, 
f@®)= )T), -a<x<a, 
0, a<x. 
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u(x,t) 


yi a 


Figure 9 Solution of example problem. At t = 0, the temperature is Ty > 0 for 
—a <x <a and is 0 in the rest of the rod; u(x, t) is shown as a function of x 
on the interval —3a < x < 3a for three times. The times are chosen so that the 
dimensionless time kt/a* takes the values 0.01, 1, and 10 (to get a clear picture of 
the changes in u). Note that u(x, t) is positive everywhere for any t > 0. The values 
Ty = 100 and a= 1 have been used for convenience. Also see the CD. 


x 


In words, the rod has a center section of length 2a whose temperature is differ- 
ent from that of the long sections to the left and right. We must compute the 
coefficient functions A(A) and B(A). The latter is identically 0 because f(x) is 
an even function; and 


A(A) = - | f(x) cos(Ax) dx 
1 a 
=— i To cos(Ax) dx 
UT J—a 


2To . 
= — sin(Aa). 
At 


Thus, the solution of the problem is 


u(x, t) = =| mee cos(Ax) exp(—A°kt) dn. (6) 
0 


This function is graphed as a function of x for several values of t in Fig. 9 
and animated on the CD. The figure suggests that u(x, t) is positive for all x 
when t > 0. This is indeed true and illustrates an interesting property of the 
solutions of the heat equation: the instantaneous transmission of information. 
The “hot” section in the interval —a < x < a instantly raises the temperature 
everywhere else from the initial value of 0 to a positive value. 


Starting from the general form of a solution in Eq. (4), we can derive some 
very interesting results. Change the variable of integration in Eq. (5) to x’ and 
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substitute the formulas for A(A) and B(A) into Eq. (4): 
1 a = / / / 
u(x, t) = — / | f(x’) cos(Ax’) dx’ cos(Ax) 
Jo —0o 
+ / f(x’) sin(ax’) dx’ sn() exp(—A°kt) dr 
Combining terms we find 
1 rm oe / J A th * 
u(x, t) = — / / fx )[cos(Ax ) cos(Ax) + sin(Ax’) sin(Ax) | dx 
Jo —0o 
x exp(—A7kt) da 
1 [e,2) [e,@) 
=— i. / f(x’) cos(A(x’ — x)) dx’ exp(—A7kt) da 
wT Jo —oo 
If the order of integration may be reversed, we may write 
1 lo) Ce 
u(x, t) = — / fos) | cos(A(x! = x)) exp(—A7kt) dd dx’. 
TT J—oo 0 


The inner integral can be computed by complex methods of integration. It 
is known to be (Miscellaneous Exercises 32, Chapter 1) 


lee) —(x! _ x)? 
AG! — —12kt) da =| , t>0. 
i cos( (x x)) exp( kt) ae exp i > 
This gives us, finally, a new form for the temperature distribution: 
Ceaealer. 
——— | dx 7 
exp| = | ae. 0 


Using this form, we find the solution of the example problem solved earlier 
(see Eq. (6)) to be 


u(x, t) = 


u(x, t) = 


(x’ — x)? F 
ef = of] rm |x. (8) 


Of the two formulas, Eqs. (4) and (7), for the solution u(x, t), each has its 
advantages. For simple problems we may be able to evaluate the coefficients 
A(A) and B(A) in Eq. (5). However, it is a rare case indeed when the integral 
in Eq. (4) can be evaluated analytically. The same is true for the integral in 
Eq. (7). Thus, if the value of u at a specific x and t is needed, either integral 
would be calculated numerically. For large values of kt, the exponential factor 
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in the integrand of Eq. (4) will be nearly zero, except for small A. Thus, Eq. (4) 
is approximately 


A 
u(x, t) = i, (A(A) cos(Ax) + B(A) sin(Ax)) exp(—A7kt) da 
0 


for A not large, and the right-hand side may be found to a high degree of 
accuracy with little effort. 

On the other hand, if kt is small, the exponential in the integrand of Eq. (7) 
will be nearly zero, except for x’ near x. The approximation 


1 x+ 
V Akrt Jx—h 


is satisfactory for h not large, and again numerical techniques are easily applied 
to the right-hand side. 

The expression in Eq. (7) also has a number of other advantages. It requires 
no intermediate integrations (compare Eq. (5)). It shows directly the influence 
of initial conditions on the solution. Moreover, the function f(x) need not 
satisfy the restriction 


u(x, t)= 


i ! =i = / 
fla!yexp| =| dx 


/ | f(x)| dx < 00 


in order for Eq. (7) to satisfy the original problem. 


EXERCISES 


See the exercise Common Singular Eigenvalue Problems on the CD. 
1. Find the solution of Eqs. (1)—(3) using the form given in Eq. (7) if the initial 
temperature distribution is 


= To, x <0, 
roo= {7 0O<x. 


2. Find the solution of Eqs. (1)—(3) using the form given in Eq. (4) if 


= To(a — Ix|), —a<x<a, 
fe) = | 0, otherwise. 
3. Same task as in Exercise 2, with f (x) = Toe */4l for all x. 
4. Show that the solution of the problem studied in Section 10, 
a-u _ lou 
ax? k at’ 
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u(0, t) =0, 0<t, 
u(x,0)=f(x), O0<x, 


can be expressed as 


ee ee te —(x — x)? —@ +x)\] 4) 
ue = | fx) exr( Akt ) exp( Akt ) Jas 


Hint: Start from the problem of this section with initial condition 


u(x,0)=f,(x), —-oO<x<o, 


where f, is the odd extension of f. Then use Eq. (7), and split the interval 
of integration at 0. 


5. Verify by differentiating that the function 


u(x, t) = 


1 | x? 
ex 

V 4krt F 4kt 

is a solution of the heat equation 
au 1du 
ax2 k at’ 

What can be said about u at x = 0? at t = 0+? What is lim,.9+ u(0, t)? 

Sketch u(x, t) for various fixed values of t. 


O0<t, -w<x<Mm. 


6. Suppose that f(x) is an odd periodic function with period 2a. Show that 
u(x, t) defined by Eq. (7) also has these properties. 


7. If f(x) = 1 for all x, the solution of our heat conduction problem is 
u(x, t) = 1. Use this fact together with Eq. (7) to show that 


=a! vol ae cute 


8. Solve the problem that follows using Eq. (7). 


a7u = Ou 
= ; o<x<w, O0K<t, 
Ox? =k ot 
1, x > 0, 
u(x, 0) =|) x<0. 


9. Can Exercise 8 be solved in the form of Eq. (4)? Note that 


2 f®sin(a 
=| sin( Pa={h Oe x 
0 d 


IU —-1l, x<0. 
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Figure 10 Graph of the error function erf(z) for —3 < z <3. 


2.12 The Error Function 


In Section 11 we made transformations of a Fourier integral to obtain the so- 
lution of the heat problem 


du lau gue a) 
= oO <x <00 < 
ax? kat’ aoe ’ 
u(x,0)=f(x), —-c<x<o, (2) 
in the form of a single integral, 
1 ie /)2. 
u(x, t) = if (x! )e YAR a! (3) 
/ Ar kt La 


Even for the simplest functions f, this integration cannot be carried out in 
closed form, mainly because the indefinite integral e- dx is not an elemen- 
tary function. We can improve our understanding of the solution Eq. (3) if we 
introduce the error function, defined as 


erf(z) = = ia ey dy. (4) 


A graph of erf(z) is shown in Fig. 10. Convenient tables, together with approx- 
imations to the error function, will be found in Handbook of Mathematical 
Functions, by Abramowitz and Stegun. 

Several important properties of the error function follow immediately from 
the definition. First, it is clear that erf(0) = 0, and it is easy to show that erf is 
an odd function (Exercise 1). Second, by the fundamental theorem of calculus, 
the derivative of the error function is 


d 2 _2 
ye ee ; (5) 
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And finally, the error function supplies the integral 


b 
i ey” dy = YF (eb — erf(a)). (6) 


The reason for the choice of the constant in front of the integral in Eq. (4) is 
to make 


lim erf(z) = 1. (7) 


To see that this is true, define 


oy 2 
a= | e” dy. 
0 


We are going to show that A = ,/z/2. First write A? as the product of two 


integrals, 
si 2 od 2 
A =f e” ay | e~ dx. 
0 0 


Remember that the name of the variable of integration in a definite integral 
is immaterial. This expression for A” can be interpreted as an iterated double 
integral over the first quadrant of the x,y-plane, equivalent to 


Co lo) % - 
A’ = i e" Y) dx dy, 
o Jo 


Now change to polar coordinates. The first quadrant is described by the in- 
equalities 0 < r < 00, 0 < 6 < 2/2, and the element of area in polar coordi- 
nates is rdrd@. Thus, we have 


m/2 poo 3 
A = i, e' rdrdé. (8) 
0 0 


This integral, which can be evaluated by elementary means (see Exercise 2), 
has value 7/4. Hence A = ./z /2 and Eq. (7) is validated. 
Many workers also use the complementary error function, erfc(z), defined as 


erfc(z) = rel ey dy. (9) 


By using Eq. (7) we obtain the identity 
erfc(z) = 1 — erf(z). (10) 


Some properties of the complementary error function are found in Exercise 3. 
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We are interested in the error function because of its role in solving the heat 
equation. First we shall show that the solution of the problem 


au = 1 au em ai) 
———— —00 <x <0O < 

dx kar’ Poon 

u(x, 0) =sgn(x), —oO <x<0o (12) 


is u(x, t) = erf(x/ /4kt). (Recall that sgn(x) has the value —1 if x is negative or 
+1 if x is positive.) The easy way to prove this statement is to verify it directly. 
(See Exercises 4 and 5.) Here, we shall arrive at the same conclusion, starting 
from Eq. (3), 


1 oe 2 
u(x, t) = ot sgn(x’)e~ &—-*)/4KE dy! (13) 


First, change the variable of integration to y = (x’ — x)//4kt. Then dy = 
dx’ //4kt, and 


u(x, t)= = / sgn (x + yv Akt)e” dy. (14) 


Now the function e~” is even, and the sgn function changes from —1 to +1 at 
y = —x//4kt. Thus, the integrand of Eq. (14) is as shown in Fig. 11. The tail 
to the left of —x/+/4kt has the same area as the tail to the right of x/4kt but 
opposite sign. These two areas cancel, leaving 


x/V4kt F 
u(x, t) = —= e” dy. 


Jt —x//4kt 


Finally, use the symmetry of the integrand to halve the interval of integra- 
tion and double the result: 


2 x/V4kt P 
u(x, t) = Sk / e* dy= erf(x/V Akt). 
0 


This is the result we wanted to arrive at. Figure 12 shows graphs of u(x, t) = 
erf(x/+/4kt) as a function of x for several values of kt. 

Because erf(0) = 0, the function u(x, t) = erf(x/ /4kt) must also be the so- 
lution of the problem 


aru lou 
dx2 kat’ 
u(0,t)=0, O0K<t, 


O<x, O<t, 


u(x, 0) = 1, 0<x. 
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(b) 


Figure 11 (a) Graph of exp(—y’) and (b) graph of sgn(x + yv4kt) exp(—y’). 
The tails beyond +x// 4kt have the same areas, with opposite signs. 


2 


14 


Figure 12 Graphs of the solution of the problem in Eqs. (11) and (12), 
u(x, t) = erf(x/V 4kt), for x in the range —2 to 2 and for kt = 0.01, 0.1, 1, and 10. 
As kt increases, the graph of u(x, t) collapses toward the x-axis. 


A simple modification leads to the conclusion that the complementary error 
function, u(x, t) = erfc(x/v 4kt) is the solution of this problem with zero ini- 
tial condition and constant boundary condition, 


du lou 
dx2 kat’ 
u(0,t)=1, OK<t, 


O<x, OK<t, 


u(x, 0) = 0, 0<x. 
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EXERCISES 


1. Show that erf(—z) = — erf(z), that is, that erf is an odd function. 
2. Carry out the integration indicated in Eq. (8). 


3. Verify these properties of the complementary error function: 


d 2 2, 
— erfc(z) = —e* —=; 


dz cae” 


b. erfc(0) = 1; 


P 


ce. lim erfc(z) = 0; 
d. lim erfc(z) = 2; 


e. erfc(z) is neither even nor odd. 


4. Verify by differentiating that u(x, t) = erf(x// 4kt) satisfies the heat equa- 
tion (1). 


5. Verify that u(x, t) = erf(x/~4kt) satisfies the initial condition 


0<x, 


1, 
uos)= {7 x<0 


6. In probability and statistics, the normal, or Gaussian, probability density 
function is defined as 


1 
f{QO= ae" _~w<z<00, 


V20 


and the cumulative distribution function is 
®(x) = / f(@ dz. 


Show that the cumulative distribution function and the error function are 


related by ®(x) = [1 + erf(x//2)]/2. 


7. Express this integral in terms of the error function: 


e* 
I(x) = | —dx. 
m / Vx 
8. Use error functions to solve the problem 


Ou 1du 


—=-—, 0 , OK<t, 
dx? ok Ot = = 
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u(0,t)=U,, OK<t, 
u(x,0)=U;, O<x. 
(Hint: What conditions does u(x, t) — U, satisfy?) 


9. Assuming that U, < 0 and U; > 0, the problem in Exercise 8 might be 
interpreted as representing the temperature in a freezing lake. (Think of 
x as measuring depth from the surface.) Define x(t) as the depth of the 
ice—water interface; then u(x(f), t) = 0. Now find x(t) explicitly. 


10. Use error functions to solve the problem 


au = 1 au ee 
= , oO<x<o, <t, 

x2 k dt i 

u(x,0)=f(x), —-oo<x<ow, 


where f (x) = Up for x < 0 and f(x) = Uj for x > 0. 


2.13 Comments and References 


In about 1810, Fourier made an intensive study of heat conduction problems, 
in which he used the product method of solution and developed the idea of 
Fourier series. Sturm and Liouville made their clear and simple generalization 
of Fourier series in the 1830s. Among modern works, Conduction of Heat in 
Solids, by Carslaw and Jaeger, is the standard reference. The Mathematics of 
Diffusion, by Crank, and The Heat Equation, by D.V. Widder, are also useful 
references. (See the Bibliography. ) 

Although we have motivated our study in terms of heat conduction and, 
to a lesser extent, by diffusion, many other physical phenomena of interest in 
engineering are described by the heat/diffusion equation: for example, voltage 
and current in an inductance-free cable and vorticity transport in fluid flow. 
The heat/diffusion equation and allied equations are being employed in biol- 
ogy to model cell physiology, chemical reactions, nerve impulses, the spread of 
populations, and many other phenomena. Two good references are Differen- 
tial Equations and Mathematical Biology, by D.S. Jones and B.D. Sleeman, and 
Mathematical Biology, by J.D. Murray. 

The diffusion equation also turns up in some classical problems of probabil- 
ity theory, especially the description of Brownian motion. Suppose a particle 
moves exactly one step of length Ax in each time interval At. The step may 
be either to the left or to the right, each equally likely. Let uj(m) denote the 
probability that, at time m At, the particle is at point iAx (m= 0, 1,2,..., 
i= 0,+1,+2,...). In order to arrive at point iAx at time (m+ 1)At, the 
particle must have been at one of the adjacent points (i + 1) Ax at the preced- 
ing time m At and must have moved toward i Ax. From this, we see that the 
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m —3 —2 -l 0 1 2 3 

0 0 0 0 1 0 0 

1 0 0 0.5 0 0.5 0 0 

2 0 0.25 0 0.5 0 0.25 0 

3 0.125 0 0.375 0 0.375 0 0.125 


Table 3 Random-walk probabilities 


probabilities are related by the equation 


1 1 
u(m+1)= seam) + x: 


The w’s are completely determined once an initial probability distribution is 
given. For instance, if the particle is initially at point zero (up (0) = 1, u;(0) = 0, 
for i 0), the u;(m) are formed by successive applications of the difference 
equation, as shown in Table 3. 

The equation may be transformed into a close relative of the heat equation. 
First, subtract u;(m) from both sides: 


1 
uj(m + 1) — uj(m) = 5 (wins (m) — 2uj(m) + ui-\(m)). 


Next divide by Ax*/2 on the right and by At: (Ax*/2 At) on the left to obtain 
u(m+1)—uj(m) 2At _ Uj4i(m) — 2uj(m) + uj-1(m) 


At (Ax)? (Ax)? 


If both the time interval At and the step length Ax are small, we may think 
of u;(m) as being the value of a continuous function u(x, t) atx =iAx, t= 
m At. In the limit, the difference quotient on the left approaches du/dt. The 
right-hand side, being a difference of differences, approaches 07u/dx*. The 
heat equation thus results if, in the simultaneous limit as Ax and At tend 
to zero, the quantity 2 At/(Ax)? approaches a finite, nonzero limit. In this 
context, the heat equation is called the Fokker—Planck equation. More details 
and references may be found in Feller, Introduction to Probability Theory and 
Its Applications. 

We have used the term linear partial differential equation several times. The 
most general such equation, of second order in two independent variables, can 
be put in the form 

0°u 0°u 0°u du Ou 


A—_ +8 C= Ep ek ere =o, 
jm aude eR ae oe 


where A, B,..., G are known — perhaps functions of x and tf but not of u or 
its derivatives. If G is identically zero, the equation is homogeneous. Of course, 
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the ordinary heat equation has this form if we take A = 1, E= —1/k and all 
other coefficients equal to zero. 

Some astute students will have wondered why we should seek solutions in 
product form. The simplest answer is that in many cases it works. A more 
subtle rationale is that of seeking solutions that are geometrically similar func- 
tions of x at different times. The idea of similarity — related to dimensional 
analysis — has been most fruitful in the mechanics of fluids. 


Chapter Review 


See the CD for Review Questions. 


Miscellaneous Exercises 


Also see Review Questions on the CD. 

In Exercises 1-16, find the steady-state solution, the associated eigenvalue 
problem, and the complete solution for each problem. 
au 1du 
ax? k at’ 
u(0,t)=To, ul(a,th=To, O0<t, 


1. O<x<a, O<t, 


u(x,0)=T;, O<x<a. 
07 u _ 1du 
” x2 ~ kat’ 
u(0,t)=To, u(a,th=To, OK<t, 


0<x<a, OK<t, 


u(x,0)=T;, O<x<a. 
07 u lou 
ae koe 
u(0,t)=To, ula,th=Ty, OK<t, 


0O<x<a, O<t, 


u(x,0)=T;, O<x<a_ (risconstant). 

au = 1 au 

—=-—, 0<x<a, O0<t, 

dx? =k Ot 
0 

WOD=T-- —GHS0; 024 
Ox 


T\x 
u(x,0)=—, O<x<a. 
a 


a-u 


10. 


11. 


12. 


Ou Ou 
—(0,t)=0, —(a,t)=0, OK<t, 
Ox Ox 
p 
ibys O0<x<a. 
a 
a-u =1du 
—=-—, 0<x<a 0<t, 
0x2 —s kk Ot 
u(0,t)=0, u(a,th=Tp, OK<t, 
u(x,0)=0, O<x<a. 
au 1du 
~—=-—, O0K<x<a 0<t, 
Ox? =k Ot 
u(0, t) = To> u(a, t) = To, 
u(x,0)=T), O<x<a. 
au = 1 au 
—=-—, 0<x<a 0<t, 
Ox? =k Ot 
ou AT Ou AT 
— (0, t) = —, — (a, t) = —, 
Ox a Ox a 
u(x,0)=T), O<x<a. 
au = 1 au 
—-~=-—, 0<x<a, O0<t, 
0x2 —s kk Ot 
a 
u(0,t)=To, —(a,t)=0, 0<t, 
Ox 
u(x,0)=T;, O<x<a. 
au = 1 au 
—~=-—, 0<x<a, 0<t, 
Ox? =k Ot 
a r) 
“0,)=0, “(@p)=0, 0<t, 
Ox Ox 
a 
Tp, O<x<-, 
u(x, 0) = 3 2 
1> -~-<xX< a4. 
2 
au = 1 au 
—~=-—, 0<x<mw, 0<t, 
0x2 kk Ot 
u(0,t)=To, OK<t, 


u(x, 0) = To(1—e-*),  O<x. 


Cote. 1 du 
dx2 k at’ 


0<x<mw, OK<t, 
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0<t, 


207 
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u(0, t) — To; 0< t, 


0, 0<x<a, 
uO) = | To, aA<xX. 
pe Oe. 6 O<t 
_—=-,~ <x<O, <t, 
axe kat re 
Ou 
Fe ae 0<t, 
ws o= | 0<x<a, 
0, a<x. 
is au = 1 au ee 
. = ; o<x< OO, <t, 
ax2 k at % 
u(x, 0) = exp(—a|x|), —OO<x< OH. 
‘ au = au feed 
; = ; o<x< OH, <t, 
Ox? kot 
0, —0o <x <0, 
Hs0=|To 0<x <a, 
0, a<x<om. 
2 au = 1 au ‘ ee 
2 <x<4, <t, 
ox? = kk ot 


ou 
=~ (0, t) — 0, u(a, t) = To, 0< t, 
Ox 


u(x,0)=Tp+S(a—x), O<x<a. 


17. Give a physical interpretation for this problem and thus explain why 
u(x, t) should increase steadily as t increases. (Assume that S is a pos- 
itive constant.) 


au 1du 
—-~=-—, O0<x<a, O0<t, 

0x2 sk Ot 

0 7) 

“0,)=0, “@p=S, 0<t, 
Ox Ox 


u(x,0)=0, O<x<a. 
18. Show that v(x, t) = (S/2a)(x? + 2kt) satisfies the heat equation and the 


boundary conditions of the problem in Exercise 17. Also find w(x, f), 
defined by u(x, t) = v(x, t) + w(x, f). 


19. Show that the four functions 


Uw=1l, w=x, wb=xe+2kt, uz =x + 6kxt 


20. 


21. 


22. 


23. 
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are solutions of the heat equation. (These are sometimes called heat 
polynomials.) Find a linear combination of them that satisfies the 
boundary conditions u(0, ft) = 0, u(a, t) = t. 


Suppose that u(x, ft) is a positive function that satisfies 


a7 u _ ou 
ax2 at 
Show that the function 
20u 
w(x, t) = --— 
u Ox 


satisfies the nonlinear partial differential equation called Burgers’ equa- 
tion: 

dw dw dw 

—+u—=—. 

ot ax ax? 


Find a solution of the Burgers’ equation that satisfies the conditions 


w(0,t)=0, w,t)=0, 0<t, 


w(x,0)=1, O<x<l1. 


Taking the function u(x, t) given here as a solution of the heat equation 
(with k = 1), find a solution w of Burgers’ equation. Verify that w satis- 
fies Burgers’ equation. 


1 —x? 
u(x, t) = ar aes inte . 


Consider a solid metal bar surrounded by a finite quantity of water con- 
fined in a water jacket. If the bar and the water are at different tempera- 
tures, they will exchange heat. Let u; and uy be the temperatures in the 
bar and in the water, respectively. Heat balances for the water and the bar 
give these two equations: 


du 


a; — h(uy = U1), 
du 
as => h(wy, — U2). 


Here, c, and c) are the heat capacities of the bar and the water, respec- 
tively, and h is the product of the convection coefficient with the area 
of the bar—water interface. Find temperatures u, and u2 assuming initial 
conditions 14,(0) = Tp, u2(0) = 0. 
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24. 


25. 


26. 


27. 


28. 


29. 
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Solve the eigenvalue problem by setting ¢(0) = ¥(p)/p: 


=(0'0') +i’6=0, 0<p<a, 
o(0) bounded, ¢(a)=0. 


Is this a regular Sturm—Liouville problem? Are the eigenfunctions or- 
thogonal? 


Solve this problem for heat conduction in a sphere. (Hint: Let u(p, t) = 
v(p, t)/p.) 


1 a , Ou lou 0 ee 
= : <p <a, <t, 
p? 0p eye) k ot G 


u(0,t) bounded, u(a,t)=0, O0<t, 
u(o,0)=Ty, O<p<a. 


State and solve the eigenvalue problem associated with 


_, 0 Ou lou 
e*—|(e—)=-—, O0<x<a, 0<t, 
Ox Ox k ot 


3 
u0,4=0; —“(a4) <0: 
Ox 


Find the steady-state solution of the problem 


De Brent. So O<t 
ahs x)-u)=-—, 0<x<a, 0<t, 
ae | k at 


du 
u(0, t) = To, = (a, t) = 0, 0< t, 
ax 


where T(x) = To + Sx. 

Determine whether or not A = 0 is an eigenvalue of the problem 
bo +ixp=0, O0<x<a, 
¢'(0)=0, (a) =0. 


Same question as Exercise 28, but with boundary conditions 


¢'(0)=0, $'(a)=0. 
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30. Prove the following identity: 


: [ex] Sa | ae = 5] ee) erf( —) | 
Jaki Jy Lake | 2a Jak) | 


31. In Exercise 6 of Section 10, it was shown that the function 


w(x, t; @) =e P* sin(wt — px), 
where p = ,/w/2k, satisfies the heat equation and also the boundary con- 
dition 
w(0, t; w) = sin(@t). 


Show how to choose the coefficient B(w) so that the function 
u(x, t) = / B(@)e* sin(wt — px) dw 
0 


satisfies the boundary condition 
u(0,th=fi), OK<t 
for a suitable function t. 

32. Use the idea of Exercise 31 to find a solution of 
au _ 1du 
ax? k at’ 
u(0,t)=h(t), O<t, 


where 


1l, O<t<T, 
mo= {4 T <t. 


33. S.E. Serrano and T.E. Unny develop probabilistic mathematical models 
for groundwater flow under uncertain conditions [Predicting groundwa- 
ter flow in a phreatic aquifer, Journal of Hydrology, 95 (1987): 241-268], 
and compare the results to measurements. One of the models uses this 
nonlinear Boussinesq equation, 


Oh Sil Vag dig. Geer. Oey 
ot ox Ox 


together with the conditions 


yO,H)=ynt), yLt=y(t), 0<t, 
y(x,0)=yo(x), O<x<L. 
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34. 
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In these equations, y(x, t) is the water table elevation above sea level, 
h(x, t) is water table elevation above bedrock, K is hydraulic conductiv- 
ity (in meters per day, m/da), S is the aquifer specific yield, I is a function 
representing input by percolation from the aquifer, and $(x, ft) is a ran- 
dom function that accounts for uncertainty in input. 

The partial differential equation is nonlinear because h and y represent 
the same thing relative to two different references. We assume that the 
bedrock elevation has constant slope a, so y = h+ ax. Then the equation 
can be written in terms of h alone as 


ah a 
S Kh Kh) =I +6. 
Ot =( =) aa ee 


Next, this equation is linearized. Assume that K is constant and that h 
can be broken downash=h+h’, where h is a constant mean value of h, 
h’ is a fluctuation much smaller than h. (In this case, h is about 150 m 
and h’ is less than 1 m.) Then the product Kh is approximately equal to 
Kh=T (transmissivity) and, as a coefficient in the second term, can be 
treated as a constant. The equation is now linear in h’ (we drop the prime 
for convenience): 
2 
ge ro i jG tod, O<x<L, O<t. 
ot Ox? Ox 

a. Treating I as a constant, find a steady-state solution v(x) for the sta- 

tistical mean value of h, which is obtained by replacing $(x, t) with 0. 

The boundary and initial conditions are 


h(0,t)=h, h(L,t=m, O<t, 
h(x,0) =ho(x), O<x<L. 


b. State the problem (partial differential equation, boundary conditions, 
and initial condition) to be satisfied by the mean transient, w(x, t) = 
h(x, t) — v(x). (Again, the statistical mean corresponds to ¢ = 0.) 


c. Solve the problem in b. 


d. Values for the parameters are: a = 0.0292 m/m, K = 17.28 m/da, T = 
218.4 m?/da, S = 0.15, L= 116.25 m. Find the eigenvalues. 


A flat enzyme electrode can be visualized by imagining it seen from the 
side. The electrode itself lies to the left of x = 0 (its thickness is unimpor- 
tant); a gel-containing enzyme lies in a layer between x = 0 and x = L; 
and the test solution lies to the right of x = L. When the substance to be 
detected is introduced into the solution, it diffuses into the gel and re- 
acts with the enzyme, yielding a product. The electrode responds to the 
product with a measurable electric potential. 


35. 
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P.W. Carr [Fourier analysis of the transient response of potentiomet- 
ric enzyme electrodes, Analytical Chemistry, 49 (1977): 799-802] stud- 
ied the transient response of such an electrode via two partial differential 
equations that describe the concentrations, S and P, of the substance be- 
ing detected and the enzyme-reaction product as they diffuse and react 
in the gel: 


as 07S VS 
=D , O<x<L, O<t, (1*) 
ot ox? K+S 


aP a°P OVS 
=D , O<x<L, OK<t. (2x) 
ot ax* K+S 


In these equations, V is the specific enzyme activity (mol/mls), K is a 
constant related to reaction rate, and D is the diffusion constant (cm?/s), 
assumed to be the same for both substance and product. 

Reasonable boundary conditions are 


as oP 
—(0,t)=0, —(0,H=0, 0K<t, (3x) 
Ox Ox 


representing no reaction or penetration at the electrode surface, and 
S(L,t)=So, P(L,t)=0, 0<t, (4) 
where the gel meets the test solution. Initially, we assume 
S(x,0)=0, P(x,0)=0, O<x<L. (5*) 


Equation (1) is nonlinear because the unknown function S appears in 
the denominator of the last term. However, if S is much smaller than K, 
we may replace K + S by K, and Eq. (1*) becomes 


as vs Vv 

— =D———S, 0<x<lL, O0<t. (6*) 

ot 0x2 KK 

a. State and solve the steady-state problem for this equation, subject to 
the boundary conditions on S in Egs. (3*) and (4). 


b. Find the transient solution and then the complete solution S(x, t). 


Refer to Exercise 34. Equation (2*), though linear, is not easy to solve. 
However, if Eqs. (1*) and (2) are added together, the nonlinear terms 
cancel, leaving this homogeneous linear equation for the sum of the con- 
centrations: 


a(S+ P) _ pi StP) 


i a O<x<L, OK<t. 
x 
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36. 


37. 
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Defining u = S + P, find the boundary and initial conditions for u, and 
solve completely. Then find P(x, t) as u(x, t) — S(x, t). 


Refer to Exercises 34 and 35. In order to determine the response time 
of the enzyme electrode, one wants to know the function P(0, t). Ap- 
proximate this, using in your solution only steady-state terms and the 
first term of each infinite series. Sketch. Find the “time constants,” the 
multipliers of t in the exponential functions. 


Consider a steel plate that is much larger in length and width (x- and z- 
directions) than in thickness (y-direction), and suppose the plate is free 
to expand or contract under the effects of heating. Assume that the tem- 
perature T in the plate is a function of y and ¢ only. Timoshenko and 
Goodier (Theory of Elasticity, pp. 399-403) derive the following expres- 
sion for the stresses due to thermal effects: 


aTE 1 ve 
Oy = 0, = aTE dy 
l1—v 2cA—v) J_, 
3y +c 
— TEy dy. 
"Sew aoe 


The parameters, and their values for steel are as follows: a is the co- 
efficient of expansion, 6.5 x 10~° per degree F; E is Young’s modulus, 
28 x 10° Ib/in.’; v is Poisson’s ratio, 0.7; and 2c is the thickness of the 
plate. Note that the origin is located so that the plate lies between y = c 
and y = —c. 


a. Show that if T(y) = To + Sy, where Tp and S are constants, then the 
thermal stress is 0. (This is a typical steady-state temperature distri- 
bution.) 


b. Suppose that the plate is initially at temperature 500°F throughout 
and that the temperature on the face y = c is suddenly changed to 
200° while the temperature at y = —c remains at 500°. Find T(y, f). 


c. Assume the initial and boundary conditions given in b. Use your un- 
derstanding of the function T(y, t) to explain why the thermal stress 
near the face y = c is large just after time 0. 
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3.1 The Vibrating String 


A simple and historically important example of a problem that includes the 
wave equation is provided by the study of the vibration of a string, like a violin 
or guitar string. We set up a coordinate system as shown in Fig. 1. The un- 
known is the transverse displacement, u(x, f), measured up from the x-axis. 
The situation is similar to that of the hanging cable discussed in Chapter 0, 
but here the string is taut, and of course motion is allowed. In order to find the 
equation of motion of the string, we consider a short piece whose ends are at 
x and x + Ax and apply Newton’s second law of motion to it. 

First, we must analyze the nature of the forces on the string. We assume 
that the only external force is the attraction of gravity, acting perpendicular 
to the x-direction. Internal forces are exerted on the segment by the rest of the 
string. We will assume that the string is perfectly flexible and offers no resistance 
to bending. Then the only force that can be transmitted by the string is a pull 
or tension, which acts in a direction tangential to the centerline of the string. 
Its magnitude we denote by T(x, t). 

The forces on the small segment of string are shown in Fig. 2. We shall fur- 
ther assume that each point on the string moves only in the vertical direction. 
Thus, the horizontal component of acceleration is zero. Application of New- 
ton’s second law for the horizontal direction to the segment leads to the equa- 
tion 


—T(x, t) cos(p(x, t)) + T(x + Ax, t) cos(p(x + Ax, t)) =0, 
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u(x,t) 


Figure 1 String fixed at the ends. 


T(x + Ax) 


Figure 2 Section of string showing forces exerted on it. The angles are 
a= (x, t) and B= $(x+ Ax, t). 


or 
T(x, t) cos(? (x, t)) = T(x+ Ax, f) cos(¢ (x + Ax, t)). (1) 


This says that the horizontal component of tension in the string is the same at 
every point: 


T(x, t) cos(b(x, t)) = T(x + Ax, t) cos(p (x + Ax, t)) =T, 


independent of x. If the string is taut, T can vary only slightly with t, so we will 
assume that T is constant. 

In the absence of external forces other than gravity, Newton’s second law for 
the vertical direction yields 


—T(x, t) sin(d (x, t)) +T(x+ Ax, f) sin(¢ (x + Ax, t)) — mg =m— 


(Because u(x, tf) measures displacement in the vertical direction, its second 
partial derivative with respect to t is the vertical acceleration.) The mass of the 
short piece of string we are examining is proportional to its length, m= p Ax, 
where p is the linear density, measured in units of mass per unit length. 

Now we use Eq. (1) to solve for the tensions at the ends of the segment of 
string as 


T T 


T(x, t= SROCEDY. T(ix+ Ax, t) = cos(b(x-+ Ax, t)) 
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When these expressions are substituted into Eq. (2), we have 


a-u 


—T tan((x, t)) + Ttan($ (x + Ax, t)) —p Axg=p Axx. (3) 


Recall from elementary calculus that tan(@ (x, f)) is the slope of the string at 
(x, f) and hence may be expressed in terms of the (partial) derivative with 
respect to x: 


a) 0 
tan((x, t)) = 5 t), tan(o(x+ Ax, 1) = 5+ Ax, t). 
Substituting these into Eq. (3), we have 


eae es gates 
— — —(x, t) ) = pAx| — ; 
oe ae amas Crome 


On dividing through by Ax, we see a difference quotient on the left: 


T (ou du 07 u 
LA it it — — : 
x (He aa )) (= +s) 


In the limit as Ax — 0, the difference quotient becomes a partial derivative 
with respect to x, leaving Newton’s second law in the form 


07u 07 u 
pe eee 4 
a2 Pap + PS (4) 
or 


du lau 1 

ae cop ae 
where c? = T/p. If c? is very large (usually on the order of 10° m/s”), we 
neglect the last term, giving the equation of the vibrating string 


(5) 


au 1 07a 

Qe Gan” 0<x <a, 0<t. (6) 
This equation is called the wave equation in one dimension. Two- and three- 
dimensional versions will be treated in Chapter 5. 

In describing the motion of an object, one must specify not only the equa- 
tion of motion, but also both the initial position and velocity of the object. 
The initial conditions for the string, then, must state the initial displacement 
of every particle — that is, u(x, 0) —and the initial velocity of every particle, 
du/dt(x, 0). 

For the vibrating string as we have described it, the boundary conditions are 
zero displacement at the ends, so the boundary value—initial value problem for 
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the string is 


au 1 AP 

ae Ok: 0<x<a, 0<t, (7) 
u(0, t) =0, u(a,t)=0, OK<t, (8) 
u(x, 0) =f(x), 0<x <a, (9) 
0 

5 (0) =g(0), 0<x <a, (10) 


under the assumptions noted plus the assumption that gravity is negligible. 


EXERCISES 


1. Find the dimensions of each of the following quantities, using the facts that 
force is equivalent to mL /t’, and that the dimension of tension is F (force): 
u, 0?u/dx*, 0?u/dt?, c, g/c’. Check the dimension of each term in Eq. (5). 


2. Suppose a distributed vertical force F(x, t) (positive upwards) acts on the 
string. Derive the equation of motion: 
au 61 O7u 

ax2 2 Ar? 


1 
F(x, t). 
pi) 


The dimension of a distributed force is F/L. (If the weight of the string is 
considered as a distributed force and is the only one, then we would have 
F(x, t) = —pg. Check dimensions and signs.) 


3. Find a solution v(x) of Eq. (5) with boundary conditions Eq. (8) that is 
independent of time. (This corresponds to a “steady-state solution,” but 
the term steady-state is no longer appropriate. Equilibrium solution is more 
accurate.) 


4. Suppose that the string is located in a medium that resists its movement, 
such as air. The resistance is expressed as a force opposite in direction and 
proportional in magnitude to velocity. Thus it affects only Eq. (2). Proceed 
to derive the equation that replaces Eq. (7) for this case. 


3.2 Solution of the Vibrating String Problem 


The initial value—boundary value problem that describes the displacement of 
the vibrating string, 
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eee O<x<a O0<t (1) 
x2? Ot?” : : 

u(0, t) =0, u(a,t)=0, O0<t, (2) 
u(x, 0) =f(x), 0<x <a, (3) 
Ou 

apt 0)=g(x), O<x<a, (4) 


contains a linear, homogeneous partial differential equation and linear, homo- 
geneous boundary conditions. Thus we may apply the method of separation of 
variables with hope of success. If we assume that! u(x, t) = 6(x)T(t), Eq. (1) 
becomes 


1 
b'(x)T(t) = ao) Gy. 
Dividing through by $T, we obtain 
p(x) T(t) 
d(x) T(t)’ 


For the equality to hold, both members of this equation must be constant. 
We write the constant as —A? and separate the preceding equation into two 
ordinary differential equations linked by the common parameter 47: 


T’+VC°T=0, 0K<t, (5) 
bo +io=0, O<x<a. (6) 


The boundary conditions become 
o(0)T(t)=0, (a)T(t)=0, O<t 
and, since T(t) = 0 gives a trivial solution for u(x, t), we must have 
~(0)=0, p(a)=0. (7) 


The eigenvalue problem Eqs. (6) and (7) is exactly the same as the one we 
have seen and solved before. (See Chapter 2, Section 3.) We know that the 
eigenvalues and eigenfunctions are 


nit 


2 
n= (=). on(x) =sin(A,x), n=1,2,3,.... 
a 


Equation (5) is also of a familiar type, and its solution is known to be 


T,,(t) = a, cos(A,, ct) + b, sin(a, ct), 


'T no longer symbolizes tension. 


220 Chapter3 The Wave Equation 


where a, and b,, are arbitrary. (In other words, there are two independent solu- 
tions.) Note, however, that there is a substantial difference between the T that 
arises here and the T that we found in the heat conduction problem. The most 
important difference is the behavior as f tends to infinity. In the heat conduc- 
tion problem, T(t) tends to 0, whereas here T(t) has no limit but oscillates 
periodically in agreement with our intuition. 

For each n = 1, 2,3,..., we now have product solutions 


Un(x, t) = sin(A,x) [a, cos(A,ct) + by, sin(Anct) |. (8) 


Such solutions are called standing waves. For a particular a, and by, u,(x, t) 
maintains the same shape with a variable, periodic amplitude. For any choice 
of a, and b,, u,(x, ft) is a solution of the homogeneous partial differential 
equation (1) and also satisfies the boundary conditions Eq. (2). Some standing 
waves are shown animated on the CD. 

By the Principle of Superposition, linear combinations of the u,,(x, t) also 
satisfy both Eqs. (1) and (2). In making our linear combinations, we need no 
new constants because the a, and b, are arbitrary. We have, then, 


[o.e) 


u(x, ft) = a sin(A,x) [an cos(A,,ct) + b, sin(A,ct) |. (9) 


n=1 


The initial conditions, which remain to be satisfied, have the form 


(oe) 


u(x, 0) = Yoaysin( =") = f(x), 0<x<a, 
n=1 a 
a CO 
5 0)= 2 by esin( “*) =g(x), O<x<a. 


(Here we have assumed that 


a CO 
5, t= os sin(Anx)|—anAnc sin(AnCct) + byAnc cos(A,nct) |. 


n=1 


In other words, we assume that the series for u may be differentiated term by 
term.) Both initial conditions take the form of Fourier series problems: A given 
function is to be expanded in a series of sines. In each case, then, the constant 
multiplying sin(nzx/a) must be the Fourier sine coefficient for the given func- 
tion. Thus we determine that 


An = = [F09 sin(“™*) dx, (10) 
a Jo a 
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2 a 
pee — =f g(x) sin( “=*) dx 
a a Jo a 


b,= ae g(x) sin( “"*) dx. (11) 


nIvC Jo 


and 


or 


If the functions f(x) and g(x) are sectionally smooth on the interval 0 < x < 
a, then we know that the initial conditions really are satisfied, except possibly 
at points of discontinuity of f or g. By the nature of the problem, however, one 
would expect that f, at least, would be continuous and would satisfy f(0) = 
f(a) = 0. Thus we expect the series for f to converge uniformly. 


Example. 
If the string is lifted in the middle and then released, appropriate initial condi- 


tions are 


h-—, (2K e") 
2 


a 
u(x, 0) =f (x) = ( =) a 
h{2-—], =<x<a, 
2 
Ou 
—(x,0)=g(x)=0, 0<x<a. 
ot 
Then b,, = 0 forn=1, 2, 3,..., and 


2 foe. 2 @ 2 
olf h- = in(“*) dx 4 i n(2- =) sin( =) ax| 
aLJo a a a/2 a a 


= 8h sin(nz /2) 


2 n2 


Therefore the complete solution is 


u(x, t) = * ys sawn”) sin( “*) cos( “=, (12) 


n=1 


The CD shows an animated version of this solution. 


Although the solution in the example can be considered valid, it is difficult 
to see, in the present form, what shape the string will take at various times. 
However, because of the simplicity of the sines and cosines, it is possible to 
rewrite the solution in such a way that u(x, f) may be determined without 
summing a series. 
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By applying the trigonometric identity 


sin(A) cos(B) = s[sincs B) + sin(A + B)] 


we can express u(x, t) as 


1] 8h sin(n/2) . (n(x —ct) 
u(x, t) = 5| x S 2 sin( 5 ) 
n=1 


8h <a sin(na/2) . (na(x+ct) 
t = i) sin( . )} 


n=1 


We know that the series 


8h — sin(nm/2) . (nx 
Se sin =") 


actually converges to the odd periodic extension, with period 2a, of the func- 
tion f (x). Let us designate this extension by f,(x) and note that it is defined for 
all values of its argument. Using this observation, we can express u(x, t) more 
simply as 


[ees = 
WC b= 5 Lox ct) + fo(x + ct). (13) 


In this form, the solution u(x, t) can easily be sketched for various values 
of t. The graph of f,(x + ct) has the same shape as that of f,(x) but is shifted ct 
units to the left. Similarly, the graph of f,(x — ct) is the graph of f,(x) shifted 
ct units to the right. When the graphs of f.(x + ct) and f,(x — ct) are drawn on 
the same axes, they may be averaged graphically to get the graph of u(x, t). 

In Fig. 3 are graphs of fo(x + ct), fo(x — ct), and 


oe - 
u(x, t) = 5 Lox + ct) + fo(x — ct)] 


for the particular example discussed here and for various values of t. The dis- 
placement u(x, t) is periodic in time, with period 2a/c. During the second 
half-period (not shown), the string returns to its initial position through the 
positions shown. The horizontal portions of the string have a nonzero veloc- 
ity. Equation (12) can also be used to find u(x, t) for any given x and ft. For 
instance, if we take x = 0.2a and t = 0.9a/c, we find that 


u( 0.20, 09) = sli 0.7a) + f,(1.1a)| 


= 5[(-0.6n) + (-0.2h)] 
= —0.4h. 
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nS b u(x,t) 
ieee es 
a a 
hu(x,t) 


f(x ct) 1 _ o.5alc 


Figure 3. On the left are the graphs of folx + ct) (solid) and folx — ct) (dashed) 
for the given value of ct. On the right is the graph of u(x, t) for 0 < x < a, made 
by averaging the graphs on the left. 


The function values can be read directly from a graph of f(x). The manipula- 
tions with the series solution in the example can be done for any f(x). There- 
fore the formula of Eq. (13) is a solution of Eqs. (1)—(4) for any f(x), provided 
that g(x) = 0. We will generalize in later sections. 


Frequencies of Vibration 


The product solutions in Eq. (8) provide important information about pos- 
sible frequencies of vibration. The multipliers 4,,c in the sines and cosines of 


224 Chapter3 The Wave Equation 


t are frequencies, in radians per unit time; A,c/2m are frequencies in cycles 
per unit time (or Hertz, if the time unit is seconds). For the vibrating string 
problem, the possible frequencies of vibration are 


(nz /a)c IEC 
— = 1. 
20 2a 


The fact that these form an arithmetic sequence guarantees a common period 
for all the u,(x, t) in Eq. (8), and thus u(x, t) in Eg. (9) is a function that is 
periodic in time. 


EXERCISES 
1. Verify that the product solution 
Un(x, t) = sin(A,x) [a, cos(A,,ct) + by sin(Anct) | 


satisfies the wave equation (1) and the boundary conditions, Eq. (2). 


2. Sketch u(x, t) and u(x, t) as functions of x for several values of t. Assume 
a, and ay = 1, b, and b, = 0. (The solutions u,(x, t) are called standing 
waves.) 

In Exercises 3-5, solve the vibrating string problem, Eqs. (1)—(4), with the ini- 
tial conditions given. 


3. f(x)=0, g(x)=1, O0<x<a. 

4. fox)=sin(™*), g(x) =0, O<x<a. 
_ JU, O<x<a/2, 

. faa={), a/2<x <a, 


g(x) =0, O<x<a. 


(This initial condition is difficult to justify for a vibrating string, but it 
may be reasonable where the unknown function is pressure in a pipe with 
a membrane at the midpoint. See Miscellaneous Exercise 18 of this chapter 
for some derivations.) 


6. If 
dm sin( “™*) = f,(x), db cos( “*) = G,(x), 


show that u(x, t) as given in Eq. (9) may be written 
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1). 7 Tg 2 
U(x, t) = 5 (folx— ct) + folx + ct)) + 5 (Gel t ct) — G(x — ct)). 


Here, f(x) and G,(x) are periodic with period 2a. 


. The pressure of the air in an organ pipe satisfies the equation 


ap: Lap 
ax2 2 at?’ 


with the boundary conditions (po is atmospheric pressure) 


O<x<a, 0<t, 


a. p(0, t) = po, p(a, t) = po if the pipe is open, or 
b. p(0, t) = pos 2 (a, t) = 0 if the pipe is closed at x =a. 


Find the eigenvalues and eigenfunctions associated with the wave equation 
for each of these sets of boundary conditions. 


. Find the lowest frequency of vibration of the air in the organ pipes referred 


to in Exercise 7a and b. 


. Ifa string vibrates in a medium that resists the motion, the problem for 


the displacement of the string is 


au 1 atu au 
—| } ; O<x<a, OK<t, 
Ox? —s c*._: Ot? ot 


u(0,t)=0, u(a,th=0, O<t 


plus initial conditions. Find eigenfunctions, eigenvalues, and product so- 
lutions for this problem. (Assume that k is small and positive.) 


. For the problem in Exercise 9, find frequencies of vibration and show that 


they do not form an arithmetic sequence. If we form a series solution, will 
it be periodic? What happens to u(x, t) as t > oo? 


. The displacements u(x, t) of a uniform thin beam satisfy 


dtu 1 07u 
af 2 oe? O<x<a, 0<t. 
If the beam is simply supported at the ends, the boundary conditions are 


(0, t) =0 cM )=0, ula)=0 ae t)=0 
u ’ =v, ’ =N%, u ’ =N%, a, =U. 
0x2 . ax? 


Find product solutions to this problem. What are the frequencies of vibra- 
tion? 


. Write out formulas for the first four frequencies of vibration for a thin 


beam (Exercise 11) and for a string (text). Then find their values, assum- 
ing that parameters c and a have values that make the lowest frequency of 
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Figure 4 Shapes of car antenna. 


each equal to 256 cycles per second. The difference in the set of frequen- 
cies accounts for some of the difference between the sound of a stringed 
instrument and that of a xylophone or glockenspiel. 


My car’s antenna vibrates in the wind under various conditions in one of 

the two shapes shown in Fig. 4. If the antenna is modeled as a uniform thin 

beam with centerline displacement u(x, f), then u satisfies the equation 
dtu 1 07u 


k= 2 op tf(x,t), O<x<a, 0<t, 


where f is a “forcing function” that represents the effect of wind or other 
distributed forces. Because the base of the antenna is built into the car, the 
boundary conditions at the base are zero displacement and slope: 


ou 
u(0,t)=0, —(0,t)=0, OK<t. 
Ox 
The top of the antenna is free to move. There, the internal moment and 
shear are both zero, leading to the conditions 
3 


ay bag. Soe <0 ee} 
—(a,t)=0, —(a,t)=0, <t. 
Ox? 0x3 


(These four boundary conditions are standard for a cantilevered beam.) 

It can be shown that the solution of the foregoing problem, together with 
initial conditions on u and u,, can be represented as a series of products 
of the form 


(a, cos(A;ct) + b, sin(A;ct) + Fi(t))bn(x), 


where F,,(t) comes from the forcing function and ¢,(x) and A, are related 
through the eigenvalue problem 


or” —Nb6=0, 0<x<a, 
o(0)=0, ¢/(0)=0, "(a)=0, $"(a)=0. 


This arises in the obvious way from the boundary conditions and the ho- 
mogeneous partial differential equation. 
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Solve the eigenvalue problem, sketch the first two eigenfunctions, and 
compare them to the figure. 


In Exercises 14—16, find a solution by separation of variables. 


14. 


" ax2 2 ar” 


au = 1 (dru au 
_ L 2k » O<x<a, O0K<t, 
ax? —s 2. \ Of? ot 


u(0,t)=0, u(a,t)=0, OK<t, 
du 
u(x, 0) =f (x), ae 0) = 0, 0<x <a, 
where f (x) is as in Eq. (11). (Assume that k is small and positive.) 
=> ~5 +y*u, O<x<a, 0K<t, 
u(0,t)=0, u(a,t)=0, OK<t, 
a 
u(x, 0) =h, 57 0) =0, 0<x <a, 
where h and y? are constants. 


au = 1 atu 
= O0<x<a, OK<t, 


Ou 
u(0,t)=0, —(a,t)=0, 0<t, 
Ox 


Ou 
u(x, 0) = 0, Pen ae 0<x<a. 


. Does the series in Eq. (12) converge uniformly? 


. In the text, we assumed that the ratio 6”/¢ had to be a negative con- 


stant. Show that, if @”/@ = p” > 0 (or equivalently, if @” — p’¢ = 0), then 
the only function that also satisfies the boundary conditions, Eq. (7), is 


o(x) =0. 


3.3 d’Alembert’s Solution 


In Section 2 we saw that, in some cases, we could express the solution of the 
wave equation directly in terms of the initial data. From this evidence we might 
suspect that there is something special about x+ ct and x — ct. To test this idea, 
we change variables and see what the wave equation looks like. Let w = x + ct, 
z=x-—ct,and u(x, t) = v(w, z). Thena calculation using the chain rule shows 
that the wave equation becomes (see Exercise 11) 


a7 
=0. 
dzdw 
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It is actually possible to find the general solution of this last equation. Put in 
another form it says 


which means that du/dw is independent of z, or 


dv 9(w) 
— =0(w). 
dw 


Integrating this equation, we find that 


v= if 0(w) dw + @(z). 


Here, (z) plays the role of an integration “constant.” Since the integral of 
O(w) is also a function of w, we may write the general solution of the partial 
differential equation foregoing as 


u(w, z) = W(w) + o(2), 


where y and ¢ are arbitrary functions with continuous derivatives. Trans- 
forming back to our original variables, we obtain 


u(x, t) = (xt ct) + b(x — ct) (1) 


as a form for the general solution of the one-dimensional wave equation. This 
is known as d’Alembert’s solution or the traveling wave solution. It represents 
the solution as the superposition of two waves, one moving to the left and the 
other to the right, with propagation speed c. 

Now let us look at the vibrating string problem: 


a-u 1 «Au 

ae ao O0<x<a, O0<t, (2) 
u(0, t) =0, u(a,t)=0, OK<tft, (3) 
u(x, 0) =f(x), 0<x <a, (4) 
a) 

57 0)=g(x), O<x<a. (5) 


We already know a form for u. The problem is to choose w and ¢ in such a way 
that the initial and boundary conditions are satisfied. We assume then that 


u(x,t) =wW(x+ct) +(x —- ct). 


The initial conditions are 


W(x) + (x) =f(x), O<x<a, 


' ' (6) 
cw’ (x) — ch'(x) = g(x), O<x<a. 
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If we divide through the second equation by c and integrate, it becomes 
W(x) -@(%) =G(x) +A, 0<x<a, (7) 
where G(x) stands for 
aw=* [song (8) 


and A is an arbitrary constant. Equations (6) and (7) can now be solved simul- 
taneously to determine 


VO)=F(FO+GQ)+A), O<x<a, 


p(x) = 5(F 0) — G(x) — A), 0O<x<a. 


These equations give w and ¢ only for values of the argument between 0 
and a. But x + ct may take on any value whatsoever, so we must extend these 
functions to define them for arbitrary values of their arguments. Let us desig- 
nate them as 


i . 
W(x) = 5(f@) + Ge) +4), 


dip : 
p(x) = 5 (Ff) — G(x) — A), 


where f and G are some extensions of f and G. (That is f (x) = f(x) and G(x) = 
G(x) for 0 < x < a.) However we choose these extensions, the wave equation 
and the initial conditions are satisfied. Thus, they must be determined by the 
boundary conditions, 


u(a,t)=w(a+ct)+o¢(a—ct)=0, t>0. (10) 


The first of these equations says that 


f(ct) + Get) + A+ f(—ct) — Get) — A=0, 


or 


F(ct) +f(—ct) + G(ct) — G(—ct) =0. 


As these equations must be true for arbitrary functions f and G (because the 
two functions are not interdependent), we must have individually 


f(ct)=—f(—ct), G(ct) = G(—ct). (11) 


That is, f is odd and G is even. 
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At the second endpoint, a similar calculation shows that 


fla + ct) 4 fla ct) 4 G(a + ct) G(a ct) =0. 
Once again, the independence of f and G implies that 
fla +ct)= —f(a — ct), Gla +ct)= G(a — ct). (12) 


The oddness of f and evenness of G can be used to transform the right-hand 
sides. Then 


fla + ct) =f(—a + ct), G(a +ct)= G(—a + ct). 


These equations say that f and G are both periodic with period 2a, because 
changing their arguments by 2a does not change the functional value. Thus 
we want f to be the odd periodic extension of f and G to be the even periodic 
extension of G. In the notation we used in Chapter 1, the explicit expressions 
for @ and are 


W(x + ct) = 5 (foe + ct) + G,(x+ ct) +A), 


p(x ct) = 5 (fos ct) — G(x — ct) — A). 


Finally, we arrive at an expression for the solution u(x, ft): 


1,- = 1-- = 
Ux,o) = 5 Lote + ct) + f,(x — ct)] 4 5 LGelx + ct)—G,(x—ct)]. (13) 


The CD shows an animated version of Fig. 3 (Section 3.2) using this form of 
the solution. 

This form of the solution of Eqs. (2)—(5) allows us to see directly how the 
initial data influence the solution at later times. From a practical point of view, 
it also permits us to calculate u(x, t) at any x and t and even to sketch u as a 
function of one variable for a fixed value of the other. The following procedure 
is helpful in sketching u(x, t) as a function of x for a fixed t = t*, when the 
initial condition (5) has g(x) = 0. It is easily adapted to other cases. 


1. Sketch the odd periodic extension of f; call this f,(x). 


2. Sketch f,(x + ct*) against x; this is just the graph of f, shifted ct* units to 
the left. 


3. Sketch rac: — ct*) against x on the same axes. This graph is the same as 
that of f, but shifted ct* units to the right. 


4. Average graphically the graphs made in the two preceding steps. Check 
that the boundary conditions are satisfied. 
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Similarly, if f(x) = 0, sketch G(x) and its even periodic extension G.(x). 
Then sketch the graphs of G.(x + ct*) (same shape as G(x) but shifted ct* 
units to the left) and —G,(x — ct*) (graph of G.(x) shifted ct* units to the 
right and reflected in the horizontal axis). These two are then averaged graph- 
ically to obtain the graph of u(x, t*). Check that the boundary conditions are 
satisfied. 


EXERCISES 


1. Let u(x, t) bea solution of Eqs. (2)—(5), with g(x) = 0 and f(x) a function 
whose graph is an isosceles triangle of width a and height h. Find u(x, t) 
for x = 0.25a and 0.5a and for t = 0, 0.2a/c, 0.4a/c, 0.8a/c, 1.4a/c. 


2. Sketch u(x, t) of Exercise 1 as a function of x for the times given. Compare 
your results with Fig. 3. 


3. Let u(x, t) be a solution of Eqs. (2)—(5), with f(x) = 0 and g(x) = ac, 0 < 
x <a. Find u(x, t) at: x = 0, t = 0.5a/c; x = 0.2a, t = 0.6a/c; x = 0.5a, 
t=1.2a/c. 


4. Sketch u(x, t) of Exercise 3 as a function of x for times t = 0, 0.25a/c, 
0.5a/c, a/c. 


5. Find the function G(x) corresponding to (see Eq. (8)) 


0, O<x<0.4a, 
g(x)= 4} 5c, 0.4a<x <0.6a, 
0, O6a<x<a. 


6. Justify this alternate description of the function G(x), that is specified in 
Eq. (8): G is the solution of the initial value problem 


dG 1 
= =-g(x), 0<x, 
Cc 


dx 
G(0) = 0. 


7. Using Eq. (8) or Exercise 6, sketch the function G(x) of Exercise 5. 


8. Let u(x, t) be the solution of the vibrating string problem, Eqs. (2)—(5), 
with f(x) = 0 and g(x) as in Exercise 5. Sketch u(x, t) as a function of 
x for times ct = 0, 0.2a, 0.4a, 0.5a, a, 1.2a. Hint: Sketch G,(x + ct) and 
—G,(x — ct); then average them graphically. 
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9. 


10. 


11. 


12. 


13. 
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Sketch the solution of the vibrating string problem, Eqs. (2)—(5), at times 
ct = 0, 0.1a, 0.3a, 0.4a, 0.5a, 0.6a, if g(x) = 0 and 


0, 0<x <0.4a, 

fe) = 10h(x—0.4a), 0.4a<x <0.5a, 
10h(0.6a—x), 0.5a<x <0.6a, 
0, 0.6a<x<a. 


Verify directly that u(x, t) as given by Eq. (1) is a solution of the wave 
equation (2) if @ and w have at least two derivatives. 


Use the change of variables at the beginning of this section to transform 
the wave equation. You need to use the chain rule extensively — for in- 
stance, 

du dvdw | dvdz_ Av dv 

= = “C 3 

dt dw dt dzdt dw ' az 
In this way, find expressions for the second derivatives of u, and then sub- 
stitute into the wave equation, 


au 1 Au 


axe 2 ar? 
The equation for the forced vibrations of a string is 


aus 1 «07 
0x2 sc? Ot? 


1 
= F(x, t 
¥ (x, t) (x) 
(see Section 1, Exercise 2). Changing variables to 
w=x+ct, z=x-ct, u(x,t)=v(w,z), f(w,z)=F(x,d, 


this equation becomes 


a7 2 
dwaz 


—Ziw,2). 


Show that the general solution of this equation is 
1 
v(w,z)= ir [ [pe z) dw dz+w(w)+ &(z). 


Find the general solution of Eq. (*) in Exercise 12 in terms of x and t, if 
F(x, t) = T cos(f). 
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3.4 One-Dimensional Wave Equation: Generalities 


As for the one-dimensional heat equation, we can make some comments for 
a generalized one-dimensional wave equation. For the sake of generality, we 
assume that some nonuniform properties are present. For the sake of simplic- 
ity, we assume that the equation is homogeneous and free of u. Our initial 
value—boundary value problem will be 


f) Ou p(x) 07u 
= (sooo) = 2 9p” l<x<r, O<t, (1) 
aul, t) — pet th=c, O<t, (2) 
Ox 
Ou 
Byu(r, t) + Boar, Hh=o, O0K<t, (3) 
u(x, 0) = f(x), l<x<r, (4) 
0.0) =g0), Laxeh (5) 


We assume that the functions s(x) and p(x) are positive for | < x < r, be- 
cause they represent physical properties, that s, s’, and p are all continuous, 
and that s and p have no dimensions. Also, suppose that none of the coeffi- 
cients a1, @, 8), By are negative. 

To obtain homogeneous boundary conditions we can write 


u(x, t) = v(x) + w(x, £), 


just as before. In the wave equation, however, neither of the names “steady- 
state solution” nor “transient solution” is appropriate; for, as we shall see, there 
is no steady state, or limiting case, nor is there a part of the solution that tends 
to zero as t¢ tends to infinity. Nevertheless, v represents an equilibrium solu- 
tion, and, more important, it is a useful mathematical device to consider u in 
the form provided in the preceding equation. 

The function v(x) is required to satisfy the conditions 


(sv')’ =0, Il<x<r, 
a u(1) — av’ (1) =¢C, 
Biv(r) + fov'(r) = &. 


Thus u(x) is exactly equivalent to the “steady-state solution” discussed for the 
heat equation. 
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The function w(x, t), being the difference between u(x, t) and v(x), satisfies 
the initial value—boundary value problem 


) dw\ p(x) d?w 

3 («eo ) = POSE. l<x<r, 0<t, (6) 
a, w(l, t) — Pel) th=0, OK<t, (7) 

Ox 

By w(r, t) + por, th=0, O<t, (8) 
w(x, 0) = f(x) — v(), l<x<r, (9) 
Ow 

op Oo D = 8h: l<x<r. (10) 


Since the equation and the boundary conditions are homogeneous and lin- 
ear, we attempt a solution by separation of variables. If w(x, t) = 6(x)T(t), we 
find in the usual way that the factor functions ¢ and T must satisfy 


T’+C’vT=0, 0K<t, (11) 
(s(x)6')’ +Mp(x)o=0, l<x<r, (12) 
aid (I) — ar¢' (1) = 0, (13) 
Bid (r) + Bop’ (r) = 0. (14) 


The eigenvalue problem represented in the last three lines is a regular 
Sturm-—Liouville problem, because of the assumptions we have made about 
s, p, and the coefficients. We know that there are an infinite number of non- 
negative eigenvalues A7,A3,... and corresponding eigenfunctions ¢), ¢2,... 
that have the orthogonality property 


i bn(x)bm(x)p(x) dx =0, nAm. 


The solution of the equation for T is 
T,(t) =a, cos(A, ct) + b, sin(A,,ct). 


From here it is clear that the frequencies of vibration that occur in the solution 
of Eqs. (1)-(3) are A,,c/2m (cycles per time unit). Thus, it is the eigenvalues 
coming from Egs. (12)—(14) that determine these frequencies. 

Having solved the subsidiary problems that arose after separation of vari- 
ables, we can begin to assemble the solution. The function w will have the 
form 


w(x, t)= a bn(X) (a, cos(A,,ct) + b,, sin(Anct)), (15) 


n=1 
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and its two initial conditions, yet to be satisfied, are 


w(x, 0) = S- anal) =f(x)—v(x), I<x<r, 


n=1 


are 0) = Se bnAncn(Xx) = g(x), l<x<r. 


n=1 


By employing the orthogonality of the ¢,, we determine that the coefficients 
a, and b, are given by 


1] r 
ay = al [f (x) — v(x) ]On(x)p(x) dx, (16) 
by = / ex) G(x) pla) dx, (17) 
where 
Ej = [eon dx. (18) 
1 


Finally, u(x, tf) = v(x) + w(x, f) is the solution of the original problem, and 
each of its parts is completely specified. From the form of w(x, tf), we can make 
certain observations about u. 


1. u(x, t) does not have a limit as t > oo. Each term of the series form of w 
is periodic in time and thus does not die away. 


2. Except in very special cases, the eigenvalues A? are not closely related to 
each other. So in general, if u causes acoustic vibrations, the result will 
not be musical to the ear. (A sound would be musical if, for instance, 
An = NA, as in the case of the uniform string.) 


3. In general, u(x, t) is not even periodic in time. Although each term in the 
series for w is periodic, the terms do not have a common period (except in 
special cases), and so the sum is not periodic. 


EXERCISES 
1. Verify the formulas for the a, and b,. Under what conditions on f and g 
can we say that the initial conditions are satisfied? 


2. Check the statement that u(x) is the same for the heat conduction problem 
and for the problem considered here. 


3. Identify the period of T,,(t) and the associated frequency. 
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4. Although u(x, t) has no limit as t + oo, show that the following general- 
ized limit is valid: 


1 T 
v(x) = jm ral u(x, t) dt. 


(Hint: Do the integration and limiting term by term.) 


5. Formally solve the problem 


2 
d (sr) =PO(2 z y=) tq(x)u, Il<x<r, 0<t, 
Ox 0 


x ce \ af ot 
with the boundary conditions Eqs. (2) and (3) and initial conditions 
Eqs. (4) and (5), taking y to be constant. 


6. Verify that w(x, t) as given in Eq. (15) satisfies the differential equation and 
the boundary conditions Eqs. (6)—-(8). 


7. In reference to the observations at the end of the section, prove the follow- 
ing statement: The product solutions of the problem in Eqs. (6)—(8) all have 
a common period in time if the eigenvalues of the problem in Eqs. (12)— 
(14) satisfy the relation 


An =a(n+ B), 
where £ is a rational number. 


8. Find a separation-of-variables solution of the problem 


Our 1 (du 2 
Age Ye t yu |, O0<x<a, 0<t, 
u(0,t)=0, u(a,t)=0, 0<t, 


u(x, t) = f(x), at 0)=g(x), O<x<a. 


Is this an instance of the problem in this section? Which of the observations 
at the end of the section are valid for the solution of this problem? 


3.5 Estimation of Eigenvalues 


In many instances, one is interested not in the full solution to the wave equa- 
tion, but only in the possible frequencies of vibration that may occur. For ex- 
ample, it is of great importance that bridges, airplane wings, and other struc- 
tures not vibrate; so it is important to know the frequencies at which a struc- 
ture can vibrate, in order to avoid them. By inspecting the solution of the gen- 
eralized wave equation, which we investigate in the preceding section, we can 
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see that the frequencies of vibration are d,,c/27,n = 1, 2,3,.... Thus we must 
find the eigenvalues A? in order to identify the frequencies of vibration. 
Consider the following Sturm—Liouville problem: 


(s@)$')' — qb +272p@)b=0, <x <r, (1) 

oY=0, g(r) =0, (2) 
where s, s’, g, and p are continuous and s and p are positive for ] < x < r. (Note 
that we have a rather general differential equation but very special boundary 
conditions. ) 


If ¢, is the eigenfunction corresponding to the smallest eigenvalue Aj, then 
gy satisfies Eq. (1) for A = Aj. Alternatively, we can write 


—(s¢1)’ +o, =Aipbi, 1<x<r. 


Multiplying through this equation by ¢; and integrating from / to r, we obtain 


[ -(orouacs f abiax = [ poy dx. 
1 


If the first integral is integrated by parts, it becomes 
r 
—soidil)+ | s6io% ax 
I 


But $1 (J) = ¢)(r) = 0, so the first term vanishes and we are left with the equal- 
ity 


r ; 2 r PP 
1, s[o, | dx+ / qo; dx = i f poy dx. 
l 
Because p(x) is positive for | < x < r, the integral on the right is positive and 
we may define Aj as 


a fislol det fragide _ Ni) 


: Si por dx ~ Digi)’ 


It can be shown that, if y(x) is any function with two continuous derivatives 
(1 <x <r) that satisfies y(1) = y(r) = 0, then 

N 

ee, (4) 

DY) 
By choosing any convenient function y that satisfies the boundary conditions, 
we obtain from the ratio N(y)/D(y) an upper bound on Aj. Usually this bound 
is quite a good estimate. One should keep in mind that the graph of the eigen- 
function ¢1(x) does not cross the x-axis between / and r, so the graph of y(x) 
should not cross the axis either. 


(3) 
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Example. 
Estimate the first eigenvalue of 


go’ +io=0, O<x<1, 
(0) = (1) =0. 


Let us try y(x) = x(1 — x), which satisfies the boundary conditions. Then 
y' (x) = 1— 2x and 


1 1 
nos | bof a= f i iae! 
0 0 3 
1 1 
py = | y’ (x) ax= | (1 —x)?dx= hs 
0 0 30 


Therefore, N(y)/D(y) = 10. We know, of course, that @; (x) = sin(zx), and 


2 


1 1 
Noy = | TOs Gwie Dib) = f imaene. 
0 2 0 2 


so N(¢,)/D(¢) = Aj = 2° < 10, confirming Eq. (4). 


Example. 
Estimate the first eigenvalue of 


1 
(xf) +?-@=0, 1l<x<2, 
x 
$01) = (2) =0. 
The integrals to be calculated are 


2 2 1 
Ny) = / x) dx, Diy)= i oy dx. 
1 1 


The tabulation gives results for several trial functions. It is known that the first 
eigenvalue and eigenfunction are 


2 I a 
= (==) 2205403, 


In2 
Reiets winx 
(x) = sin ine 
The error for the best of the trial functions is about 1.44% 

(2 —x)(x— 1) 
y(x) Vx 2=x)&=1) (2 —x)(x— 1) a Se 
NW) 
—_— 23.7500 22.1349 20.8379 


Dy) 
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This method of estimating the first eigenvalue is called Rayleigh’s method, 


and the ratio N(y)/D(y) is called the Rayleigh quotient. In some mechanical 
systems, the Rayleigh quotient may be interpreted as the ratio between poten- 
tial and kinetic energy. There are many other methods for estimating eigenval- 
ues and for systematically improving the estimates. 


EXERCISES 


1. 


2. 


Using Eq. (3), show that if q > 0, then A > 0 also. 


Verify the results for at least one of the trial functions used in the second 
example. 


. Estimate the first eigenvalue of the problem 


é’+V1+x)¢6=0, O<x<l, 
$(0) = ¢(1) =0. 


. Verify that the general solution of the following differential equation is 


ax cos(A./x) + bx sin(A/x), and then solve the eigenvalue problem. 


" a? — 
@ + 4e=0, 1<x<2, 
x 


g()=0, ¢2)=0. 


. Estimate the lowest eigenvalue of the problem in Exercise 4 using y = 


(x— 1)(2—x). 


. Estimate the lowest eigenvalue of the problem 


o’ +i?xp=0, O<x<1, 
~(0)=0, oC) =0. 


Use the trial function x’(1 — x), and minimize the Rayleigh quotient with 
respect to b. 


3.6 Wave Equation in Unbounded Regions 


When the wave equation is to be solved for 0 < x < o or for —oo < 
x < 00, we can proceed as we did for the solution of the heat equation in these 
unbounded regions. That is to say, we separate variables and use a Fourier 
integral to combine the product solutions. 
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Consider the problem 
au «Au 
ie a 0<t, 0<x, (1) 
u(x,0)=f(x),  O<x, (2) 
a) 
5 0) = gx), O<x, (3) 
u(0, t) = 0, 0 <t. (4) 


We require in addition that the solution u(x, t) be bounded as x > ov. 
On separating variables, we make u(x, t) = @(x)T(t) and find that the fac- 
tors satisfy 
eer SH=0; Ot, 
¢” +r°o = 0, 0 <x, 
o(0)=0, |P(x)| bounded. 


The solutions are easily found to be 
P(x; A) =sin(Ax), T(t; 4) = Acos(Act) + Bsin(Act), 
and we combine the products #(x; A)T(t; 4) in a Fourier integral 
u(x, t) = / (A(A) cos(Act) + B(A) sin(Act)) sin(Ax) da. (5) 
0 
The initial conditions become 


u(x, 0) = f(x) = if A(A) sin(Ax) da, 0<x, 
0 
du Py : 
a 0)=g(x) = / AcB(A) sin(Ax) dr, O<x. 
0 


Both of these equations are Fourier integrals. Thus the coefficient functions 
are given by 


A(A) = 2 [1 sin(Ax) dx, B(A)= aa [ sin(Ax) dx. 
T Jo AC 0 


It is sufficient to demand that />~ |f(x)| dx and f-* |g(x)| dx both be finite in 
order to guarantee the existence of A and B. 

The deficiency of the Fourier integral form of the solution given in Eq. (5) 
is that the formula gives no idea of what u(x, t) looks like. The d'Alembert 
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solution of the wave equation can come to our aid again here. We know that 
the solution of Eg. (1) has the form 


u(x,t) =wWwxtct)h + 6(x—- ct). 
The two initial conditions boil down to 


Vo) +o) =f), 0<x, 
W(x) — b(x)=G@)+A, 0<x. 


As in the finite case, we have defined 


1 ~ 
G(x) = - i. gy) dy 
a) 


and A is any constant. 
From the two initial conditions we obtain 


VO)=SFO)+GQ) +A), x>0, 
1 
p(x) = 5 (FO) —G(x)- A), x>0. 


Both f and G are known for x > 0. Thus 


Wx ct) = 5 (F + ct) + G(x + ct) + A) 


is defined for all x > 0 and t > 0. But @(x — ct) is not yet defined for x — ct < 0. 
That means that we must extend the functions f and G in such a way as to 
define ¢ for negative arguments and also satisfy the boundary condition. The 
sole boundary condition is Eq. (4), which becomes 


u(0, t) =0= W(ct) + d(—ct). 
In terms of f and G, extensions of f and G, this is 


0=f(ct) + G(ct) +A+f(—ct) — G(—ct) — A. 


Since f and G are not dependent on each other, we must have individually 
f(ct) +f(—ct)=0, G(ct) — G(—ct) =0. 


That is, f is f,, the odd extension of f, and G is G,, the even extension of G. 
Finally, we arrive at a formula for the solution: 


1 1 
he 5 [fox + ct) + G(x + ct)] 4 5 Lfox ct)—G,(x—ct)]. (6) 
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fo(x + ct) aldx — ct) 
“N\ t=8al2e 
XN 
x 


Figure 5 Solution of Eqs. (1)-(4) with g(x) = 0. On the left are graphs of 
fo(x + ct) (solid) and of f(x — ct) (dashed) at the times shown. On the right are 
the graphs of u(x, t) for 0 < x, made by averaging the graphs on the left. 


Now, given the functions f(x) and g(x), it is a simple matter to construct fo 
and G, and thus to graph u(x, t) as a function of either variable or to evaluate it 
for specific values of x and t. By way of illustration, Fig. 5 shows the solution of 
Eqs. (1)—(4) as a function of x at various times, for f (x) as shown and g(x) = 0. 

Another interesting problem that can be treated by the d’Alembert method 
is one in which the boundary condition is a function of time. For simplicity, 
we take zero initial conditions. Our problem becomes 


au 1 «Ou eae (7) 
= Se <t, <X, 

0x2 = c2._:*O?. 

u(x, 0) = 0, Oa (8) 


Ou 
ap 0) =0, 0 <X, (9) 
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u(0,t)=h(t), O<t. (10) 

As u is to be a solution of the wave equation, it must have the form 
u(x, t) = wWw(x+ct)+o(x—- ct). (11) 


The two initial conditions, Eqs. (8) and (9), can be treated exactly as in the 
first problem. Of course, G(x) = 0, and the constant A, being arbitrary, may 
be taken as 0. The conclusion is that 


w(x)=0, (x)=0, O<x. 


Because both x and ¢ are positive in this problem, we see that w(x + ct) = 0 
always, so Eq. (11) may be simplified to 


u(x, t) = o(x— ct). (12) 


The boundary condition Eq. (10) will tell us how to evaluate @ for negative 
arguments. The equation is 


u(0,t) =@(—ct)=h(t), 0 <t. (13) 
We now put together what we know of the function ¢: 


0, q> 0, 
$(q) = i(-2). eet: (14) 
c 


The argument q is a dummy, used to avoid association with either x or ft. Equa- 
tions (12) and (14) now specify the solution u(x, t) completely. 


Example. 
Take h(t) as shown in Fig. 6. The major steps to construct the graph of #(q). 
Note that the graph of @ for negative argument is that of h, reflected. In other 
words, to make the graph of #(q), start from the graph of h(£): (1) Graph the 
even extension h,(t); (2) replace the right half (from 0 up) with 0; (3) adjust 
scales so that q = —c where t = —1, etc. 

The graphs in Fig. 7 show u(x, t) as a function of x for various values of t. It 
is clear from both the graphs and the formula that the disturbance caused by 
the variable boundary condition arrives at a fixed point x at time x/c. Thus the 
disturbance travels with the velocity c, the wave speed. An example is animated 
on the CD. 


A wave equation accompanied by nonzero initial conditions and time- 
varying boundary conditions can be solved by breaking it into two prob- 
lems, one like Eqs. (1)—(4) with zero boundary condition, and the other like 
Egs. (7)—(10) with zero initial conditions. 
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eA: ne’ 


-3¢ -2c -c 


q 


Figure 6 Graphs of h(t) and ¢(q) for semi-infinite string with time-varying 


boundary condition. 


Figure 7 Graphs of u(x,t) versus x for the semi-infinite string under the 
time-varying boundary condition u(0, t) = h(t), with h(t) as shown in Fig. 6. The 
shape seen in the last drawing will continue to travel to the right. 
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EXERCISES 


1. 


Derive a formula similar to Eq. (6) for the case in which the boundary con- 
dition Eq. (4) is replaced by 


. 
TE OO. Oh 
Ox 


. Derive Eq. (6) from Eq. (5) by using trigonometric identities for the prod- 


uct sin(Ax) - cos(Act), and so forth, and recognizing certain Fourier inte- 
grals. 


. Sketch the solution of Eqs. (1)—(4) as a function of x at times t = 0, 1/2c, 


1/c, 2/c, 3/c, if g(x) = 0 everywhere and f(x) is the rectangular pulse 


0, O<x<l, 


jo)= | 1<x<2, 
0; 2% 


. Same as Exercise 3, but f(x) = 0 and g(x) is the rectangular pulse 


0, O<x<l, 
eo= fe l1<x<2, 


0, 2<x. 


. Sketch the solution of Eqs. (7)—(10) at times t = 0, 1/2, 2, 30/2, 2, 57/2, 


if h(t) = sin(t). Take c= 1. 


. Sketch the solution of Eqs. (7)—(10) at times t = 0, 1/2, 3/2, and 5/2, if 


c=land 
0, O<t<l, 
mo=[h 1<t<2, 


0, 2<t. 


. Use the d’Alembert solution of the wave equation to solve the problem 


au = 1 tu 

x2 2 at’ PO eat Oe 
u(x, 0) =f (x), —00<x<0, 

Ou 

ae 0)=g(x), -oO<x<o. 


. The solution of the problem stated in Exercise 7 is sometimes written 


x+ct 


g(z) dz. 


1 1 
u(x, t) = sf + ct) + f(x —ct)) 4 =| 


cot ft 
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Show that this is correct. You will need Leibniz’s rule (see the Appendix) to 
differentiate the integral. 


3.7 Comments and References 


The wave equation is one of the oldest equations of mathematical physics. 
Euler, Bernoulli, and d’Alembert all solved the problem of the vibrating string 
about 1750, using either separation of variables or what we called d’Alembert’s 
method. This latter is, in fact, a very special case of the method of characteris- 
tics, in essence a way of identifying new independent variables having special 
significance. Street’s Analysis and Solution of Partial Differential Equations has 
a chapter on characteristics, including their use in numerical solutions. Wan’s 
Mathematical Models and Their Analysis gives applications to traffic flow and 
also discusses other wave phenomena. (See the Bibliography.) 

Because many physical phenomena described by the wave equation are 
part of our everyday experience —the sounds of musical instruments, for 
instance —they are often featured in popular expositions of mathematical 
physics. The book of Davis and Hersch (The Mathematical Experience) ex- 
plains standing waves (product solutions) and superposition in an elemen- 
tary way. Of course, many other phenomena are described by the wave equa- 
tion. Among the most important for modern life are electrical and mag- 
netic waves, which are solutions of special cases of the Maxwell field equa- 
tions. These and other kinds of waves (including water waves) are studied in 
Main’s Vibrations and Waves in Physics; both exposition and figures are first 
rate. 

The potential difference V between the interior and exterior of a nerve axon 
can be modeled approximately by the Fitzhugh-Nagumo equations, 


dV eV 1 
= 4 


v>—R, 
ot Ox? 3 
OR 
—=k(V — bR). 
yr (V+a ) 


Here R represents a restoring effect and a, b, and k are constants. At first glance, 
one would expect V to behave like the solution of a heat equation. But a trav- 
eling wave solution, 


V(x, t)=F(x—ct), R(x, t) =G(x-ct), 
of these equations can be found that shows many important features of nerve 


impulses. This system and many other exciting biological applications of 
mathematics are reported by Murray’s excellent book, Mathematical Biology. 
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More information about the Rayleigh quotient and estimation of eigenval- 
ues is in Boundary and Eigenvalue Problems in Mathematical Physics, by Sagan. 
The classic reference for eigenvalues, and indeed for the partial differential 
equations of mathematical physics in general, is the work by Courant and 
Hilbert, Methods of Mathematical Physics. 


Chapter Review 


See the CD for Review Questions. 
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Exercises 1-5 refer to the problem 


au 1 atu ‘i ee 
—— poe ee <x <A, <t, 
Ox? sc? Ot? 

u(0,t)=0, u(a,t)=0, 0<t, 


u(x, 0) = f(x), te 0)=g(x), O0<x<a. 


1. Take f(x) = 1, 0 < x <a, and g(x) = 0. (This is rather unrealis- 
tic if u(x, t) is the displacement of a vibrating string.) Find a series 
(separation-of-variables) solution. 


2. Sketch u(x, t) of Exercise 1 as a function of x at various times throughout 
one period. 


3. The solution u(x, t) of Exercise 1 takes on only the three values 1, 0, and 
—1. Make a sketch of the region 0 < x < a, 0 < t, and locate the places 
where u takes on each of the values. 


4. Take g(x) = 0 and f(x) to be this function: 


3hx 2a 
ra 0O<x< 3° 

i= 3h(a—x) 2a 
————_, — <x <a. 

a 3 


The graph of f is triangular, with peak at x = 2a/3. Find a series solution 
for u(x, f). 


5. Sketch u(x, t) of Exercise 4 as a function of x at times 0 to a/c in steps of 
a/6c. 
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6. Find an analytic (integral) solution of this wave problem 


au 1 7 
—_ = ——__, —o<x<mw, O0<t, 
0x? ¢? OF? 
ou 
u(x, 0) = f(x), 9p 2 = 8), =O < * 100; 


with g(x) = 0 and 


h, |x| <e, 


foo =| 


0, |x| >e. 


7. Sketch the solution of the problem in Exercise 6 at times f = 0, €/c, 2€/c, 
3€/c. 


8. Same as Exercise 7, but f(x) = 0 and 


Be c, |x| <e, 
Bae N56, |x| >. 


9. Let u(x, t) be the solution of the problem 


au = 1 au 
a 2 OE’ 0<x, 0<t, 
u(0, t) =0, 0<t, 


Ou 
u(x, 0) =f (x), a 0)=g(x), O<x. 


Sketch the solution u(x, f) as a function of x at times t = 0, a/6c, a/2c, 
5a/6c, 7a/6c. Use g(x) = 0 and 


3hx 2a 
—, 0<x< —, 
2a 
f(x)= 4 3h(a—x) 2a 
———, —<x<a, 
a 
0, a<x. 


10. Same task as in Exercise 9 but 


sin(x), O<x<aZ, 


foo =| 


0, l<x 


and g(x) = 0. Sketch at times t = 0, 1/4c, 1/2c, 3m/4c, 1/c, 20/c. 


11. Let u(x, t) be the solution of the wave equation on the semi-infinite in- 
terval 0 < x < ov, with both initial conditions equal to zero but with the 


12. 


13. 


14. 


15. 


16. 


17. 
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time-varying boundary condition 


; (*) wa 
sinf—], O<t<—, 
u(0, t) = 0 € 


IN 
0, — <t. 


Sketch u(x, t) as a function of x at various times. 


Same as Exercise 11, but the boundary condition is (0, t) = h, for all 
t>0. 


Same as Exercise 11, but the boundary condition is 


het a 
—, 0<t<-, 
a c 
h(2a — ct a 2a 
u(0, t) = ( ) <t<—, 
a c € 
2a 
0, —<t. 
c 


Estimate the lowest eigenvalue of the problem 
(e*9')' +Me%H=0, O<x<l, 
~(0)=0, ()=0. 


(This problem can be solved exactly.) 


Estimate the lowest eigenvalue of the problem 


o" —xp+A°o=0, O0<x<l, 
o(0)=0, (1) =0. 


Show that the nonlinear wave equation 


(the Korteweg—deVries equation) has, as one solution, 
u(x, t) = 12a*sech? (ax — 4a? fs 


A wave of this form is called a soliton or solitary wave. 


The solution in Exercise 16 is of the form u(x, t) = f(x — ct). What is the 
function f, and what is the wave speed c? 
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18. 


19. 


20. 


21. 
22. 
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For t < 0, water flows steadily through a long pipe connected at x = 0 
to a large reservoir and open at x = a to the air. At time ft = 0, a valve at 
x = a is suddenly closed. Reasonable expressions for the conservation of 
momentum and of mass are 


7) 0 

ean O<x<a, 0<t, (A) 
ot Ox 

7) 7) 

BEE gs O<x<a, allt, (B) 
ot Ox 


where p is gauge pressure and u is mass flow rate. If the pipe is rigid, 
c? = K/p, the ratio of bulk modulus of water to its density. Show that 
both p and u satisfy the wave equation. The phenomenon described here 
is called water hammer. 


Introduce a function v with the definition u = dv/dx, p = —dv/dt. 
Show that (A) becomes an identity and that (B) becomes the wave equa- 
tion for v. 


Reasonable boundary and initial conditions for u and p are 


u(x, 0) = Up (constant), O<x<a, 
p(x, 0) =0, 0<x <a, 
pO, t) =9, all t, 

u(a, t) =0, t>0. 


Restate these as conditions on v. Show that the first and third equations 
may be replaced by 


v(x, 0) = Upx, 
v(0, t) = 0, 


0<x <a, 


all t. 


Solve the problem in Exercise 20; find a series form for v(x, ft). 


In many problems involving fluid flow, the combination 


Ou ae 
ot 


Ou 
Ox 


(called the Stokes derivative) appears. Here V is the speed of the fluid in 
the x-direction. If V equals u or otherwise depends on u, this operator is 
nonlinear and difficult to work with. Let us assume that V is a constant, 
so that the operator is linear, and define new variables 

Eé=x4+Vt, 


tT=x-—Vt, u(x, t)=v(&,T). 


23. 


24, 


25. 


26. 


27. 
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Show that 


Assume that u(x, y, tf) has the product form shown in what follows. Sep- 
arate the variables in the given partial differential equation. 


u(x, y, t) = W(x + Vt)o(x— Vt)Y(y), 
dul du you 
ay -i($ =). 


A fluid flows between two parallel plates held at temperature 0. At the 
inlet, fluid temperature is Ty and initially the fluid is at temperature T. 
If V is the speed of the fluid in the x-direction, a problem describing the 
temperature u(x, y, t) is 


au = 1fdu ou 

= + V , O<y<b, O<x, O<t, 
ay? —k\ at ox 
u(x, 0, t) =0, u(x,b,t)=0, O<x, OK<t, 
u(0, y, t) = To, 0<y<b, 0<t, 
u(x, y,0)= Th, 0<x, O<y<b. 


Make a separation of variables as in Exercise 23. State and solve the eigen- 
value problem for Y. Show that 


Un(xX, Y, t) = by(x — Vo) exp(—A{ k(x + Vt)/2V) sin(Any) 
satisfies the partial differential equation and boundary conditions at y = 
0 and y = J, without restriction of ¢, (except differentiability). 


Show how to satisfy the initial and inlet conditions in the problem of Ex- 
ercise 24, by forming a sum of product solutions and correctly choosing 


the dy. 


Find all functions ¢ such that u(x, t) = @(x— ct) is a solution of the heat 
equation, 
au = 1ldu 


ax? k Ot 


Take the constant c = (1 + i),/wk/2 in Exercise 26 and show that the 
functions 


e * sin(wt — px), e ?* cos(wt — px) 


252 


28. 


29. 


30. 


31. 
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can be obtained from (x — ct) and $(x— ct). (Here p = ,/w/2k and C is 


the complex conjugate of c. Refer to Exercise 6 in Chapter 2, Section 10.) 


Some nonlinear equations can also result in “traveling wave solutions,” 
u(x, t) = (x — ct). Show that Fisher’s equation, 


= u(1— uw), 
has a solution of this form if @ satisfies the nonlinear differential equa- 
tion 
b" + ch + $(1— 6) =0. 
Show that the function u is a solution of the problem 


a-u S21 a-u 
ax2 2 Of?” 


u(0,t)=0, u(a,t)=sin(wt), O0<t, 


O0<x<a, O<t, 


provided that the parameters are such that sin(wa/c) 4 0. 


sin(wx/c) sin(wt) 


u(x, t) = 


sin(wa/c) 


If @ = wc/a, the denominator of the function in Exercise 29 is 0. Show 
that, for this value of w, a function satisfying the wave equation and the 
given boundary condition is 


ct . (mx ct x mux\ . (met 
u(x, t) = —— sin{ —— } cos cos sin{ —— }. 
a a a a a a 


A string in a musical instrument is typically not as flexible as assumed 
in Section 1. For such a string, the displacement u may satisfy the partial 
differential equation 


a-u O4u 1 Au 
€ = ; 
Ox? ax =—s 2. Ot? 


O0<x<a, O<t, 


where c* = T/p, as in Section 1, and € = EI/T, with E = Young’s mod- 
ulus for the material, I = second moment of area. (See an elasticity ref- 
erence. ) 


Assuming that u(x, t) = @(x)T(d), carry out a separation of variable 
and find the eigenvalue problem for ¢. Take the boundary conditions to 
be 


32. 


33. 


34. 


35. 
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u(0,t)=0, u(a,t)=0, 


07 u 07u 
ae aya th = 0, 0<t. 


Show that @(x) = sin(jx) satisfies the eigenvalue problem found in Ex- 
ercise 31, provided that 4 = na/a and 

Map tent, 
where —A? = T"(t)/c?T(t). 


The values of A? are related to the frequencies of vibration of the string 
mentioned in Exercise 31. Show that i,, approaches nz /a for any fixed n 
as € approaches 0. 


The longitudinal vibration of a thin rod has been described by Love (see 
Bibliography) with the equation 


O7u 1 (07u Ou 0 ee. 
= € ; <x <A, <t. 
ox? = 2 \ Of? 0x20 t2 


Here, u(x, f) is the displacement of the points that are at x when there 
is no motion; € = vK*, where v is Poisson’s ratio and K is the radius of 
gyration of a cross section of the rod. Take boundary conditions 


u(0,t)=0, u(a,t)=0, 


and separate the variables by assuming u(x, t) = @(x)T(). It will be use- 
ful to name $”/¢ = —A?. 


The eigenvalue problem in Exercise 34 is routine. Once that is solved, 
find the differential equation for T(t), solve it, and determine the fre- 
quencies of vibration. 
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Equation CHAPTER . 
Ay) 
“ \S i= 


4.1 Potential Equation 


The equation for the steady-state temperature distribution in two dimensions 
(see Chapter 5) is 


Ox? < ay? 
The same equation describes the equilibrium (time-independent) displace- 
ments of a two-dimensional membrane, and so is an important common part 
of both the heat and wave equations in two dimensions. Many other physical 
phenomena — gravitational and electrostatic potentials, certain fluid flows — 
and an important class of functions are described by this equation, thus mak- 
ing it one of the most important of mathematics, physics, and engineering. 
The analogous equation in three dimensions is 


Either equation may be written Vu = 0 and is commonly called the potential 
equation or Laplace’s equation. 

The solutions of the potential equation (called harmonic functions) have 
many interesting properties. An important one, which can be understood in- 
tuitively, is the maximum principle: If V?u = 0 in a region, then u cannot 
have a relative maximum or minimum inside the region unless u is constant. 
(Thus, if du/dx and du/dy are both zero at some point, it is a saddle point.) 
If u is thought of as the steady-state temperature distribution in a metal plate, 
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it is clear that the temperature cannot be greater at one point than at all other 
nearby points. For if such were the case, heat would flow away from the hot 
point to cooler points nearby, thus reducing the temperature at the hot point. 
But then the temperature would not be unchanging with time. We return to 
this matter in Section 4. 

A complete boundary value problem consists of the potential equation in a 
region plus boundary conditions. These may be of any of the three types 


. ou, du 
ugiven, —given, or au+f6— given 
on on 


along any section of the boundary. (By du/dn, we mean the directional deriv- 
ative in the direction normal, or perpendicular, to the boundary.) When uw is 
specified along the whole boundary, the problem is called Dirichlet’s problem; 
if du/dn is specified along the whole boundary, it is Neumann’s problem. The 
solutions of Neumann’s problem are not unique, for if u is a solution, so is u 
plus a constant. 

It is often useful to consider the potential equation in other coordinate sys- 
tems. One of the most important is the polar coordinate system, in which the 
variables are 


r=J/xe+y, @=tan’ (2), 
x 
x=rcos(@), y=rsin(@). 
By convention we require r > 0. We shall define 
u(x, y) = u(rcos(@), rsin(@)) = u(r, @) 
and find an expression for the Laplacian of u, 
je Ore a a7u 
Ax ay?’ 


in terms of v and its derivatives by using the chain rule. The calculations are 
elementary but tedious. (See Exercise 7.) The results are 


2 


a-u 5,,.0°v _2sin(@)cos(@) d°v — sin?(@) a°u 
— = cos‘ (6) 5 


x2 P r addr? 02 
sin’(0) dv 2sin(9) sin(@) dv 
"or Or | r 00° 

a-u d7v —- 2sin(@) cos(@) d7u cos?(@) 07 


— =sin’ 0 T 
5 r a0ar 02 


cos?(9) dv —- 2sin(@) sin(@) dv 
r or r 00° 
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From these equations we easily find that the Laplacian in polar coordinates is 


Vy=—+-—4 ! 
. "ar) "302 


a7u-—sd av lav 1a av 1 d*v 
ar or dr. 62002 ~rar 


In cylindrical (r, 6, z) coordinates, the Laplacian is 


i 14 ( ~) 10*v a*v 
v= 


"Ord PaO BE 


EXERCISES 


1. Find a relation among the coefficients of the polynomial 


p(x, y) =atbxt+cy+ dx st exyt fy’ 


that makes it satisfy the potential equation. Choose a specific polynomial 
that satisfies the equation, and show that, if dp/dx and dp/dy are both zero 
at some point, the surface there is saddle shaped. 


2. Show that u(x, y) = x’ —y’ and u(x, y) = xy are solutions of Laplace’s equa- 
tion. Sketch the surfaces z = u(x, y). What boundary conditions do these 
functions fulfill on the lines x = 0, x =a, y= 0, y = b? 


3. If a solution of the potential equation in the square0 <x <1,0<y<1 
has the form u(x, y) = Y(y)sin(x), of what form is the function Y? Find a 
function Y that makes u(x, y) satisfy the boundary conditions u(x, 0) = 0, 
u(x, 1) = sin(zrx). 


4. Find a function u(x), independent of y, that satisfies the potential equation. 


5. What functions u(r), independent of 6, satisfy the potential equation in 
polar coordinates? 


6. Show that r” sin(n@) and r” cos(n@) both satisfy the potential equation in 
polar coordinates (n= 0,1, 2,...). 


7. Find expressions for the partial derivatives of u with respect to x and y in 
terms of derivatives of v with respect to r and 0. 


8. If uw and v are the x- and y-components of the velocity in a fluid, it can be 
shown (under certain assumptions) that these functions satisfy the equa- 
tions 


Ou ws dv es, (A) 
ax ay” 
du dav 


= 0, (B) 
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u = fix) u = 100 


Figure 1 (a) u is displacement of a membrane; the graph of f(x) is an isosceles 
triangle. (b) u is the temperature on a cross section of a long bar. (c) u is voltage 
in a rectangular sheet of conducting material. (d) @ is a velocity potential (see 
Exercise 8). What are x- and y-velocities on the boundaries? 


Show that the definition of a velocity potential function ¢ by the equations 


causes (B) to be identically satisfied and turns (A) into the potential equa- 
tion. (See Section 4.7, Comments and References, at the end of this chap- 
ter.) 


9. For each of the diagrams in Fig. 1, (a) write out the problem in mathemat- 
ical form (partial differential equation and boundary conditions); (b) pro- 
vide an interpretation in words of the boundary conditions for the given 
interpretation of the unknown function. 


4.2 Potential in a Rectangle 259 


4.2 Potential in a Rectangle 


One of the simplest and most important problems in mathematical physics is 
Dirichlet’s problem in a rectangle. To take an easy case, we consider a problem 
with just two nonzero boundary conditions: 


au d*u 

Ie ye O<x<a, O0<y<b, (1) 
u(x,0)=fi(x), O<x<a, (2) 
u(x,b)=fx(x), O<x<a, (3) 
u(0, y) = 0, 0<y<b, (4) 
u(a, y) = 0, 0<y<b. (5) 


It is not immediately clear that separation of variables will work. However, 
we have a homogeneous partial differential equation and some homogeneous 
boundary conditions, so we can try the method. If we assume that u(x, y) has 
a product form u = X(x)Y(y), then Eq. (1) becomes 


X" (x) YY) +XWY"(y) = 0. 
This equation can be separated by dividing through by XY to yield 


Xie (x) — y” (y) 
X(x) Yi) 
The nonhomogeneous conditions Eqs. (2) and (3) will not, in general, become 


conditions on X or Y, but the homogeneous conditions Eqs. (4) and (5), as 
usual, require that 


(6) 


X(0)=0, X(a)=0. (7) 


Now, both sides of Eq. (6) must be constant, but the sign of the constant 
is not obvious. If we try a positive constant (say, 44”), Eq. (6) represents two 
ordinary equations: 


X”—-w’X=0, Y"+p?Y=0. 
The solutions of these equations are 
X(x) =Acosh(ux) + Bsinh(ux), Y(y) = Ccos(uy) + Dsin(uy). 


In order to make X satisfy the boundary conditions Eq. (7), both A and B must 
be zero, leading to a solution u(x, y) = 0. Thus we try the other possibility for 
sign, taking both members in Eq. (6) to equal —A?. 
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Under the new assumption, Eq. (6) separates into 
X”+VX=0, Y"-WY=0. (8) 


The first of these equations, along with the boundary conditions, is recogniz- 
able as an eigenvalue problem, whose solutions are 


2 
X,(x) =sin(anx), 22= (=) 
a 


The functions Y that accompany the X’s are 
Y,(y) = an cosh(Any) + by sinhOny). 


The a’s and b’s are for the moment unknown. 

We see that X;,(x) Y,(y) is a solution of the (homogeneous) potential Eq. (1), 
which satisfies the homogeneous conditions Eqs. (4) and (5). A sum of these 
functions should satisfy the same conditions and equation, so u may have the 
form 


(oe) 


u(x, y) = So (an cosh(Any) + Dy sinh(Any)) sin(A,Xx). (9) 


n=1 


The nonhomogeneous boundary conditions Eqs. (2) and (3) are yet to be 
satisfied. If u is to be of the form of Eq. (9), the boundary condition Eq. (2) 
becomes 


u(s,0)= )aysin( =) =fi(x), O<x<a. (10) 


n=1 


We recognize a problem in Fourier series immediately. The a, must be the 
Fourier sine coefficients of fi (x), 


An = = [feo sin( 2) dx. 
a Jo a 


The second boundary condition reads 


(oe) 


. . (nmx 
u(x, b) = Se cosh(A,,b) + b,, sinh(A.,,b)) sin( “*) 


n=1 


=fx(x), O<x<a. 
This also is a problem in Fourier series, but it is not as neat. The constant 


a, cosh(A,,b) + b, sinh(A,b) 
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must be the mth Fourier sine coefficient of f). Since a, is known, b, can be 
determined from the following computations: 


2 a 
Ay cosh(A,b) + by, sinh(A,b) = - / fo(x) sin(anx) dx = cn, 
a Jo 


Cy — Ayn cosh(A,,b) 


be sinh(A,,b) 


If we use this last expression for b, and substitute into Eq. (9), we find the 
solution 


_ z sinh(Any) 
Wem sc sinh(A,,b) 
cosh(A.,b) 


+ ay] cosh(Qay) — sinh(yb) 


sinh) sin(Anx). (11) 


Notice that the function multiplying c,, is 0 at y = 0 and is 1 at y = b. Similarly, 
the function multiplying a, is 1 at y= 0 and 0 at y= b. An easier way to write 
this latter function is 


sinh(an(b — y)) 
sinh(A,b) 


as can readily be found from hyperbolic identities. 


> 


Example. 
Suppose f, and f, are both given by 


2x 


A@=fAia=4 “ 
2( 


Then 
8 sin(nz/2) 

n=l 5 aa 

nA n 


The solution of the potential equation for these boundary conditions is 


8 4 sin(™) sinh(“y) + sinh(4(b—y)) | (nx 

u(x, y) = ye, G ) ( 7 )- = e sin( ) (12) 
a sinh(*) 

In Fig. 2 is a graph of some level curves, u(x, y) = constant, for the case where 
a= b, and also a view of the surface z = u(x, y). Also see color figures on the 
CD. 
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Figure 2 (a) Level curves of the solution u(x, y) of the example problem (see 
Eq. (12)) for the case b = a= 1. Each curve is part of the locus of points that 
satisfy u(x, y) = constant for constants 0 to 0.9 in steps of 0.1. For some constants, 
the locus consists of more than one connected curve. (b) Perspective view of the 
surface z = u(x, y). 


Now we have seen a solution of Dirichlet’s problem in a rectangle with ho- 
mogeneous conditions on two parallel sides. In general, of course, the bound- 
ary conditions will be nonhomogeneous on all four sides of the rectangle. But 
this more general problem can be broken down into two problems like the one 
we have solved. 


Consider the problem 
V-u=0, O0<x<a, 0<y<b, (13) 
u(x,0)=fi(x), O<x<a, (14) 
u(x, b)=fx(x), O<x<a, (15) 
u0,yy=219), O<y<b, (16) 
u(ayy=n(y), O<y<b. (17) 


Let u(x, y) = u(x, y) + u2(x, y). We will put conditions on u; and uz so that 
they can readily be found, and from them u can be put together. The most 
obvious conditions are the following: 


Vu = 0, V*ur =0, 

ui (x, 0) =fi(x), u2(x, 0) =0, 
u(x, b) = fi(x), U2 (x, b) = 0, 
u(0, y) =0, u2(0, y) = gi(7), 
uj (a, y) =0, up (a, y) = £o(y). 
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It is evident that u, + up is the solution of the original problem Eqs. (13)- 
(17). Also, each of the functions u; and uw has homogeneous conditions on 
parallel boundaries. We already have determined the form of u,. The other 
function would be of the form 


A, sinh(,x) + B, sinh(,,(a — x)) 
sinh(na) 


w(x, y) =) > sin(Hny) , (18) 


n=1 


where [, = nz /b and 
2 re 
An => / g2(y) sin(uny) dy, 
0 


2 f° 
By = b / gi(y) sin(Wny) dy. 
0 


In the individual problems for u; and uy, the technique of separation of 
variable works because the homogeneous conditions on parallel sides of the 
rectangle can be translated into conditions on one of the factor functions. 

When the boundary conditions are not complicated functions, it may be 
possible to satisfy some of them with a polynomial function. (See Exercises 1 
and 2 of Section 4.1.) Then the difference between u and the polynomial is a 
solution of the potential equation that satisfies some homogeneous boundary 
conditions. 


EXERCISES 


1. Show that sinh(Ay) and sinh(A(b — y)) are independent solutions of 
Y” —i7Y =0 with A 4 0. Thus a combination of these two functions may 
replace a combination of sinh and cosh as the general solution of this dif- 
ferential equation. 


2. Show that the solution of the example problem may be written 


_ 8 oe sin( =) cosh(“(y — $b)) : (=*) 
t= ae 7 cosh (#2) sin aay 


3. Use the form in Exercise 2 to compute u in the center of the rectangle in 
the three cases b = a, b = 2a, b = a/2. (Hint: Check the magnitude of the 
terms.) 


4. Verify that each term of Eq. (9) satisfies Eqs. (1), (4), and (5). 
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5. Solve the problem 


V-u=0, Oexee a. Cay 2D, 
u(0,y)=0, u(a,y) =0, 0<y<b, 
u(x,0)=0, u(x,b)=f(x), 0<x<a, 


where f is the same as in the example. Sketch some level curves of u(x, y). 


6. Solve the potential problem on the rectangle 0 < x < a,0 < y < b, subject 
to the boundary conditions u(a, y) = 1, 0 < y < b, and u=0 on the rest of 
the boundary. 


7. Solve the problem of the potential equation in the rectangle 0 < x <a,0< 
y <b, for each of the following sets of boundary conditions. Before solving, 
make a pictorial version of the problem as in Exercise 9 of Section 4.1. 


a. u(x, b) = 100, 0 < x <a; u=0 on the other three sides of the rectangle. 


b. u(x, b) = 100, 0 <x <a; u(a, y) = 100, 0 < y < b; u=0 on the other 
two sides of the rectangle. 


ce. u(x, b) = bx, 0 <x <a; u(a, y) = ay, 0 < y < b; u=0 on the other two 
sides of the rectangle. 


8. Solve the problem for 12. (That is, derive Eq. (18).) 


4.3 Further Examples for a Rectangle 


In Section 4.2, we solved Dirichlet problems with separation of variables. The 
same method applies to problems with other types of boundary conditions, as 
shown in the following. 


Example 1. 
In this problem, the unknown function might be a voltage in a conductor. The 
left and right sides are electrically insulated. 

au 07u 

We ope 0<x <a, 0<y<b, 
) ) 
“0,” =0, SS aw26, 0<y<b, 
ax ax 
u(x, 0) = 0, u(x, b) = Vox/a, O<x<a. 


We have homogeneous conditions on the facing sides at x = 0 and x =a. If 
we look for solutions in the product form u(x, y) = X(x) Y(y), we find (as ex- 
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pected) that 
X"(x) - Y"(y) 
X(x) YQ) 
The conditions at x = 0 and x = a become 


= constant. 


MOH Dy. eared. 


If we make the separation constant —A’, we find a familiar eigenvalue problem 
for X whose solution is 


Xo(x)=1, Ap=0, 
Xy(x) = cos(Ayx), Ay=nmt/a, n=1,2,.... 


For the factor Y(y), the differential equation is 
Yi =0)/ cor: YS 0 
with solution 
Yo(y) =ao + boy or Yn(y) =ancosh(Any) + by sinhOny). 


Thus, the principle of superposition leads to the series solution 


u(x, Y) = ao + boy + aC cosh(Any) + bn sinh(Any)) cos(A,,x). 


n=1 


The boundary condition at y = 0 becomes 

[e,2) 

dy + ya cos(A,x)=0, O<x<a, 

1 

from which we see that all the a’s are 0. Then at y = b we have 
= Vox 
bob + So (bn sinh(A,b)) cos(A,»x) = ea 0O<x<a. 
a 


n=1 


This is a slightly disguised cosine series. The coefficients are 


] a 
is -| v(=) de, 
a Jo a 


2 a 
b, sinh(,,,b) = = | Vo (=) cos(A,,x) dx. 
a Jo a 


See a color graphic of the solution on the CD. 
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We have seen that the success of the separation of variables method depends 
on having homogeneous boundary conditions at the ends of one of the inter- 
vals involved. In Section 4.2 we mentioned splitting up a Dirichlet problem, 
if necessary, to achieve this. The same splitting technique applies in problems 
where boundary condition of other kinds are used. The principle is to zero 
conditions on two facing sides of the region and to copy the rest. 


Example 2. 
This problem may describe the temperature u(x, y) in a thin plate between 
insulating sheets. 


au = a? = 


ax2 a2 0<x <a, 0<y<b, 
x y 


Ou 

35 OY) = 0, u(a,y)=Sy, O<y<b, 
x 

r) Sb 

SEG OVS: taba, O<x <a. 
oy a 


Since we have nonhomogeneous conditions on adjacent sides, we must split 
the problem in order to solve by separation of variables. Here are the two prob- 
lems: 


a7 uy + 07 uy _ 0, 07 uy + 07 uy _ 0, 

Ox? ay? Ox? ay? 

Ou, du 

— (0, y) SF 0, uy, (a, y) = 0, — (0, y) = 0, ug (a, y) _ Sy, 
Ox Ox 

0 Sb ) 

“x, 0)=S, m(x,b)=-=, “2 (x,0)=0, w(x, b) =0. 
oy a oy 


The solution of the original problem is the sum u = wu, + uy. Here is the 
reasoning in detail. 


1. The potential equation is linear and homogeneous. By the Principle of 
Superposition, the sum of solutions is a solution. 


2. At x = a we have u(a,y) = 0+ Sy, and at y = b we have u(x, b) = 
Sbx/a+ 0. Both conditions are satisfied. 


3. From elementary calculus, we know 
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Then at the left and bottom boundaries, we have 
Ou Ou 
—(0,y)=0+0, —(x,0)=S+0. 
Ox oy 


These are satisfied as well. 


Thus, it remains to solve the two problems for u; and up. (See the Exercises.) 
Here are product solutions. For 1: 


1\z 
cos(A,x) (an cosh(Any) + by sinh(Any)), ee (« — >) eo eee 
For 2: 


: 1\z 
COS([Lny) (An cosh(1,x) + By sinh(,x)), Un= ¢ _ 5) e n=1,2,.... 


The simple polynomial solutions that we found in Section 4.1, Exercise 1, 
can be very useful in reducing the number of series needed for a solution. If 
nonhomogeneous conditions are given on adjacent sides and these are con- 
stants or first-degree polynomials in one variable, then a polynomial may be 
able to satisfy enough of them to simplify the work. 


Example 3. 
Refer to the problem in Example 2. The polynomial v(y) = Sy satisfies the 
potential equation and several of the boundary conditions: 


0 

(0,y)=0, v(ay)=Sy, O<y<b, 
Ox 

dv 

Pre v(x,b)=Sb, O<x<a. 
y 


Thus, we may set u(x, y) = v(y) + w(x, y) and determine that w must be the 
solution of this problem, similar to the problem for u2 in Example 2: 


EW gs, 0 b 
—+—— =0, <x<a, <y<b, 
ax? ay? y 

dw 

—(0,y) =0, w(a, y) =0, 0<y<b, 
Ox 

dw Sb(x — a) 

— (x, 0) =0, w(x, b) = ————_,, 0<x <a. 
oy a 


The solution is left as an exercise. 
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Poisson Equation 


Many problems in engineering and physics require the solution of the Poisson 
equation, 


V’u=—H_ inaregion R. 
Here are three examples of such problems. 


(1) wis the deflection of a membrane that is fastened at its edges, so u = 0 on 
the boundary of 7; H is proportional to the pressure difference across 
the membrane. (See Section 5.1.) 


(2 


New 


u is the steady-state temperature in a cross section of a long cylindrical 
rod that is carrying an electrical current; H is proportional to the power 
in resistance heating. (See Section 5.2.) 


(3) wis the stress function on the cross section FR of a cylindrical bar or rod 
in torsion (the shear stresses are proportional to the partial derivatives 
of u); H is proportional to the rate of twist and to the shear modulus of 
the material; u = 0 on the boundary of FR. 


If H is a constant, a polynomial of the form 


P(x, y) =A+ Bx + Cy+ Dx’ + Exy+ Fy’ 
is a solution of Poisson’s equation, provided that 
1D4h)= 4H. 


The other coefficients are arbitrary and may be chosen for convenience in sat- 
isfying boundary conditions. 


Example 4. 
Find the deflection u of a membrane that is modeled by this problem. The 
constant is H = p/o, where p is the pressure difference (below to above) and 
o is the surface tension in the membrane. 

A polynomial can be chosen that satisfies the partial differential equation 
and boundary conditions on facing sides. For instance, 


satisfies the Poisson equation and two boundary conditions, 


v(0)=0, v(a)=0. 
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Thus, we may set u(x, y) = v(x) + w(x, y) and determine that w is a solution 
of the problem 


0-w Ae d7w er ‘ b 
—_ + —_ = 0, <x <4, <y <9, 
ax ay? 4 

w(0, y) = 0, w(a, y) = 0, 0<y<b, 
w(x,0)=—v(x), w(x,b)=—v(x), O<x<a. 


The CD has color graphics of the solution. 


In general, if H is a polynomial in x and y, a solution can be found in the 
form of a polynomial of total degree 2 higher than H. If H is a more gen- 
eral function, it may be expressed as a double Fourier series (see Chapter 5), 
and the partial differential equation can be solved following the idea of Sec- 
tion 1.11B. 


EXERCISES 


1. Solve the problem consisting of the potential equation on the rectangle 
0<x<a,0<y < bwith the given boundary conditions. Two of the three 
are very easy if a polynomial is subtracted from u. 


“) 
a. = (0, y) = 0; u = 1 on the remainder of the boundary. 
x 
a a 
b. “(0,y)=0, S(a,y)=0; — u(x,0)=0, u(x, b) = 1. 
Ox Ox 


a 
c. 5 0)=0, u(x, b) =0; u(0,y)=1, u(a,y)=0. 
x 


2. Same task as Exercise 1. 
a. u(x, b) = 100; the outward normal derivative is 0 on the rest of the 
boundary. 
Ou 
b. u(x,b)=100, u(0O,y)=0, u(a,y) = 100, ay 0) =0. 
y 
3. Finish the work for Example 1: Find the b,,, form the series, and check that 
all conditions are satisfied. 


4. In Example 2, check that the given product solution for u(x, y) satisfies 
the conditions and determine the coefficients a, and b,. 


5. In Example 2, check that the given product solution for u(x, y) satisfies 
the conditions and determine the coefficients A, and B,,. 
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6. Explain the difference between the cosine series in Example 1 and the co- 
sine series for u(x, y) in Example 2. What is the source of the difference? 


7. Finish the work for Example 3. That is, find w(x, y) as a series and check 
that the boundary conditions are all satisfied. 


8. Compare the amount of work involved in solving the problem of Exam- 
ple 2 (including Exercises 4 and 5) with the work for Example 3 (including 
Exercise 7). 


9. Finish the work of Example 4: Find the solution, as a series, for w(x, y). 
Form u(x, y) and use the first term of the series for w(x, y) to obtain an 
expression for the value of u(5, *), This would be the maximum deflection 
of the membrane. 


10. Find the condition on the coefficients so that the following general 
second-degree polynomial is a solution of the Poisson equation, V*p = 
—H, where H is constant: 


p(x, y) =A+ Bx+ Cy+ Dx’ + Exy+ Fy’. 


11. Same task as Exercise 10, but H = K(x’ + y’) and p is this part of the 
general fourth-degree polynomial 


p(x, y) = Ax* + Brey + Cx’y* + Dxy? + Ey'*, 


07u fe au ee. 4G 5 5 
—_ + —_ =H, <x <A, <y<b, 
ax? ay? 4 

u(0, y) = 0, u(a,y)=0, O0<x <a, 
u(x, 0) =0, u(x,b)=0, O<y<b. 


4.4 Potential in Unbounded Regions 


The potential equation, as well as the heat and wave equations, can be solved 
in unbounded regions. Consider the following problem, in which the region 
involved is half a vertical strip, or a slot: 


wt4 Tino O0<x<a, 0<y, (1) 
u(x, 0) = f(x), 0<x <a, (2) 
uO,y)=gily), O<y, (3) 
ula,y)=Hly), O<y. (4) 


As usual, we required that u(x, y) remain bounded as y > ov. 
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In order to make the separation of variables work, we must break this 
up into two problems. Following the model of Sections 4.2 and 4.3 we set 
u(x, y) = uy (x, y) + u2(x, y) and require that the parts satisfy these two solv- 
able problems: 


Vu = 0, Vu =0, O<x<a, 0<y, 
u1(x,0)=f(x), u2(x,0)=0, 0<x <a, 

u, (0, y) = 9, m0,y)=gi), O<y, 

ui (a, y) = 0, ur(a,y)=grly), O<y. 


We attack the problem for u, by assuming the product form and separating 
variables: 


X"(x) = Y"(y) _ <a 
X(x) YY) ; 


The sign of the constant —A* is determined by the boundary conditions at 
x = 0 and x = a, which become homogeneous conditions on the factor X(x): 


uy (x, y) = X(x)Y(y), 


X(0)=0, X(a)=0. (5) 


(We also can see that the condition to be satisfied along y = 0 demands func- 
tions of x that permit a representation of an arbitrary function.) 
The boundary conditions, Eq. (5), together with the differential equation 


X" +X =0 (6) 


that comes from the separation of variables, constitute a familiar eigenvalue 
problem, whose solution is 


_ (nmx ) nn \?* 
X,(x) =sinf —], A,=|—]. n=1,2,3,.... 
a a 


The equation for Y is 
Y"-WY=0, 0<y. 


In addition to satisfying this differential equation, Y must remain bounded as 
y > oo. The solutions of the equation are e*” and e~””. Of these, the first is 
unbounded, so 


Yn(y) = exp(—Any). 


Finally, we can write the solution of the first problem as 


u(x, y) = a An sin( “™*) exp(—2”), (7) 


n=1 


The constants a, are to be determined from the condition at y = 0. 
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The solution of the second problem is somewhat different. Again we seek 
solutions in the product form u(x, y) = X(x) Y(y). The homogeneous bound- 
ary condition at y = 0 and the boundedness condition become conditions on 
Y(y): 

Y(0)=0, Y(y) bounded as y > oo. 


Then the potential equation becomes 


xX” (x) y” (y) = 
X(x) YY) 
and both ratios must be constant. If Y”/Y is positive, the auxiliary conditions 


force Y to be identically 0. Thus, we take Y”/Y = —x”, or Y” + w?Y = 0, and 
find that the solution that satisfies the auxiliary conditions is 


0, (8) 


Y(y) = sin(uy), 
for any 4 > 0. Then the general solution of the equation X”/X = pu’ is 


sje asinh(ex) sinh((a — x)) 


sinh(a) sinh(jwa) 


We have chosen this special form on the basis of our experience in solving the 
potential equation in the rectangle. 

Since jz is a continuous parameter, we combine our product solutions by 
means of an integral, finding 


nay) = | [aw es + By) | sinc) ae (9) 
0 sinh(a) sinh(a) 


The nonhomogeneous boundary conditions at x = 0 and x = a are satisfied if 
[e,2) 
u2(0, y) J) Bw) sin(uy) du =gily), O<y, 
0 


w(a,y) = / A(u)sin(uy) du =), 0<y. 
0 


Obviously these two equations are Fourier integral problems, so we know how 
to determine the coefficients A(z) and B(jz). An example of this kind of prob- 
lem is shown on the CD. 

The potential equation can also be solved in a strip (0 <x <a, —co <y 
< 00), a quarter-plane (0 < x, 0 < y), or a half-plane (0 < x, —0o < y < 00). 
Along each boundary line, a boundary condition is imposed, and the solution 
is required to remain bounded in remote portions of the region considered. In 
general, a Fourier integral is employed in the solution, because the separation 
constant is a continuous parameter, as in the second problem here. 
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EXERCISES 


1. Find a formula for the constants a, in Eq. (7). 


2. Verify that wu) (x, y) in the form given in Eq. (7) satisfies the potential equa- 
tion and the homogeneous boundary conditions. 


3. Find formulas for A(jz) and B(z) of Eq. (9). 

4. Solve the potential equation in the slot, 0 < x < a, 0 < y, for each of these 
sets of boundary conditions. 
a. u(0,y)=0, ula,y)=0, O<y; u(x,0)=1, O0O<x<a@; 
b. u(0,y)=0, ulay)=e%, O<y; u(x,0)=0, O<x<a; 


” ally. ges, = ; 
c. HON=FO=| 4 b<y, u(a, y) = 0, 0<y; 
u(x,0)=0, O<x<a. 


5. Solve the potential equation in the slot, 0 < x < a, 0 <y, for each of these 
sets of boundary conditions. 


) 
a. 5 (009) =O u(a,y)=0, O<y; u(x,0)=1, O0<x <a; 
x 


) 

b. ej: u(a,y)=e”, O<y; 
Ox 
u(x,0)=0, O<x<a; 

7 = pls Vay d, 
ce. u(0, y) = 0, wan =fO= {4 bea 
Ou 
—(x,0)=0, O<x<a. 
ay 


6. Show that if the separation constant had been chosen as —1* instead of 
ww? in solving for uz (leading to Y” — w?Y = 0), then Y(y) = 0 is the 
only function that satisfies the differential equation, satisfies the condition 


Y(0) = 0, and remains bounded as y > oo. 
7. Solve the problem of potential in a slot under the boundary conditions 


u(x,0)=1, u(O,y)=u(a,y) =e”. 


8. Show that the function u(x, y) given here satisfies the potential equation 
and the boundary conditions on the “long” sides in Exercise 7, provided 
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that cos(a/2) # 0: 


2 cos(x — 3a) ~ 
cr cos(4a) 


What partial differential equation and boundary conditions are satisfied 
by w(x, y) = u(x, y) — u(x, y) if u is the function of Exercise 7? 


9. Solve the potential equation in the slot 0 < y < b, 0 < x for each of the 
following sets of boundary conditions: 


1, O<x<a, 


a. u(0, y) = 0, u(x, 0) = 0, u(x, b) = f(x) = t Por 


b. u(0, y) = 0, u(x, 0) =e™, u(x, b) = 0. 


10. Find product solutions of this potential problem in a strip: 


0*u te 07 u ae 
—_+4+—_=0, <x<a, -O<y<O, 
Ox? ay? es 


subject to the boundedness condition u(x, y) bounded as y > oo. 


11. Solve the potential problem consisting of the equation and boundedness 
conditions from Exercise 10 and the boundary conditions 


u(0,y)=0, u(a,y)= el 99 <y<O. 


12. Show how to solve the potential problem of Exercise 10 together with the 
boundary conditions 


u0y=n(%), uay=aly), -oo<y<oO, 


where g; and g) are suitable functions. 

13. Find product solutions of this potential problem in the quarter-plane: 
0°u Ou 
ax2 ay? 
u(0,y)=0, u(x, 0) =f (x). 


0, O<x, O<y, 


Note that u(x, y) must remain bounded as x > oo and as y > ov. 


14. Solve the potential equation in the quarter-plane, x > 0, y > 0, subject to 
the boundary conditions 


uO0,y)=e’, y>O; u(x,0)=e*, x>0. 
y 
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15. Find product solutions of the potential equation in the half-plane y > 0: 


au =a? 

—+——=0, -w<x<mw, 0<y<aM, 
0x2 ay? 

u(x, 0) = f(x), —-WO <x<O. 


What boundedness conditions must u(x, y) satisfy? 


16. Convert your solution of Exercise 15 into the following formula (see Ex- 
ercise 8 of Section 4.4 and Section 2.11): 


a 


ay eee, y 
uapa=rf fs 


17. Use the formula in Exercise 16 to solve the potential problem in the upper 
half-plane, with boundary condition 
1, O<x, 


ux) =fe) =| x<0. 


18. Solve the problem stated in Exercise 15 if the boundary function is 


1, |x| <a, 


roo={ |x| >a. 


19. Show that u(x, y) = x is the solution of the potential equation in a slot 
under the boundary conditions f(x) = x, gi(y) = 0, g2(y) = a. Can this 
solution be found by the method of this section? 


4.5 Potential in a Disk 


If we need to solve the potential equation in a circular disk x? + y” < c’, it is 
natural to use polar coordinates r, 0, in terms of which the disk is described 
by 0 <r <c. We found in Section 4.1 that the potential equation in polar 


coordinates is 
10 (dv 1 d*u 
r =0. 
ror\ or r? 002 


There are some special features of this coordinate system. First, it is clear that 
some coefficients of the Laplacian are negative powers of r. Thus, we must 
enforce a boundedness condition at r = 0. Second, @ and 6 + 27 refer to the 
same angle. Therefore, we must require that the function u(r, 6) be periodic 
with period 27 in @. 
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The Dirichlet problem on a disk can now be stated as 


1a (=) : 1 07v Aes ages a) 
rdr\ or 1? 007 

v(c, 0) =f (6), (2) 
v(r,Od +27) =v(r,0), O<r<c, (3) 
v(r, 9) bounded as r > 0+. (4) 


By assuming u(r, 0) = R(r)Q(0) we can separate variables. The potential equa- 
tion becomes 


1 \/ 1 7 
= (rR’) Q+ =RQ’ =0. 
r r 

Separation is effected by dividing through by RQ/r’: 
ARG) QY@) 


Rr) Q@) 
As usual, both terms must be constant. We know that if Q’/Q is a posi- 
tive constant, then Q will be exponential, not periodic. Therefore we choose 
Q’/Q= —A’ and obtain this singular eigenvalue problem: 


V+HQ=0, (5) 
QU + 27) = QO). (6) 
The accompanying equation for R(r) is 
r(rR’)' —VR=0, (7) 
R(r) bounded as r > 0+. (8) 


The general solution of Eq. (5) (if A > 0) is 
Q(@) = Acos(A@) + Bsin(Aé). 


This function is periodic for all A, but the period is 27 only if A is an inte- 
ger. Thus we have A, = n, n= 1,2,.... In addition, if 1 = 0, we have a peri- 
odic solution that is any constant. Thus, the solution of the singular eigenvalue 
problem of Eqs. (5) and (6) is 


Ao = 0, Qo(@) = 1, 
An=n, Q,(0)=Acos(n@)+ Bsin(nO), n=1,2,3,.... 


The novelty here is that we have two eigenfunctions for each eigenvalue n = 
I rere 
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Knowing that 4? = n’, we can easily find R(r). The equation for R becomes 
PR’ +r —1nR=0, 0<r<e, 


when the indicated differentiations are carried out. This is a Cauchy—Euler 
equation, whose solutions are known to have the form R(r) = r%, where a 
is constant. Substituting R = r*, R’ = ar®~!, and R” = a(@ — 1)r%~ into it 
leaves 

(a(a — l)+a—n’)r* =0, O<r<c. 


Because r* is not zero, the constant factor in parentheses must be zero — that 
is, @ = +n. The general solution of the differential equation is any combina- 
tion of r” and r~”. The latter, however, is unbounded as r approaches zero, 
so we discard that solution, retaining R,,(r) = r”. In the special case n = 0, the 
two solutions are the constant function 1 and In(r). The logarithm is discarded 
because of its behavior at r = 0. 

Now we reassemble our solution. The functions 


ro-1=1, r"cos(nO), r"sin(nd) (9) 


are all solutions of the potential equation, so a general linear combination of 
these solutions will also be a solution. Thus u(r, 6) may have the form 


u(r, 0) =a) + Y> ayr” cos(nd) + Stat" sin(n@). (10) 
n=1 n=1 
At the true boundary r = c, the boundary condition reads 
v(c,0)=ajg+ ss c"(an cos(n0) + b, sin(n@)) =f(@), -m<O0<nz. 
n=1 


This is a Fourier series problem, as in Section 1.1, solved by choosing 


1 4 
ay = — | f(0)dd, 
20 J_xz 


1 


wc" 


1 
qc" 


An = J f0 cosine) ao, B= [fe sinc a. (11) 


Example. 
Consider the problem consisting of Eqs. (1)—(4) with 


0, -mz <0<-m7/2, 
nem =f0={1 —17/2<0<m7/2, 
0, w/2<0<T7Z. 
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The solution is given by Eq. (10), provided that the coefficients are chosen 
according to Eq. (11). Since f(@) is an even function, b, = 0, and 


1 f* 1 
a=~ | f(@)d0=-, 
T Jo 2 


2 m, 2 si 2 
an = / Mca. 
mc" Jo nq ch 
Therefore, the solution of the problem is 
a 2 sin(nm/2) r” 
v(r, 8) = Oe 2 aa a cos(n@). (12) 


The level curves of this function are all arcs of circles that pass through the 
boundary points r = c, 9 = +7/2, where f(@) jumps between 0 and 1. Along 
the x-axis, the function has the simple closed form 1/2 + (2/7) tan7!(x/c). 

The CD has a color graphic of the solution. 


Properties of the Solution 


Now that we have the form Eq. (10) of the solution of the potential equation, 
we can see some important properties of the function u(r, @). In particular, by 
setting r = 0 we obtain 


010.8) =a = = | fede = = | v(c, 6) dé. 


20 


This says that the solution of the potential equation at the center of a disk is 
equal to the average of its values around the edge of the disk. It is easy to show 
also that 


v(0, 8) = =| u(r, 0) dO (13) 


for any r between 0 and c! This characteristic of solutions of the potential equa- 
tion is called the mean value property. From the mean value property, it is just 
a step to prove the maximum principle mentioned in Section 4.1, for the mean 
value of a function lies between the minimum and the maximum and cannot 
equal either unless the function is constant. 

An important consequence of the maximum principle — and thus of the 
mean value property—is a proof of the uniqueness of the solution of the 
Dirichlet problem. Suppose that u and v are two solutions of the potential 
equation in some region R and that they have the same values on the bound- 
ary of R. Then their difference, w = u — v, is also a solution of the potential 
equation in R and has value 0 all along the boundary of R. By the maximum 
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principle, w has maximum and minimum values 0, and therefore w is identi- 
cally 0 throughout R. In other words, u and v are identical. 


EXERCISES 
1. Solve the potential equation in the disk 0 < r < c if the boundary condi- 
tion is v(c, 0) = |0|, -7 <O<Z. 


2. Same as Exercise 1 if v(c, 0) = 0, —m <0 <1. Is the boundary condition 
satisfied at 0 = +7? 


3. Same as Exercise 1, with boundary condition 


cos(0),  —m/2<0<7/2, 
0, otherwise. 


Me) =F0)=| 


4. Find the value of the solution at r = 0 for the problems of Exercises 1, 2, 
and 3. 


5. If the function f(@) in Eq. (2) is continuous and sectionally smooth and 
satisfies f(—z+) = f(a—), what can be said about convergence of the 
series for u(c, 6)? 


6. Show that 


v(r,0) =ay + > r "(ay cos(n@) + b, sin(nd)) 


n=1 
is a solution of Laplace’s equation in the region r > c (exterior of a disk) 
and has the property that |v(r, @)| is bounded as r + oo. 


7. If the condition v(c, 6) = f(@) is given, what are the formulas for the a’s 
and b’s in Exercise 6? 


8. The solution of Eqs. (1)-(4) can be written in a single formula by the 
following sequence of operations: 


a. Replace 0 by ¢ in Eq. (11) for the a’s and b’s; 
b. replace the a’s and b’s in Eq. (10) by the integrals in part a; 


c. use the trigonometric identity 


cos(n@) cos(n@) + sin(n@) sin(nd) = cos(n(8 — o)); 


d. take the integral outside the series; 


280 Chapter 4 The Potential Equation 
e. add up the series (see Section 1.10, Exercise 5a). Then v(r, 6) is given 
by the single integral (Poisson integral formula) 


eae 


vino = = ff) dg. 
20 Jn c? +r? — 2rccos(O — d) 


9. Solve Laplace’s equation in the quarter-disk 0 < 6 < 1/2,0 <r <c, sub- 
ject to the boundary conditions u(r, 0) = 0, u(r, 7/2) = 0, v(c, 0) = 1. 


10. Generalize the results of Exercise 9 by solving this problem: 


10 / dv 1 d*v 
| =0, 0<0<an, O<r<c, 


ror or ' 72 962 
v(r, 0) = 0, v(ir,aw)=0, O<r<ce, 
v(c, 0) =f (8), 0<0 <an. 


Here, a is a parameter between 0 and 2. 


11. Suppose that w > 1 in Exercise 10. Show that there is a product solution 
with the property that oe (r, 9) is not bounded as r > 0+. 


4.6 Classification of Partial Differential Equations 
and Limitations of the Product Method 


By this time, we have seen a variety of equations and solutions. We have con- 
centrated on three different, homogeneous equations (heat, wave, and poten- 
tial) and have found the qualitative features summarized in the following table: 


Equation Features 
Heat Exponential behavior in time. Existence of a limiting (steady-state) solution. 
Smooth graph for t > 0. 


Wave Oscillatory (not always periodic) behavior in time. Retention of discontinuities 
for t > 0. 


Potential | Smooth surface. Maximum principle. Mean value property. 


These three two-variable equations are the most important representatives 
of the three classes of second-order linear partial differential equations in two 
variables. The most general equation that fits this description is 


07 u a7u 07u du du 
A + B tC + D LE + Fu+ G=0, 
0g? d§0n an? 0g an 
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where A, B, C, and so forth are, in general, functions of € and 7. (We use Greek 
letters for the independent variables to avoid implying any relations to space 
or time.) Such an equation can be classified according to the sign of B* — 4AC: 


B? —4AC <0: elliptic, 
B’ —4AC =0: _ parabolic, 
B* —4AC > 0: hyperbolic. 


Because A, B, and C are functions of € and n (not of w), the classification of an 
equation may vary from point to point. It is easy to see that the heat equation 
is parabolic, the wave equation is hyperbolic, and the potential equation is 
elliptic. The classification of an equation determines important features of the 
solution and also dictates the method of attack when numerical techniques are 
used for solution. 

The question naturally arises whether separation of variables works on all 
equations. The answer is no. For instance, the equation 


does not admit separation of variables. In general, it is difficult to say just 
which equations can be solved by this method. However, it is necessary to have 
B=0. 

The region in which the solution is to be found also limits the applicability 
of the method we have used. The region must be a generalized rectangle. By 
this we mean a region bounded by coordinate curves of the coordinate system 
of the partial differential equation. Put another way, the region is described 
by inequalities on the coordinates, whose endpoints are fixed quantities. For 
instance, we have worked in regions described by the following sets of inequal- 
ities: 

0<x<a, 0<t, 

0<x, 0 <t, 

—-O<x<w, O0<t, 

0<x <a, 0<y<b, 

0O<r<c, —m <O0<7. 
All of these are generalized rectangles, but only one is an ordinary rectangle. 
An L-shaped region is not a generalized rectangle, and our methods would 
break down if applied to, for instance, the potential equation there. 


There are, as we know, restrictions on the kinds of boundary conditions 
that can be handled. From the examples in this chapter it is clear that we need 
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homogeneous or “homogeneous-like” conditions on opposite sides of a gener- 
alized rectangle. Examples of “homogeneous-like” conditions are the require- 
ment that a function remain bounded as some variable tends to infinity, or the 
periodic conditions at 96 = +z (see Section 4.5). The point is that if two or 
more functions satisfy the conditions, so does a sum of those functions. 

In spite of the limitations of the method of separation of variables, it works 
well on many important problems in two or more variables and provides in- 
sight into the nature of their solutions. Moreover, it is known that in those 
cases where separation of variables can be carried out, it will find a solution if 
one exists. 


EXERCISES 


1. Classify the following equations. 


a-u 

a. = 0; 
Oxdy 

; a7 u a-u OF Sn, 
ax2 ' axdy | ay? cs 
au = 0*uss«éP 

c =2u; 
Ox? axdy day? 

PF a-u a-u du du 


au du du 

0x? dys OO 

2. Show that, in polar coordinates, an annulus, a sector, and a sector of an 
annulus are all generalized rectangles. 


3. In which of the equations in Exercise 1 can the variables be separated? 
4. Sketch the regions listed in the text as generalized rectangles. 
5. Solve these three problems and compare the solutions. 
au d°u 
a. Omar a O<x<l, O<y, 
u(x,0)=f(x), O<x<1, 
u(0,y)=0, ul,y)=0, O<y; 
au 0?u 


b —~=—, 0<x<l, O<y, 
ax? ay? “ 


4.7 Comments and References 283 
Ou 
u(x, 0) = f(x), ay 0)=0, O<x<l, 
y 


u(0,y)=0, ul,y)=0, 0<y; 
gee ee O<x<l, O<y, 

Ox? ay 

te OH=fO;. URe <1 

u(0,y)=0, ud,y)=0, O<y. 


6. Show that if f,, fo, ... all satisfy the periodic boundary conditions 
f-m=f@, fCr=f@), 
then so does the function cif, + @f2 +--+, where the c’s are constants. 


7. Longitudinal waves in a slender rod may be described by this partial differ- 
ential equation: 
du 0° O*u 
ae O° Ox2aP 
Show how to separate the variables. 


8. Deflections of a thin plate and slow flow of a viscous fluid may both be 
described by the biharmonic equation 
O*u dtu dtu 


Ox? dy? 


Assume that u(x, y) = X(x)Y(y) and show that the variables don’t separate. 
Show that, under the additional assumption X”/X = —)’, a differential 
equation for Y results. 


4.7 Comments and References 


While the potential equation describes many physical phenomena, there is one 
that makes the solution of the Dirichlet problem very easy to visualize. Sup- 
pose a piece of wire is bent into a closed curve or frame. When the frame is 
held over a level surface, its projection onto the surface is a plane curve C en- 
closing a region ?. If one forms a soap film on the frame, the height u(x, y) of 
the film above the level surface is a function that satisfies the potential equa- 
tion approximately, if the effects of gravity are negligible (see Chapter 5). The 
height of the frame above the curve C gives the boundary condition on u. For 
example, Fig. 2(b) shows the surface corresponding to the problem solved in 
Section 4.2. A great deal of information about soap films is in the book The 
Science of Soap Films and Soap Bubbles by C. Isenberg (see the Bibliography). 
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Figure 3 Streamlines (solid) and equipotential curves (dashed) for flow in a cor- 
ner. The streamlines are described by the equation 2xy = constant, with a differ- 
ent constant for each one. Similarly, the equipotential curves are described by the 
equation x* — y* = constant. 


It turns out that the potential equation (but not all elliptic equations) is 
best studied through the use of complex variables. A complex variable may be 
written z = x + iy, where x and y are real and i* = —1; similarly a function of 
z is denoted by f(z) = u(x, y) + iv(x, y), u and v being real functions of real 
variables. If f has a derivative with respect to z, then both u and v satisfy the 
potential equation. Easy examples, such as polynomials and exponentials, lead 
to familiar solutions: 


2=(x+ipy=xr—y + xy, 
Carty = eel = cos(y) + ie* sin(y), 


1 
In(z) = 5 In(x? +y’) +itan ! (). 
x 


(See Section 4.1, Exercises 1, 2; Section 4.4, Exercises 13, 14; Miscellaneous 
Exercise 18 in this chapter.) Knowing these elementary solutions often helps 
in simplifying a problem. 

In certain idealized fluid flows (steady, irrotational, two-dimensional flow of 
an inviscid, incompressible fluid) the velocity vector is given by V = — grad @, 
where the velocity potential @ is a solution of the potential equation. The 
streamlines along which the fluid flows are level curves of a related function y, 
called the stream function, which also is a solution of the potential equation. 
The two functions ¢ and w are, respectively, the real and imaginary parts 
of a function of the complex variable z. The level curves ¢ = constant and 
yw = constant form two families of orthogonal curves called a flow net. The 
flow net in Fig. 3, for 6 = x? — y* and = 2xy (the real and imaginary parts 
of the function f(z) = z’), illustrates flow near a corner formed by two walls. 
Many other flow nets are shown in the book Potential Flows: Computer Graphic 
Solutions by R.H. Kirchhoff. Civil engineers sometimes sketch a flow net by eye 
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to get a rough graphical solution of the potential equation for hydrodynamics 
problems. 

Where a physical boundary is formed by an impervious wall, the velocity 
vector V must be parallel to the boundary. This fact leads to two boundary 
conditions. First, the wall must coincide with a streamline; thus yw = constant 
along a boundary. Second, the component of V that is normal to the wall must 
be zero there, because no fluid passes through it; thus the normal derivative of 
¢ is zero, 0¢/dn = 0, at a boundary. See Miscellaneous Exercises 30-32. 


Chapter Review 


See the CD for Review Questions. 


Miscellaneous Exercises 


1. Solve the potential equation in the rectangle 0 < x <a,0 <y <b with 
the boundary conditions 


u0,y)=1, ula,y)=0, O<y<b, 


u(x,0)=0, u(x,b)=0, O0<x<a. 


2. Ifa =b in Exercise 1, then u(a/2, a/2) = 1/4. Use symmetry to explain 
this fact. 


3. Solve the potential equation on the rectangle 0 < x <a,0<y <b with 
the boundary conditions 


u(0, y) = 1, u(a, y) = 1, 0<y<b, 
) ) 
o* (x, 0) =0, SE Gps, 0O<x<a. 
dy dy 
4. Same as Exercise 3, but the boundary conditions are 
du 
u(0, y) = 1, Pe eee 0<y<b, 
x 


a 
u(x, 0) =1, OG by: 0<x <a. 
dy 
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10. 


11. 
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. Same as Exercise 3, but the boundary conditions are 


u(0, y) = 1, u(a,y)=1, O<y<bJ, 


ry) 
“0 = 0; u(x,b)=0, O<x<a. 
oy 


. Same as Exercise 3, but the boundary conditions are 


u0,y)=1, u(ay)=0, O<y<b, 
u(x,0)=1, u(x,b)=0, O<x<a. 


. Same as Exercise 3, but the region is a square (b = a) and the boundary 


conditions are 
u0,y)=f(y), ula,y)=0, O<y<a, 
u(x,0)=f(x), u(x,a)=0, 0<x<a, 


where f is a function whose graph is an isosceles triangle of height h and 
width a. 


. Solve the potential equation in the region 0 < x < a, 0 < y with the 


boundary conditions 


u(x, 0) = 1, 0<x<a, 


u(0,y)=0, ula,y)=0, O<y. 


. Find the solution of the potential equation on the strip 0 < y < J, 


—0oo < x < o, subject to the conditions that follow. Supply bounded- 
ness conditions as necessary. 


1, -a<x<a, 
u(x, 0) = te Boe 
u(x,b)=0, -oO<x<o@. 


Show that the function u(x, y) = tan~!(y/x) is a solution of the potential 
equation in the first quadrant. What conditions does u satisfy along the 
positive x- and y-axes? 


Solve the potential problem in the upper half-plane, 


atu, ote , ‘ 
—+——=0, -~<x<aM, <y, 
ax? ay? x 
u(x, 0) = f(x), —00 <x<OM, 


taking f(x) = exp(—a|x]). 


12. 


13. 


14. 


15. 


16. 
17. 
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Apply the following formula (see Section 4.4, Exercise 16) for the solu- 
tion of the potential problem in the upper half-plane if the boundary 
condition is u(x, 0) = f (x), where 


x <0, 
x> 0, 


1 
ways f f(x Spree ariel 


Apply the formula in Exercise 12 to the case where f(x) = 1, -00 <x 
< oo. The solution of the problem should be u(x, y) = 1. 


Oma 


a. Find the separation-of-variables solution of the potential problem in 
a disk of radius 1 if the boundary condition is u(1, 6) = f (@), where 


—m—-@0, -1 <0<0, 
fO={7 — 6, 0<O0<nZ. 


b. Show that the function given in polar and Cartesian coordinates by 


H8)=ear'( 280) 


1 — rcos(@) 


= 2tan*( y ) 
l1-x 


satisfies the potential equation (use the Cartesian coordinates) and 
the boundary condition. The following identity is useful: 


sin(@) ( — *) 
————— = tan : 
1 —cos(@) 2 


c. Sketch some level curves of the solution inside the circle of radius 1. 


Solve the potential equation in a disk of radius c with boundary condi- 
tions 


0<0<7, 


1, 
u(c,0) =| 6 —1 <6 <0. 


What is the value of u at the center of the disk in Exercise 15? 


Same as Exercise 15, but the boundary condition is 


u(c,0) = |sin(6)|. 
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18. For the potential problem on an annular ring 


10 (/ a*u 1 07u 
r =0, a<r<b, 
ror\ or r2 002 


show that product solutions have the form 


Ao + Boln(r), (Co + DoO) In(r), 


r"(An cos(n0) + B,, sin(n@)) + roa (Se cos(n@) + D,, sin(n@)). 


19. Solve the potential problem on the annular ring as stated in Exercise 18 
with boundary conditions 


u(a,@)=1, u(b,d)=0. 


20. Find product solutions of the potential equation on a sector of a disk 
with zero boundary conditions on the straight edges. 


V-u=0, O0<r<c, 0<0<a, 


u(r,0)=0, u(r,a)=0. 


21. Solve the potential problem in a slit disk: 
V-u=0, O0<r<c, 0<0<2z7, 
u(r, 0) = 0, u(r, 277) = 0, 
u(r,0)=f(0), 0<@<2z. 
22. Show that the function u(x, y) = sin(wx/a) sinh(zry/a) satisfies the po- 
tential problem 
V-u=0, O<x<a, O0<y, 
u(0,y)=0, u(a,y)=0, O<y, 
u(x,0)=0, O<x<a. 


This solution is eliminated if it is also required that u(x, y) be bounded 
as y > 00. 


23. Solve the potential equation in the rectangle 0 <x <a,0<y <b, with 
the boundary conditions 
ou 
u(0, y) = 0, ne) = 9: 0<y<b, 
x 


u(x,0)=0, u(x, b) =x, 0<x<a. 


24, 


25. 


26. 


27. 


28. 
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Find a polynomial of second degree in x and y, 


u(x, y) =A+ Bx+Cy4 Dx’ 4 Exy 4 Fy’, 
that satisfies the potential equation and these boundary conditions: 
v0,y)=0, O0<y<b, 


v(x,0)=0, v(x, b)=x, O<x<a. 


Find the problem (partial differential equation and boundary condi- 
tions) satisfied by w(x, y) = u(x, y) — u(x, y), where u and v are the so- 
lutions of the problems in Exercises 23 and 24. Solve the problem. Is this 
problem easier to solve than the one in Exercise 23? 


Solve the potential equation in the quarter-plane 0 < x, 0 < y, subject to 
the boundary conditions 


u(x,0)=f(x), O<x, 
u(0,y)=f(y), O<y. 


The function f that appears in both boundary conditions is given by the 
equation 


1, O<x<a, 


fe=[, a<x. 


(Flow past a plate) A fluid occupies the half-plane y > 0 and flows past 
(left to right, approximately) a plate located near the x-axis. If the x and y 
components of velocity are Up + u(x, y) and v(x, y), respectively (Up = 
constant free-stream velocity), under certain assumptions, the equations 
of motion, continuity, and state can be reduced to 

du du du dav 


=—, (1-M’)—+—=0, 
dy Ox ox oy 


valid for all x and y > 0. M is the free-stream Mach number. Define the 
velocity potential @ by the equations u = d@/dx and v = 0¢/dy. Show 
that the first equation is automatically satisfied and the second is a partial 
differential equation that is elliptic if M < 1 or hyperbolic if M > 1. 


If the plate is wavy—say, its equation is y = € cos(ax) —then the 
boundary condition, that the vector velocity be parallel to the wall, is 


u(x, € cos(ax)) =-—Ea sin(ax)(Up + u(x, € cos(ax))). 
This equation is impossible to use, so it is replaced by 


v(x, 0) = —eaUp sin(ax) 
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29. 


30. 


31. 


32. 


33. 
34. 
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on the assumption that € is small and u is much smaller than Up. Using 
this boundary condition and the condition that u(x, y) > 0 as y > oo, 
set up and solve a complete boundary value problem for ¢, assuming 
M<i. 


By superposition of solutions (@ ranging from 0 to oo) find the flow past 
a wall whose equation is y = f(x). Hint: Use the boundary condition 


v(x, 0) = Uof' (x) = / [A(@) cos(ax) + B(w) sin(ax) |dov. 
0 


In hydrodynamics, the velocity vector in a fluid is V = — grad(w), where 
u is a solution of the potential equation. The normal component of ve- 
locity, du/dn, is 0 at a wall. Thus the problem 


V-u=0, 0<x<1l, C2721; 
Ou Ou 
=— (0, y) =0, —(U,y)=-1, 0<y<l, 
Ox Ox 


Ou 


(x, 1)=1, 0<x<l, 
oy 


oe 0) =0 
zx, =v, 
ay 


represents a flow around a corner: flow inward at the top, outward at the 
right, with walls at left and bottom. Explain why, in a fluid flow problem, 


it must be true that 
) 
i: ae ds=0 («) 
Cc on 


if u is a solution of the potential equation in a region R, du/dn is the 
outward normal derivative, C is the boundary of the region, and s is arc 
length. 


Under the conditions stated in Exercise 30, prove the validity of (*). 
Hint: Use Green’s theorem. 


The Neumann problem consists of the potential equation in a region R 
and conditions on du/dn along C, the boundary of 7. Show (a) that 


0 
[ano 
c on 


is a necessary condition for a solution to exist, and (b) if u is a solution 
of the Neumann problem, so is u + c (c is constant). 


Show that u(x, y) = $(y —x’) isa solution of the problem in Exercise 30. 


a. Show that the given function is a solution of the potential equation. 
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b. Find the gradient of u and plot some vectors V = — grad(u) near the 


origin. 
u(x, y) =— tan! (2). 
x 


The flow field (see Exercise 30) given by this function is called an 
irrotational vortex. 


35. Same tasks as in Exercise 34. The flow field given by this function is called 
a source at the origin. 


u(x, y) =— In(./x? +y?). 


36. Solve this potential problem in a half-annulus (sketch the region). At 
some point, it may be useful to make the substitution s = In(r). 


14 / du _ 1 aeu 
Se ae + 992 l<r<e, 0<0<7, 


u(1, 0) =0, u(e,0)=0, 0<O0<T, 


u(r, 0) = 0, ur,w)=1, l<r<e. 


37. Solve the Poisson equation, V?u = —f, in polar coordinates by finding a 
function that depends only on r for: 


a. f(r,0) = 1; 
1 

b. f7,0) = = 
r 


38. In “An improved transmission line structure for contact resistivity mea- 
surements” [L.P. Floyd et al., Solid-State Electronics, 37 (1994): 1579- 
1584], a strip of conducting material is carrying a current in the direc- 
tion of its length. A second, long conducting strip of width L is placed at 
right angles to the first, forming a cross. A voltage is to be measured by 
a probe on the second strip some distance from the first. In the second 
strip, the voltage V(x, y) satisfies the boundary value problem 


ya oY 0 0 L, 0O 
ao Taw =: <x<lL, <y, 
ax2 ay? y 
aV aV 

— (0, y) =0, —(L, y) =0, O0<y, 

Ox Ox 

V(x, 0) =f(), O<x<L. 


In this problem, x is in the direction of current flow in the lower strip; 
y is in the direction of the length of the second strip; y = 0 at the edge 
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Vom 


\/ 


Figure 4 Exercise 38. 


of the lower strip (see Fig. 4). Of course, V is bounded as y + ov. Solve 
this boundary value problem for V in terms of f(x). 


The authors of the article cited in Exercise 38 say that any measurement 
of V(x, y) made at a distance y greater than 5L is independent of x. Ex- 
plain this statement, and determine what value (in terms of f) would be 
measured. 


In the article “A production-planning and design model for assessing the 
thermal behavior of thick steel strip during continuous heat treatment” 
[W.D. Morris, Journal of Process Engineering (2001): 53-63] the author 
models the temperature T(x, y) of a long steel strip that comes out of 
an oven at x = 0, moving to the right, where it is exposed to coolant air. 
These equations enter into the modeling (see Table 1 and Fig. 5): 


a. Conservation of energy/steady-state heat equation, derived by con- 
sidering conservation of energy for a rectangle of dimensions Ax by 
Ay that is fixed in space (see Sections 5.1 and 5.2): 


vdT oT PT 
= , O<x, -b<y<b; 
kox ax? dy? 


b. Symmetry condition: 


oT 
—(x,0)=0, O0<*x; 
ay 


c. Cooling by convection at the surface (see Section 2.1, Eq. (10)): 


T 
—e b) = (T(x, b) — £5 0<x; 
y 
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h convection coefficient (W/m?K) 

K thermal conductivity of steel (W/mK) 

L length of cooling line 

T(x,y) temperature in the strip 

RG temperature of coolant 

To temperature of the strip at entry to cooling line 
v strip speed (m/s) 

k thermal diffusivity of steel (m2/s) 

B Biot number (dimensionless) 


Table 1 Table of Notation. 


strip speed y 


e! nave sd 


oven —--+----> cooling line 


Figure5 Exercise 40. 


d. Condition at entry to cooling line (at x = 0): 


T(0,y)=Tp, —b<y<b. 


The author treats the strip as infinite. In fact, typical dimensions are 
100 m in the x-direction and 2 cm in the y-direction, so the ratio of 
x to y lengths is on the order of 104. 


Next, these dimensionless variables are introduced: 
T-—T, 


x 
¢=———_, Yoo; KS; 
To — Ta b b 


and these dimensionless parameter combinations appear in the equa- 
tions: 
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The problem in terms of dimensionless variables and parameters is: 


00 0 #0 


= ; 0<X, 0<Y<l, 
YOx ax? oY? 


a6 
ay (X, 0) =0, 0<X, 
aY 


00 

—(X,1)=—Bd(X,1), 0<X, 
aT ) (xX, 1) = 
0(0, Y)=1, 0<Y<1. 


Solve the problem for the case of a high Biot number, B — oo, which 
means that 0(X, 1) =0,0 < X. 


41. (Continuation) Solve the problem in Exercise 40 for the case of a low 
Biot number, B © 0, which means that Bx, 1)=0,0<X. 


Higher Dimensions rai yy 

and Other CHAPTER “ss 

Coordinates | 5 | D 
Ht Bes 


_*\\ a 


5.1 Two-Dimensional Wave Equation: Derivation 


For an example of a two-dimensional wave equation, we consider a membrane 
that is stretched taut over a flat frame in the xy-plane (Fig. 1). The displace- 
ment of the membrane above the point (x, y) at time t is u(x, y, t). We assume 
that the surface tension o (dimensions F/L) is constant and independent of 
position. We also suppose that the membrane is perfectly flexible; that is, it 
does not resist bending. (A soap film satisfies these assumptions quite accu- 
rately.) Let us imagine that a small rectangle (of dimensions Ax by Ay aligned 
with the coordinate axes) is cut out of the membrane, and then apply Newton’s 
law of motion to it. On each edge of the rectangle, the rest of the membrane ex- 
erts a distributed force of magnitude o (symbolized by the arrows in Fig. 2a); 
these distributed forces can be resolved into concentrated forces of magnitude 
a Ax oro Ay, according to the length of the segment involved (see Fig. 2b and 
Fig. 3). 


> 
y 


Figure 1 Frame in the xy-plane. 
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y yi 
o Ax 
iy o Ay o Ay 
o Ax 
4 Ax, Bie —— 4 aa 
x 
(a) (b) 


Figure 2 (a) Distributed forces. (b) Concentrated forces. 


u 
o Ax 
a Ay 
o Ay 
o Ax 
y x 


> 


Figure 3 Forces on a piece of membrane. 


tx 


(a) (b) 


Figure 4 Forces (a) in the xu-plane; (b) in the yu-plane. 


Looking at projection on the xu- and yu-planes (Figs. 4a, 4b), we see that 
the sum of forces in the x-direction is o Ay(cos(f) — cos(@)), and the sum of 
forces in the y-direction is Ax(cos(5) — cos(y)). It is desirable that both these 
sums be zero or at least negligible. Therefore we shall assume that a, 6, y, and 


6 are all small angles. Because we know that 


Ou Ou 
tan(a) = Ox’ tan(y) = dy 


and so forth, when the derivatives are evaluated at some appropriate point near 
(x, y), we are assuming that the slopes du/dx and du/dy of the membrane are 


very small. 
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Adding up forces in the vertical direction and equating the sum to the mass 
times acceleration (in the vertical direction) we obtain 


O7u 


o Ay(sin(B) — sin(a)) +o Ax(sin(5) — sin(y )) =p Ax Ay 5a” 


where p is the surface density [m/L*]. Because the angles a, 8, y, and 5 are 
small, the sine of each is approximately equal to its tangent: 


; Ou 
sin(a) = tan(a) = au y,t), 


and so forth. With these approximations used throughout, the preceding equa- 
tion becomes 


0 0 
oa Ay PE og: Ax, y, t) — Toy, t) 
Ox Ox 


2 


Ou Ou Ou 
a ax( oy + Ay, t) aye )) =p dx dye. 


On dividing through by Ax Ay, we recognize two difference quotients in 
the left-hand member. In the limit they become partial derivatives, yielding 


the equation 
au dru 0°u 
o = , 
axe a) ar 


au du 1 07a 
ay? 2 at?” 
if c? = 0 /p. This is the two-dimensional wave equation. 
If the membrane is fixed to the flat frame, the boundary condition would be 


or 


u(x,y,f)=0 for (x,y) on the boundary. 


Naturally, it is necessary to give initial conditions describing the displacement 
and velocity of each point on the membrane at t = 0: 


u(x, y, 0) =f (x,y), 


HE gro eeg) 
ry x,y, 0) = g(x, y). 


EXERCISES 


1. Suppose that the frame is rectangular, bounded by segments of the lines 
x=0,x=a, y=0, y= b. Write an initial value-boundary value problem, 
complete with inequalities, for a membrane stretched over this frame. 
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2. Suppose that the frame is circular and that its equation is x? + y* = a’. 
Write an initial value—boundary value problem for a membrane on a circu- 
lar frame. (Use polar coordinates.) 


3. What should the three-dimensional wave equation be? 


5.2 Three-Dimensional Heat Equation: 
Vector Derivation 


To illustrate a different technique, we are going to derive the three-dimensional 
heat equation using vector methods. Suppose we are investigating the temper- 
ature in a body that occupies a region R in space. (See Fig. 5.) Let V be a 
subregion of 7 bounded by the surface S. The law of conservation of energy, 
applied to V, says 


net rate of heat in + rate of generation inside = rate of accumulation. 


Our next job is to quantify this statement. The heat flow rate at any point 
inside F is a vector function, q, measured in J/m’ s or similar units. The rate of 
heat flow through a small piece of the surface S with area AA is approximately 
n- qAA (see Fig. 6), where fi is the outward unit normal. This quantity is 
positive for outward flow, so the inflow is its negative. The net inflow over the 
entire surface S is a sum of quantities like this, which becomes, in the limit as 


AA shrinks, the integral 
i; / —q-ndA. 
Ss 


The term “rate of generation inside” in the energy balance is intended to in- 
clude conversion of energy from other forms (chemical, electrical, nuclear) to 
thermal. We assume that it is specified as an intensity g measured in J/m? s or 


Figure 5 A solid body occupying a region 7 in space and a subregion V with 
boundary S. 
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AA 


Figure 6 The heat flow rate through a small section of surface with area AA is 
q:nAA. 


similar units. Then the rate at which heat is generated in a small region of vol- 
ume V centered on point P is approximately g(P, t) AV. These contributions 
are summed over the whole subregion V; as AV shrinks, their total becomes 


the integral 
[ff se-oav. 
v 


The rate at which heat is stored in a small region of volume AV centered on 
point P is proportional to the rate at which temperature changes there. That 
is, the storage rate is pc AV u;(P, t). The storage rate for the whole subregion 
Y is the sum of such contributions, which passes to the integral 


Ou 
[ff -tteow. 


Now the heat balance equation in mathematical terms becomes 


[ff -a-aaa+ fff cav= fff vesav. a 


At this point, we call on the divergence theorem, which states that the integral 
over a surface S of the outward normal component of a vector function equals 
the integral over the volume bounded by S of the divergence of the function. 


Thus 
[fa aa [ffv-aav (2) 
S v 


and we make this replacement in Eq. (1). Next collect all terms on one side of 
the equation to find 


vi V-q+g per favo. (3) 
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Because the subregion V was arbitrary, we conclude that the integrand must 
be 0 at every point: 


V-qt+g pee =0 ink, O<t. (4) 
The argument goes this way. If the integrand were not identically 0, we could 
find some subregion of R throughout which it is positive (or negative). The 
integral over that subregion then would be positive (or negative), contradict- 
ing Eq. (3), which holds for any subregion. 

The vector form of Fourier’s law of heat conduction says that the heat flow 
rate in an isotropic solid (same properties in all directions) is negatively pro- 
portional to the temperature gradient, 


q=-K Vu. (5) 


Again, the minus sign makes the heat flow “downhill” — from hotter to colder 
regions. Assuming that the conductivity « is constant, we find, on substituting 
Fourier’s law into Eq. (4), the three-dimensional heat equation, 


a 
KVutg = per ink, O<t. (6) 


Of course, we must add an initial condition of the form 
u(P,0)=f(P) for Pink. (7) 


In addition, at every point of the surface B bounding the region FR, some 
boundary condition must be specified. Commonly we have conditions such 
as those that follow, any one of which may be given on B or some portion of 
it, .B’. 

(1) Temperature specified, u(P, t) = hy(P, t), for P any point in 6’, where 
h, is a given function. 

(2) Heat flow rate specified. The outward heat flow rate through a small 
portion of surface surrounding point P on 6’ is q(P, t)-n times the area. If this 
is controlled, then by Fourier’s law Vu - n is controlled. But this dot product 
is just the directional derivative of u in the outward normal direction at the 
point P. Thus, this type of boundary condition takes the form 


3 
5. t)=4(P,t) for PonB’, (8) 
n 


where hy is a given function. 

(3) Convection. If a part of the surface is exposed to a fluid at temperature 
T(P, t), then an accounting of energy passing through a small piece of surface 
centered at P leads to the equation 


q(P, t)-i=h(u(P, t)— T(P,t)) for Pon B’. 


5.2 Three-Dimensional Heat Equation 301 


Again using Fourier’s law, we obtain the boundary condition 
0 
K oP. t) ++ hu(P, t)=hT(P,t) for Pon B’. (9) 
n 


As an example, we set up the three-dimensional problem for a solid in the 
form of a rectangular parallelepiped. In this case, Cartesian coordinates are 
appropriate, and we may describe the region R by the three inequalities 0 < 
x<a,0<y<b,0<z<c. Assuming no generation inside the object, we have 
the partial differential equation 


au au dru 7 lou 
ax2 ' ay?" az2 kat’ 


O0<x<a, O<y<b, 0<z<c, 0<t. 


(10) 
Suppose that on the faces at x = 0 and a, the temperature is controlled, so 
the boundary condition there is 


u(0,y,Z,)=To, ula,y,z,)=T1, O<y<b, O0<z<c, 0<t. 
(11) 


Furthermore, assume that the top and bottom surfaces are insulated. Then the 
boundary conditions at z = 0 and c are 


Ou Ou 
—(x,y,0,t1)=0, —(,y,¢c,f)=0, O<x<a, O0<y<b, 0<t. 
0z 0z 


(12) 
(The outward normal directions on the top and bottom are the positive and 
negative z-directions, respectively.) Finally, assume that the faces at y = 0 and 
at y = b are exposed to a fluid at temperature T,, so they transfer heat by 
convection there. The resulting boundary conditions are 


ry) 
— K(x, 0, z, t) + hu(x, 0, z, t) =hTh, 
y 


r) 
K(x, b, z, t) + hu(x, b, z, t) =hTha, 
y 


0<x<a, O0<z<c, OK<t. (13) 
Finally, we add an initial condition, 
u(x, y,z,0)=f(x,y,z), O<x<a, O0<y<b, 0<z<c. (14) 


A full, three-dimensional problem is complicated to solve, so we often look 
for ways to reduce it to two or even one dimension. In the example problem 
of Eqs. (10)-(14), we might eliminate z by finding the temperature averaged 
over the interval 0 <z <c, 


1 Cc 
v(x, y,t) = -| u(x, y, Z, t) dz. 
0 
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Because differentiation with respect to x, y, or t gives the same result inside 
or outside the integral with respect to z, and because of the boundary condi- 
tion (12), we find that 


ah au du dru av a7u 
d= 5 
CJo \Ox? dy* = dz? ax? ay? 


and v satisfies the two-dimensional heat equation, 


la) dv 1dv 
ax2' aye kat’ 


O<x<a, O0<y<b, 0<t. 


(See the exercises for details and for boundary and initial conditions.) 
If z-variation cannot be ignored, we could try to get rid of the y-variation 
by introducing an average in that direction, 


1 b 
w(x, Z,t) = Al u(x, y, Z, t) dy. 
0 


From the boundary condition (13) we find that 


b 42 
0 7) 0 
~dy= “ (x, b, z,t) - “(x, 0,2, 1) 
o oy? oy oy 


h 
= (2)tr — u(x, b, z, t)) + (T> — u(x, 0, Zz, t))]. 


If b is small — the parallelepiped is more like a plate —— we may accept the ap- 
proximation u(x, b, z, t) + u(x, 0, z, 1) = 2w(x, z, t), which would make, from 
the preceding expression, 


1 (° au 2h 
= T . 
:f an ale w(x, z, t)) 


After applying the averaging process to Eqs. (10), (11), (12), and (14) we ob- 
tain the following two-dimensional problem for w: 


aw Ow 2h or. ) pow 0<x< 0 < O0<t 

t t w)= : x<a, 0 Aa Oy OM - 
axz az | bk k ot 

(15) 

w(0,z,t)=To, w(a,z,t)=T), 0<z<c, O0<t, (16) 
dw ow 
—(x,0,t)=0, —(x,c,t)=0, 0<x<a, 0<t, (17) 
0z 0z 


1 b 
wo.2.0=5 [ fony2dy O<x<a, 0<z<c. (18) 
0 
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EXERCISES 


1. For the function u(x, y, z, t) that satisfies Eqs. (10)—(14), show that 


© 92 
i a4 dz=0. 
0 az" 


2. Find the initial and boundary conditions satisfied by the function 


l € 
v(x, y, = al u(x, y, Z, t) dz, 
0 


where u satisfies Eqs. (10)—(14). 


3. In Eqs. (15)—(18), suppose that w(x, z, f) > W(x, z) as t > oo. State and 
solve the boundary value problem for W. (This problem is much easier 
than it appears, because there is no variation with z.) 


4. Find the dimensions of p, c, «, q, and g, and verify that the dimensions of 
the right and left members of the heat equation are the same. 


5. Suppose the plate lies in the rectangle 0 < x < a,0 < y < b. State a complete 
initial value-boundary value problem for temperature in the plate if: there 
is no heat generation; the temperature is held at Ty along x = a and y = 0; 
the edges at x = 0 and y = Dare insulated. 


5.3 Two-Dimensional Heat Equation: 
Double Series Solution 


In order to see the technique of solution for a two-dimensional problem, we 
shall consider the diffusion of heat in a rectangular plate of uniform, isotropic 
material. The steady-state temperature distribution is a solution of the poten- 
tial equation (see Exercise 6). Suppose that the initial value—-boundary value 
problem for the transient temperature u(x, y, ft) is 


au aru _ 1du 


axe ay kat’ O<x<a, 0<y<b, 0<t, (1) 
u(x,0,t)=0, u(x,b,t)=0, O<x<a, 0<t, (2) 
u(0,y,f)=0, u(a,y,t)=0, O<y<b, 0<t, (3) 
u(x, y, 0) = f(x,y), O<x<a, 0<y<b. (4) 


This problem contains a homogeneous partial differential equation and ho- 
mogeneous boundary conditions. We may thus proceed with separation of 


304 Chapter5 Higher Dimensions and Other Coordinates 
variables by seeking solutions in the form 
u(x, y, t) = b(x, y) T(t). 


On substituting u in product form into Eq. (1), we find that it becomes 


ap ao del 
T=-¢T. 
( Ox? ay? ) x? 


Separation can be achieved by dividing through by #T, which leaves 


ep  ao\1_ T’ 
ax2 | aye |b kT 
We may argue, as usual, that the common value of the members of this equa- 


tion must be a constant, which we expect to be negative (—A*). The equations 
that result are 


T +A7kT =0, Ox ¢, (5) 
0? a? 

Ce Oe O<x<a, O<y<b. (6) 
ax? ay? 


In terms of the product solutions, the boundary conditions become 


$(x,0)T(t)=0, o(x, b)TH =0, 
~0,y)TtH)=0, G(a,y)T(t) =0. 
In order to satisfy all four equations, either T(t) = 0 for all t or é = 0 on the 


boundary. We have seen many times that the choice of T(t) = 0 wipes out our 
solution completely. Therefore, we require that @ satisfy the conditions 


o(x,0)=0, (x,b)=0, 0<x<a, (7) 

G0,y)=0, d(ay)=0, O<y<b. (8) 

We are not yet out of difficulty, because Eqs. (6)—(8) constitute a new prob- 
lem, a two-dimensional eigenvalue problem. It is evident, however, that the 
partial differential equation and the boundary conditions are linear and ho- 


mogeneous; thus separation of variables may work again. Supposing that @ 
has the form 


o(x,y) =X(x) YY), 
we find that the partial differential equation (6) becomes 
X" (x) Y"(y) = 
X(x)  -Y(y) 


wv, OK<x<a, 0<y<b. 
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The sum of a function of x and a function of y can be constant only if those 
two functions are individually constant: 
Xt W 


—  =constant, —  =constant. 
xX Y 


Before naming the constants, let us look at the boundary conditions on 
b= XY: 

X(x)Y(0)=0, X(x)Y(b)=0, O<x<a, 

XOYY)=0, X@YY)=0, O<y<b. 


If either of the functions X or Y is zero throughout the whole interval of its 
variable, the conditions are certainly satisfied, but is identically zero. We 
therefore require each of the functions X and Y to be zero at the endpoints of 
its interval: 


Y(0)=0, Y(b)=0, (9) 
X(0)=0, X(a)=0. (10) 


Now it is clear that each of the ratios X”/X and Y"/Y should be a negative 
constant, designated by —1* and —v’, respectively. The separate equations for 
X and Y are 


X”’+w?X=0, O0<x<a, (11) 
Very a0, Cereb, (12) 


Finally, the original separation constant —A? is determined by 
Va=p tov’. (13) 


Now we see two independent eigenvalue problems: Eqs. (9) and (12) form 
one problem and Eqs. (10) and (11) the other. Each is of a very familiar form; 
the solutions are 


2 
Xn(s) =sin( =), u2,= (=) , m=1,2,..., 
a a 
nity nm \” 
Ya) =sin( =), i= (=) ; WS 1s 2 es 


Notice that the indices n and m are independent. This means that @ will have 
a double index. Specifically, the solutions of the two-dimensional eigenvalue 
problem Eqs. (6)—(8) are 


Pinn(X, y) = Xin(x) Yn (y) ; 


Det pias, ed 2 
Man = Bin + Vis 
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and the corresponding function T is 
Tinn = exp(—Aj,,kt). 


We now begin to assemble the solution. For each pair of indices m, n (m= 
1,2,3,..., n=1,2,3,...) there is a function 


Umn (x, ys t) = Pn (x, y) Tinn (t) 


— sin( “*) sin( =) exp(—A<,,kt) 
a 


that satisfies the partial differential equation (1) and the boundary conditions 
Eqs. (2) and (3). We may form linear combinations of these solutions to get 
other solutions. The most general linear combination would be the double 
series 


IEID= > Y Grnrm OD TraD; (14) 


m=1 n=1 
and any such combination should satisfy Eqs. (1)—(3). There remains the ini- 
tial condition Eq. (4) to be satisfied. If u has the form given in Eq. (14), then 
the initial condition becomes 


ite Dey), O<x<a, O0<y<b. (15) 


m=1 n=1 


The idea of orthogonality is once again applicable to the problem of selecting 
the coefficients ay. One can show by direct computation that 


bia wd ifm =pandn= 
/ / brn, Pbpalx,y) dedy = 14 7 6) 
0/0 


0, otherwise. 


Thus, the appropriate formula for the coefficients ay, is 
4 bra 
Ann = — f(x, y) sin ave sin ay, dx dy. (17) 
ab 0/0 a b 


If f is a sufficiently regular function, the series in Eq. (15) will converge and 
equal f(x, y) in the rectangular region 0 < x < a,0 < y < b. We may then say 
that the problem is solved. It is reassuring to notice that each term in the series 
of Eq. (14) contains a decaying exponential, and thus, as t increases, u(x, y, t) 
tends to zero, as expected. 


Example. 
Let us take the specific initial condition 


f(xy=xy, O<x<a, O0<y<b. 
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The coefficients are easily found to be 


4ab cos(mz) cos(nz ) - 4ab (—1)™*" 
mr . 


amn = ; 


mn w? mn 


so the solution to this problem is 


4 O00 (_yymtn 
u(x, y, t) = “ ye Ss i) sin( “**) sin( *) exp(—A‘,, kt). 
mn a 


m=1 n=1 
(18) 


This solution is shown animated on the CD. 


The double series that appear here are best handled by converting them into 
single series. To do this, arrange the terms in order of increasing values of A2,,,. 
Then the first terms in the single series are the most significant, those that 
decay least rapidly. For example, if a = 2b, so that 


then the following list gives the double index (m,n) in order of increasing 
values of A2,,,: 


(, 1), 2, 1), G, 1), C, 2), @, 2), (4, 1), @G, 2),.... 


EXERCISES 


1. Write out the “first few” terms of the series of Eq. (18). By “first few,” 
we mean those for which A2_, is smallest. (Assume a = b in determining 
relative magnitudes of the A?.) 


2. Provide the details of the separation of variables by which Eqs. (9)—(13) 
are derived. 


3. Find the frequencies of vibration of a rectangular membrane. See Sec- 
tion 5.1, Exercise 1. 


4. Verify that usnn(x, y, t) satisfies Eqs. (1)—(3). 


5. Show that X,,(x) = cos(mmx/a) (m= 0, 1, 2,...) if the boundary condi- 
tions Eq. (3) are replaced by 


0 r) 
=O.) =; dae Oe FS O<y<b, 0<t. 
Ox Ox 


What values will the 47, have, and of what form will the solution u(x, y, t) 


be? 


308 Chapter5 Higher Dimensions and Other Coordinates 
6. Suppose that, instead of boundary conditions Eqs. (2) and (3), we have 
u(x,0,H=fix), ux,bo=fi(x), O<x<a, 0<t, (2’) 
u0,y,t=gi(y), uayt=nly), O<y<b, 0<t. (3') 


Show that the steady-state solution involves the potential equation, and 
indicate how to solve it. 


7. Solve the two-dimensional heat conduction problem in a rectangle if there 
is insulation on all boundaries and the initial condition is 


a. u(x, y,0) =1; 
b. u(x, y, 0) =x+y; 
c. u(x, y, 0) = xy. 
8. Verify the orthogonality relation in Eq. (16) and the formula for ain. 


9. Show that the separation constant —A* must be negative by showing that 
—” and —v? must both be negative. 


10. Show that the function 
Umn(X, Y, t) = SiN(mX) SIN(VnY) COS(AmnCt), 


where [m, Vn, and Amy are as in this section, is a solution of the two- 
dimensional wave equation on the rectangle 0 < x <a,0<y <b, with 
u = 0 on the boundary. The function u may be thought of as the displace- 
ment of a rectangular membrane (see Section 5.1). 


11. The places where tn (x, y, £) = 0 for all t are called nodal lines. Describe 
the nodal lines for 


(m,n) = (1, 2), (2, 3), (3, 2), (3, 3). 
12. Determine the frequencies of vibration for the functions Uy, of Exer- 


cise 10. Are there different pairs (m,n) that have the same frequency if 
a=? 


5.4 Problems in Polar Coordinates 


We found that the one-dimensional wave and heat problems have a great deal 
in common. Namely, the steady-state or time-independent solutions and the 
eigenvalue problems that arise are identical in both cases. Also, in solving 
problems in a rectangular region, we have seen that those same features are 
shared by the heat and wave equations. 
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If we consider now the vibrations of a circular membrane or heat conduc- 
tion in a circular plate, we shall see common features again. In what follows, 
these two problems are given side by side for the region 0 <r <a,0 <t. 


Wave Heat 
1 0?v ldv 
Det gee, AN Sarai 
R c2 or? k at 
v(a, 0, t) = f(@) v(a, 0, t) = f(6) 
v(r, 8,0) =g(7,8) u(r, 6, 0) = g(r, 8) 


So, 0,0) = h(r, 8) 


In both problems we require that v be periodic in 6 with period 27: 
u(r, 6, t) = u(r, @ + 27, t), 


as in Section 4.5. 
Although the interpretation of the function v is different in the two cases, 
we see that the solution of the problem 


V7v=0, v(a,0)=f(6) 


is the rest-state or steady-state solution for both problems, and it will be 
needed in both problems to make the boundary condition at r = a homo- 
geneous. Let us suppose that the time-independent solution has been found 
and subtracted; that is, we will replace f(@) by zero. Then we have 


1 0*v 1dv 
2: eet v2 er ie 
c? at? . k ot 
v(a,0,t) =0 v(a, 6,t) =0 


plus the appropriate initial conditions. If we attempt to solve by separation of 
variables, setting u(r, 0, t) = o(r, 0)T(#), in both cases we will find that $(r, @) 
must satisfy 


2 
radar) * aa 2 m 
p(a, 0) =0, (2) 
p(r,6 +27) = G(r, 7), (3) 
o bounded as r > 0. (4) 


Now we shall concentrate on the solution of this two-dimensional eigen- 
value problem. We can separate variables again by assuming that ¢$(r,@) = 
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R(r)Q(@). After some algebra, we find that 


(rR’y’ Q’ ) 
=-l, 5 
rR r?Q ©) 
R(a) = 0, (6) 
Q@) = Q(6 + 27), (7) 
R(r) bounded as r > 0. (8) 
The ratio Q”/Q must be constant; otherwise, A* could not be constant. Choos- 
ing Q’/Q= —p’, we get a familiar, singular eigenvalue problem: 
Q’ + wQ=0, (9) 
Q(6 + 277) = Q(). (10) 


We found (in Chapter 4) that the solutions of this problem are 


w2=0, Qo) =1, 


= (11) 
=m, Qn(O)=cos(m@) and sin(mé), 
where m= 1, 2,3,.... 
There remains a problem in R: 
! Ve 
(rR’) — —R+A7rR=0, O<r<a, (12) 
r 
Ria) =0, (13) 
R(r) bounded as r > 0. (14) 


Equation (12) is called Bessel’s equation, and we shall solve it in the next sec- 
tion. 


EXERCISES 


1. State the full initial value—boundary value problems that result from the 
problems as originally given when the steady-state or time-independent so- 
lution is subtracted from v. 


2. Verify the separation of variables that leads to Eqs. (1) and (2). 


3. Substitution of v(r, 4, ¢) in the form of a product led to the problem of 
Egs. (1)—(4) for the factor ¢(r, 6). What differential equation is to be satis- 
fied by the factor T(t)? 


4. Solve Eqs. (9)—(11) and check the solutions given. 
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5. Suppose the problems originally stated were to be solved in the half-disk 
0<r<a,0<@ <7, with additional conditions: 


v(7r,0,t)=0, O<r<a, 0<t, 
v(r,z,t)=0, O<r<a, O0<t. 
What eigenvalue problem arises in place of Eqs. (9)—(11)? Solve it. 


6. Suppose that the boundary condition 
dv 
= eS —1 <0<7, 0<t 
5 


were given instead of u(a, 0, t) = f(0). Carry out the steps involved in sepa- 
ration of variables. Show that the only change is in Eqs. (6) and (13), which 
become R’(a) = 0. 


7. One of the consequences of Green’s theorem is the integral relation 


(fV?g—gV°f)dA = us gd), ds, 
Il. ve on on 


where F is a region in the plane, C is the closed curve that bounds R, and 
df /dn is the directional derivative in the direction normal to the curve C. 
Use this relation to show that eigenfunctions of the problem 


Vo=—22o inR, 

o=0 onC 
are orthogonal if they correspond to different eigenvalues. (Hint: Use 
f=¢68=bm M#k.) 


8. Same problem as Exercise 7, except the boundary condition is 


page =o onC. 
on 


5.5 Bessel’s Equation 


In order to solve the Bessel equation, 
! pw 

(rR’) — —R+A*rR=0, (1) 
r 


we apply the method of Frobenius. Assume that R(r) has the form of a power 
series multiplied by an unknown power of r: 


R(r) =r" (co tert: ork 4 +), (2) 
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When the differentiations in Eq. (1) are carried out and the equation is multi- 
plied by r, it becomes 


2 


rR" =a(a—Veor® +(@+ Dacr** + (@+2)(a+ Dart? +--- 
+ (@+khy(a+k—lort*+-- 
rR = acm +(a+ Dear?! + (a + 2)egr*t? +... 
+ (at bertt* +... 
—wWR=  —preor" = pert Sen Ss 
ee 
VPRO Merit? +... 
4 ep pa: 


The expression for A*r7R is jogged to the right to make like powers of r line up 
vertically. Note that the lowest power of r present in A7r°R is r%*?. 
Now we add the tableau vertically. The sum of the left-hand sides is, accord- 


ing to the differential equation, equal to zero. Therefore 
0 = co(a? — 7) + [(@+ 1)? — pe? ]r*! 
[eo((o + 2)? — 2) + 2c ]r*? 
+ [ee((a +k)? — pw?) + cr] +. 


Each term in this power series must be zero in order for the equality to hold. 
Therefore, the coefficient of each term must be zero: 


co(a? — x?) =0, 
ci((a+1)* — x”) =0, 


cr( (a +k? - i’) +i» =0, k>2. 


As a bookkeeping agreement, we take cy 4 0. Thus a = +y.. Let us study the 
case @ = 4 > 0. The second equation becomes 


c((u +1) — py’) =0 


and this implies c, = 0. Now, in general the relation 


CK-2 2  Ck-2 
(u +k)? — pe? k(2u + k) 
says that c, can be found from cx_2. In particular, we find 
2 
ae FOise ay 
i? 4 
C4 = Q2= Cos 
A(2u + 4) 2-4-(2u + 2)(2u + 4) 
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and so forth. All c’s with odd index are zero, since they are all multiples of c). 
The general formula for a coefficient with even index k = 2m is 


= Seal er (4) 
an ie DE DQ) 2) 


For integral values of 2, co is chosen by convention to be 


A\K 1 
co=l(-) -—. 
: 2 p! 


Then the solution of Eq. (1) that we have found is called the Bessel function of 
the first kind of order wu: 


eS Ae eae 
on =(F) we emi( 5) ' ” 


m=0 


This series serves us for evaluating the function and for obtaining its proper- 
ties. (See the Exercises.) However, from now on, we consider the Bessel functions 
of the first kind to be as well known as sines and cosines, although less familiar. 
There must be a second independent solution of Bessel’s equation, which 
can be found by using variation of parameters. This method yields a solution 


in the form 
dr 
Tur) f RGN (6) 


In its standard form, the second solution of Bessel’s equation is called the Bessel 
function of second kind of order js and is denoted by Y,,(Ar). 

The most important feature of the second solution is its behavior near r = 0. 
When r is very small, we can approximate J,,(Ar) by the first term of its series 
expansion: 


BAA Ay 
LiON=\ 5 a ee 
The solution Eg. (6) then can be approximated by 


In(y), ifu=0, 


constant x r” ; 
/ r", ifuw>0. 


, 
EST = constant x 
In either case, it is easy to see that 


|Y,(Ar)| —>oo asr—>0. 


Both kinds of Bessel functions have an infinite number of zeros. That is, 
there is an infinite number of values of w (and f) for which 


Ju(@)=90, Y, (8) =0. 
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y 
1 
Jo 
A 
1 10 x 
{a) 
y Yo 
Yi 
0.2 
1 10 x 
-0.2 


(b) 


Figure 7 Graphs of Bessel functions of the first kind. Also see the CD. (a) Jo and 
Ji, (b) Yo and Yj. 


n 
m 1 2 3 4 
0 2.405 5.520 8.654 11.792 
1 3.832 7.016 10.173 13.324 
2 5.136 8.417 11.620 14.796 
3 6.380 9.761 13.015 16.223 


Table 1 Zeros of Bessel functions. The values a, 
satisfy the equation Jj,(Qmn) = 0. 


Also, as r > 00, both J,,(Ar) and Y,,(Ar) tend to zero. Figure 7 gives graphs 
of several Bessel functions, and Table 1 provides values of their zeros. Further 
information can be found in most books of tables. 

The modified Bessel equation differs from the Bessel equation only in the 
sign of one term. It is 


2 
(rR’) - “R —~ rR =0. (7) 
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Using the same method as in the preceding, an infinite series can be developed 
for the solutions (see Exercise 8). The solution that is bounded at r = 0, in 
standard form, is called the modified Bessel function of the first kind of order ., 
designated I,, (Ar), and its series is 


ar\? = ! ary 
1,00) = (=) Yaa Z) 


0 


Summary 


The differential equation 


dR 2 
é ¢ ) ERASER 
rT 


dr\ dr 
is called Bessel’s equation. Its general solution is 
R(r) = AJ, (Ar) + BY, (Ar) 


(A and B are arbitrary constants). The functions J, and Y,, are called 
Bessel functions of order yz of the first and second kinds, respectively. 
The Bessel function of the second kind is unbounded at the origin. 


EXERCISES 


1. Find the values of the parameter A for which the following problem has a 
nonzero solution: 


dr 
o(a)=0, (0) bounded. 


d 
<r f) 426= 0, O<r<a, 
- 


2. Sketch the first few eigenfunctions found in Exercise 1. 


3. Show that 
d i 
alt (Ar) = Min (Ar), 


where the prime denotes differentiation with respect to the argument. 


4. Show from the series that 


d 
—Jo(Ar) = —Af, (Ar). 
dr 
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5. By using Exercise 4 and Rolle’s theorem, and knowing that Jo(x) = 0 for an 
infinite number of values of x, show that J, (x) = 0 has an infinite number 
of solutions. 


6. Using the infinite series representations for the Bessel functions, verify the 


formulas 


d 
— (x-* I.) = —x Tut), 


dx 


d 
a 0) Se ic 


7. Use the second formula in Exercise 6 to derive the integral formula 


| aT Ra rT ioe): 


8. Use the method of Frobenius to obtain a solution of the modified Bessel 
equation (7). Show that the coefficients of the power series are just the 
same as those for the Bessel function of the first kind, except for signs. 


9. Use the modified Bessel function to solve this problem for the temperature 
in a circular plate when the surface is exposed to convection: 


1d/( du , T)=0, 0 
5 te y~(u =0, <r<a, 


u(a) = T}. 


10. Using the result of Exercise 4, solve the eigenvalue problem 


pet ae +i7o=0, 0 

eae ar =U, <r<a, 
d 

oa =0, (0) bounded. 

i 


5.6 Temperature in a Cylinder 


In Section 5.4, we observed that both the heat and wave equations have a great 
deal in common, especially the equilibrium solution and the eigenvalue prob- 
lem. To reinforce that observation, we will solve a heat problem and a wave 
problem with analogous conditions so that their similarities may be seen. 
These examples illustrate another important point: Problems that would be 
two-dimensional in one coordinate system (rectangular) may become one- 
dimensional in another system (polar). In order to obtain this simplification, 
we will assume that the unknown function, u(r, 6, t), is actually independent 


5.6 Temperature in a Cylinder 317 


of the angular coordinate 0. (We write u(r, t) then.) As a consequence of this 
assumption, the two-dimensional Laplacian operator becomes 


Suppose that the temperature v(r, t) in a large cylinder (radius a) satisfies 


the problem 
10/ Ov lov 
r — , O<r<a, O<t, (1) 
ror\ or k ot 
v(a, t) = 0, 0<tf, (2) 
v(7, 0) =f), O<r<a. (3) 


Because the differential equation (1) and boundary condition (2) are ho- 
mogeneous, we may start the separation of variables by assuming v(r, t) = 
o(r)T(t). Using this form for v, we find that the partial differential equa- 
tion (1) becomes 


1 ‘\/ 1 ld 
-(¢) T= oT. 
r k 
After dividing through this equation by @T, we arrive at the equality 
(r¢'(r)) TO) 
rp(r) kT (t)” 


The two members of this equation must both be constant; call their mutual 
value —)7. Then we have two linked ordinary differential equations, 


T +AV7kT=0, O0<t, (5) 
(ro’)’ +rd=0, O<r<a. (6) 


The boundary condition, Eq. (2), becomes ¢(a)T(t) = 0, 0 < t. It will be sat- 
isfied by requiring that 


(4) 


g(a) = 0. (7) 
We can recognize Eq. (6) as Bessel’s equation with p = 0. (See Summary, 
Section 5.5.) The general solution, therefore, has the form 
P(r) = AJo(Ar) + BYo(Ar). 


If B40, d(r) must become infinite as r approaches zero. The physical impli- 
cations of this possibility are unacceptable, so we require that B = 0. In effect 
we have added the boundedness condition 


u(r, t)| bounded at r= 0, (8) 
which we shall employ frequently. 
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The function #(r) = Jo(Ar) is a solution of Eq. (6), and we wish to choose 
so that Eq. (7) is satisfied. Then we must have 


Jo(Aa) = 0 
or 
Rie eet ot. 
a 


where q@,, are the zeros of the function Jo. Thus the eigenfunctions and eigen- 
values of Eqs. (6), (7), and (8) are 


a 


2 
n(t) =JoAnt), A2= (“) ; (9) 


These are shown on the CD. 
Returning to Eq. (5), we determine that the time factors T;, are 


T,(t) = exp(—Aj kt). 


We may now assemble the general solution of the partial differential equa- 
tion (1), under the boundary condition (2) and boundedness condition (8), 
as a general linear combination of our product solutions: 


[o.e) 


v(r, t) = San Jo(anr) exp(—A; kt). (10) 


n=1 


It remains to determine the coefficients a, so as to satisfy the initial condi- 
tion (3), which now takes the form 


v(r,0)= Yo anJoAun=f(r), O<r<a. (11) 
n=1 


While this problem is not a routine exercise in Fourier series or even a reg- 
ular Sturm-—Liouville problem (see Section 2.7, especially Exercise 6 there), it 
is nevertheless true that the eigenfunctions of Eqs. (6) and (7) are orthogonal, 
as expressed by the relation 


/ bn(don(rrdr=0 (n¥¢m) 
0 
or 
i JoAantJoAmrrdr=0 (n#m). 
0 


More importantly, the following theorem gives us justification for Eq. (11). 
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Theorem. If f(r) is sectionally smooth on the interval 0 < r < a, then at every 
point r on that interval, 


Yalo(ayr) =P EEO) 0O<r<a, 


n=1 
where the i, are solutions of Jo(Aa) = 0 and 


[oF MJoAnr)r dr 


: So To Onr)r dr oe 


The CD shows an animation of a Bessel series converging. 

Now we may proceed with the problem at hand. If the function f(r) in the 
initial condition (3) is sectionally smooth, the use of Eq. (12) to chose the 
coefficients a, guarantees that Eq. (11) is satisfied (as nearly as possible), and 
hence the function 


v(r, t)= San Jon’) exp(—A< kt) (13) 


n=1 


satisfies the problem expressed by Eqs. (1), (2), (3), and (8). 

By way of example, let us suppose that the function f(r) = Ty,0 <r <a. It 
is necessary to determine the coefficients a, by formula (12). The numerator 
is the integral 


/ To Jo(Anr)r dr. 
0 


This integral is evaluated by means of the relation (see Exercise 6 of Sec- 
tion 5.5) 


d 
qh (x)) = xJo(x). (14) 


Hence, we find 


a 1 a 
/ Jo(Anr)rdr = —1r]\ (nr) 
0 An 0 


2 
= “h (ana) = Ji (oly). (15) 
n An 


The denominator of Eq. (12) is known to have the value (Exercise 5) 
a a 
/ Jo Anr)r dr = TF} na) 
0 


2, 
= FI (en). (16) 
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2 
n Qn I (Qn) On i (ay) 
1 2.405 +0.5191 +1.6020 
2 5.520 —0.3403 —1.0647 
3 8.654 +0.2715 +0.8512 
4 11.792 —0.2325 —0.7295 


Table 2 Values for Eq. (18) 


100 


u(r, t) 


r 1 


Figure8 Graphs of the solution of the example problem. The function v(r, t) as 
given in Eq. (18) is shown vs r for times chosen so that kt/a* takes the values 0, 
0.01, 0.1, and 0.5. Ty = 100 anda=1. 


Putting together the numerator and denominator from Eqs. (15) and (16), 
we find that the coefficients we need are 


2T, 
5 ee, (17) 
On Ji (Qn) 
Thus, the solution to the heat conduction problem is 
u(r, t) = To 3 See exp(—Ackt). (18) 
na 22 Ti (Qn) 


In Table 2 are listed the first few values of the ratio 2/[a@,J\(@,)]. Figure 8 
shows graphs of u(r, f) as a function of r for several times. Also, see Exercise 1. 
An animation is shown on the CD. 
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EXERCISES 


1. 


Use Eq. (18) to find an expression for the function v(0, f)/To. Evaluate the 
function for 

kt 

— =0.1, 0.2, 0.3. 


a 


(The first two terms of the series are sufficient.) 


. Write out the first three terms of the series in Eq. (18). 


. Solve the heat problem consisting of Eqs. (1)—(3) if f(r) is 


a 
To, O<r<-, 


7O= a : 
0, pee 


. Let &(r) = Jo(Ar) so that #(r) satisfies Bessel’s equation of order 0. Multiply 


through the differential equation by rd’ and conclude that 


d 1\2 224 3 
qlire'y | +r [9°] =0. 


. Assuming that 4 is chosen so that ¢(a) = 0, integrate the equation in Exer- 


cise 4 over the interval 0 < r < a to find 


1 


[ ¢2(r)rdr= Sa (aoa) 


. Use Exercise 5 to validate Eq. (16). 


5.7 Vibrations of a Circular Membrane 


We shall now attempt to solve the problem of describing the displacement of a 
circular membrane that is fixed at its edge. 


Symmetric Vibrations 


To begin with, we treat the simple case in which the initial conditions are in- 
dependent of 0. Thus the displacement u(r, t) satisfies the problem 


14 / dv 1 0*v 
r = , O<r<a, OK<t, (1) 
ror\ or c2 Of? 


v(a, t) = 0, 0 <t, (2) 
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v(r, 0) =f(r), 0<r<a, (3) 


dv 
ae! 0) = g(r), O<r<a. (4) 


We start immediately with separation of variables, assuming v(r,t) = 
o(r) T(t). The differential equation (1) becomes 


1 1 
-(r¢')T = <¢T", 
r Cc 


and the variables may be separated by dividing by #T. Then we find 


(rpl'(ny TD) 
ro(r) T(t)’ 


The two sides must both be equal to a constant (say, —A7), yielding two linked, 
ordinary differential equations 


T’+VCT=0, 0<t, (5) 
(r’) +71rd=0, O<r<a. (6) 
The boundary condition Eq. (2) is satisfied if 
p(a) =0. (7) 
Of course, because r = 0 is a singular point of the differential equation (6), we 
add the requirement 
|p(r)| bounded at r= 0, (8) 


which is equivalent to requiring that |v(r,t)| be bounded at r = 0. We 
recognize that Eq. (6) is Bessel’s equation, of which the function $(r) = 
Jo(Ar) is the solution bounded at r = 0. In order to satisfy the boundary con- 
dition Eq. (7), we must have 


Jo(Aa) = 0, 
which implies that 
a es (9) 
a 


where @,, are the zeros of the function Jo. Thus the eigenfunctions and eigen- 
values of Eqs. (6)—(8) are 


2 
or(r) =JoOnt), B= (“) 
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The rest of our problem can now be dispatched easily. Returning to Eq. (5), 
we see that 


T,,(t) = a, cos(A,,ct) + b, sin(a,,ct), 
and then for each n = 1, 2,... we have a solution of Eqs. (1), (2), and (8): 


Un(T, 1) = bn(r)T (0). 


The most general linear combination of the v, would be 


v(r,t) = So Jo(anr) [an cos(A,,ct) + by sin(A,ct) |. (10) 


n=1 


The initial conditions Eqs. (3) and (4) are satisfied if 


u(r, 0) = So an Jo(Ant) =f), O<r<a, 


n=1 


ar, 0) = 2 bydncJo(Ant) = g(r), O<r<a. 


As in the preceding section, the coefficients of these series are to be found 
through the integral formulas 


1 a 1 a 
an = =f fMJoAnr)r dr, b, = — | g(r)Jo(Aur)r dr, 


a 
Dy, =i, [o(anr) | rdr. 
0 
With the coefficients determined by these formulas, the function given in 
Eq. (10) is the solution to the vibrating membrane problem that we started 
with. 


General Vibrations 


Having seen the simplest case of the vibrations of a circular membrane, we 
return to the more general case. The full problem was 


10 / du 10°*u 1 0*u , oy (11) 
r = R <r<a, <t. 

ror\ or r2 002 ~— ce? OF? 

u(a, 0, t) =0, 0 <t, (12) 

|u(0, 6, t)| bounded, 0<t, (13) 


u(r,6 + 27, t) = u(r, 0, ft), O<r<a, O<t, (14) 
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u(r, 0,0) =f(r, 0), O0<r<a, (15) 


0 
5 (8,0) = 80, 8), O0<r<a. (16) 


Following the procedure suggested in Section 5.4, we assume that u has the 
product form 


u=(r,)T(t) 
and we find that Eq. (11) separates into two linked equations: 


T’+17°T =0, 0 <t, (17) 
1a/a¢\ 18 , 

t =-i*¢, 0 ; 18 
~2(r2) r2 062 e ee ue) 


If we separate variables of the function ¢ by assuming ¢(r, 0) = R(r)Q(6), 
Eq. (18) takes the form 


1 1 
= (rR’)'Q+ RQ" =—-)’RQ. 
r rr 


The variables will separate if we multiply by r? and divide by RQ. Then the 
preceding equation may be put in the form 
r(rR’Y 
R 


+P =—-—=p’. 


Finally we obtain two problems for R and Q: 


Q’+wQ=0, -n <O<nz, (19a) 
Q(é + 277) = Q@), (19b) 

2 
(mR) --R+AR=0, O<r<a, (20) 


|R(0)| bounded, 
R(a) =0. 


As we observed before, the problem (19) has the solutions 


oe= 0: Q=1, 
=m, Qn=cos(mb) and sin(m@), m=1,2,3,.... 


Also, the differential equation (20) will be recognized as Bessel’s equation, the 
general solution of which is (using « = m) 


R(r) = C] (Ar) + DY) (Ar). 
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In order for the boundedness condition in Eq. (20) to be fulfilled, D must be 
zero. Then we are left with 


R(r) = Im(Ar). 


(Because any multiple of a solution is another solution, we can drop the con- 
stant C.) The boundary condition of Eq. (20) becomes 


R(@) = Jm(Aa) = 0, 
implying that Aa must be a root of the equation 
Jin(@) = 0. 


(See Table 1.) For each fixed integer m, On), @n2, &m3, --- are the first, second, 
third, ... solutions of the preceding equation. The values of A for which J,,(Ar) 
solves the differential equation and satisfies the boundary condition are 


— Amn 


Amn = » maO,T,2h.0.5. (Wa dy.23:35 625s 
a 


Now that the functions R and Q are determined, we can construct ¢. For 
m= 1,2,3,...andn=1,2,3,..., both of the functions 


Jm(Amnt) cos(m), — Iin(Amnt) sin(mé ) (21) 
are solutions of the problem Eq. (18), both corresponding to the same eigen- 
value Aes For m=0 and n= 1,2, 3,..., we have the functions 

JoQ™onr), (22) 


which correspond to the eigenvalues A¢,,. (Compare with the simple case.) The 
function T(t) that is a solution of Eq. (17) is any combination of cos(A myct) 
and sin(A Ct). 

Now the solutions of Eqs. (11)—(14) have any of the forms 


Tin Amn) cos(m@) cos(Aimnct), = Im(Amnr) sin(m@) cos(Amnct), 


23 
Timn(Amnr) cos(m@) sin(Aynct), Im (Amnr) sin(m@) sin (A jnCt) ee 
for m= 1,2,3,... and n= 1, 2,3,.... In addition, there is the special case 
m = 0, for which solutions have the form 
Jo(onr) cos(Aonct), — Jo(Aonr) sin(Aonct). (24) 


The CD shows a few of these “standing waves” animated. 
The general solution of the problem Eqs. (11)—(14) will thus have the form 
of a linear combination of the solutions in Eqs. (23) and (24). We shall use 
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several series to form the combination: 


u(r, 8, t) =) > don Jo(Aont) Cos(Aonct) 


+ ys Amn Im Amn’) CoS(mO) cos(A nn Ct) 


m,n 


+ s Dinn Jim (Amnt) sin(m@) cos(Amnct) 
+ a Aon Jo(Aont) sin(Aonct) 


+ > AmnIJmAmnt) cos(m@) sin(Amnct) 


mn 


+ s Bin Jm(Amn’) sin(m@) sin(Amnct). (25) 


m,n 


When t = 0, the last three sums disappear, and the cosines of t in the first three 
sums are all equal to 1. Thus 


u(r, 0,0) =) don Jo(Aont) + > ann Jm(Amnt) cos(m4) 


+ 2 Brn Jm(Amnt) sin (m8) 
={(50), 0<taa, -—1 <P =n. (26) 


We expect to fulfill this equality by choosing the a’s and b’s according to 
some orthogonality principle. Since each function present in the series is an 
eigenfunction of the problem 


V*¢ =), 0<r<a, 
o(a, 0) =0, 
o(r,0+27)=6(7,0), O<r<a, 


we expect it to be orthogonal to each of the others (see Section 5.4, Exercise 7). 
This is indeed true: Any function from one series is orthogonal to all of the 
functions in the other series and also to the rest of the functions in its own 
series. To illustrate this orthogonality, we have 


// JoQAont Jim Amnt) cos(mé) dA 
R 


oe 


=i) Jo(Aont)Im Amn’) cos(m0) d@rdr=0, m0. (27) 
0 — 
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There are two other relations like this one involving functions from two dif- 
ferent series. 

We already know that the functions within the first series are orthogonal to 
each other: 


i / JoAonrJoAogrrdrd6=0, nq. 
—rd0 


Within the second series we must show that, if m4 p orn 4 q, then 


0= if Jin(Amnt) cos(mO )Jp(Apar) cos(p6 )r dr do. (28) 
—1rd0 

(Recall that rdrd6 = dA in polar coordinates.) Integrating with respect to 6 

first, we see that the integral must be zero if m ¥ p, by the orthogonality of 

cos(m@) and cos(p@). If m = p, the preceding integral becomes 


uv / Im (Aimnt)Jim Amat)? dr 
0 


after the integration with respect to @. Finally, if n 4 q, this integral is zero; the 
demonstration follows the same lines as the usual Sturm—Liouville proof. (See 
Section 2.7.) Thus the functions within the second series are shown orthogonal 
to each other. For the functions of the last series, the proof of orthogonality is 
similar. 

Equipped now with an orthogonality relation, we can determine formulas 
for the a’s and b’s. For instance, 


So FO, OJoQonr)r dr do 


2 
20 i Jo, Aonr)r dr 2?) 


on 


The A’s and B’s are calculated from the second initial condition. 

It should now be clear that, while the computation of the solution to the 
original problem is possible in theory, it will be very painful in practice. Worse 
yet, the final form of the solution Eq. (25) does not give a clear idea of what u 
looks like. All is not wasted, however. We can say, from an examination of the 
X’s, that the tone produced is not musical — that is, u is not periodic in t. Also 
we can sketch some of the fundamental modes of vibration of the membrane 
corresponding to some low eigenvalues (Fig. 9). The curves represent points 
for which displacement is zero in that mode (nodal curves). 


EXERCISES 


1. Verify that each of the functions in the series in Eq. (10) satisfies Eqs. (1), 
(2), and (8). 


2. Derive the formulas for the a’s and b’s of Eq. (10). 
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Figure 9 Nodal curves: The curves in these graphs represent solutions of 
Omn(r, 0) = 0. Adjacent regions bulge up or down, according to the sign. Only 
those ¢’s containing the factor cos(m@) have been used. (See the cover photo- 


graph.) 
3. List the five lowest frequencies of vibration of a circular membrane. 
4. Sketch the function Jo(A,r) for n = 1, 2, 3. 
5. What boundary conditions must the function ¢ of Eq. (18) satisfy? 
6. Justify the derivation of Eqs. (19) and (20) from Eqs. (12)—(14) and (18). 
7. Show that 
a 
/ Jin mnt Jin Amgt)t dr = 0, n#4q, 
0 
if 
ImAmsa) =0, s=1,2,.... 

8. Sketch the nodal curves of the eigenfunctions Eq. (21) corresponding to 

Asi, A32, and A33. 
9. In the simple case of symmetric vibrations, we found the eigenfunctions 


don(r, 9) = Jo(Aonr), where Jo(Aona) = 0 for n = 1,2,3.... The nodal 
curves of ¢o3 are concentric circles. What are their radii (as multiples 
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Figure 10 Exercise 10. 


of a)? What are the radii of the circles that are the nodal curves of 9,,(r, 8) 
for general n? 


10. The nodal curves of d,(r, 9) are shown in Fig. 10. 
a. By examining the figure, determine what values m and n have. 


b. What is the numerical value of the eigenvalue A, (as a multiple of a) 
for this eigenfunction? 


c. What is the formula for the function $,,,(r, 9) whose nodal curves are 
shown? 


d. What is the frequency of vibration for the drumhead when it is vibrat- 
ing in this mode? (“In this mode” means “so that the displacement u 
equals a product solution in which this eigenfunction is a factor.”) 


5.8 Some Applications of Bessel Functions 


After the elementary functions, the Bessel functions are among the most useful 
in engineering and physics. One reason for their usefulness is they solve a fairly 
general differential equation. The general solution of 


= ie 209 
Go a ey a ers”) = pyle -0 (1) 


x 
is given by 


b(x) = x*[AJ,(Ax”) + BY, (Ax”)]. 
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Several problems in which the Bessel functions play an important role follow. 
The details of separation of variables, which should now be routine, are kept 
to a minimum. 


A. Potential Equation in a Cylinder 


The steady-state temperature distribution in a circular cylinder with insulated 
surface is determined by the problem 


eee ne aaa 0<z<b (2) 
rar lew age <r<a, <z<b, 

ae a 0<z<b, (3) 
or 

u(r, 0) = f(r), O<r<a, (4) 
u(r, b) = g(r), O<r<a. (5) 


Here we are considering the boundary conditions to be independent of 6, so u 
is independent of 6 also. 
Assuming that u = R(r)Z(z) we find that 


(rR) +77R=0, 0<r<a, (6) 
R'(a) =0, (7) 
|R(0)| bounded, (8) 
Z" —N’WZ=0. (9) 


Condition (8) has been added because r = 0 is a singular point. The solution 
of Eqs. (6)—(8) is 


Ri(r) = Jont), (10) 
where the eigenvalues A? are defined by the solutions of 


R(a) =AJi(Aa) = 0. (11) 


Because J, = —Ji, the ’s are related to the zeros of J;. The first three eigen- 
values are 0, (3.832/a)*, and (7.016/a)*. Note that R(0) = Jy(0) = 1. 
The solution of the problem Eqs. (2)—(5) may be put in the form 


sinh(A,Z) ap ee (12) 


u(r, Z) =a) + boz + S-Jo(Ant) , SAhG,b) SHS) 


n=1 
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The a’s and b’s are determined from Eqs. (4) and (5) by using the orthogonality 
relation 


/ JoOantJoAmrrdr=0, nAm. 
0 


B. Spherical Waves 


In spherical (p, 6, ) coordinates (see Section 5.9), the Laplacian operator V7 
becomes 


‘ 1 0 (/ du 1 Of. du 1 a°u 
Vu= p - sin(@) 5 . 
p ap\° dap) * prsin@) 96 06) " p>sin2(p) 00° 
Consider a wave problem in a sphere when the initial conditions depend only 
on the radial coordinate p: 


ae) 7 Ou 1 d*u 

iG == 3 aR” O<p<a, O<t, (13) 
u(a, t) = 0, 0<t, (14) 
u(p,0)=f(p), 0<p<a, (15) 
Ou 

py Pr? ) = 80) 0<p<a. (16) 


Assuming u(p, t) = R(p)T(t), we separate variables and find 


T’+4VCT=0, (17) 
(o°R)' +22p?R=0, 0<p<a, (18) 
R(a) =0, (19) 
|R(0)| bounded. (20) 


Again, the condition (20) has been added because p = 0 is a singular point. 
Equation (18) may be put into the form 


2 
RY +—-R+R=0, 
p 
and comparison with Eq. (1) shows that a = —1/2, y = 1, and p = 1/2; thus 
the general solution of Eq. (18) is 
R(p) = p[Ali2(Ap) + BYi2(Ap)]- 
We know that near p = 0, 


Jij2(ap) ~ const x p'”?, 


Y/2(Ap) ~ const x p?, 
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Thus in order to satisfy Eq. (20), we must have B = 0. It is possible to show 
that 


a 2 sin(Ap) ms 2 cos(Ap) 
JipAp) = i ae. Yip) = A hee 


Our solution to Eqs. (18) and (20) is, therefore, 
sin(Ap) 
R(p) = = (21) 


and Eq. (19) is satisfied if 42 = (n/a). The solution of the problem of 
Egs. (13)—(16) can be written in the form 


u(p,t)= > eo cos(A,ct) + by, sin(A,ct) |. (22) 


n=1 


The a’s and b’s are, as usual, chosen so that the initial conditions Eqs. (15) 
and (16) are satisfied. 


C. Pressure in a Bearing 


The pressure in the lubricant inside a plane-pad bearing satisfies the problem 


0 (39P\ , 30°p 

mG 2) a aga 1, a<x<b, -c<y<c, (23) 
pla,y)=0, plb,y)=0, -c<y<c, (24) 
p(x,-c)=0, pix,c)=0, a<x<b. (25) 


(Here a and ¢ are positive constants and b = a+ 1.) Equation (23) is ellip- 
tic and nonhomogeneous. To reduce this equation to a more familiar one, let 
p(x, y) = v(x) + u(x, y), where v(x) satisfies the problem 


(xPv')’ =-1, a<x<b, (26) 
v(a) = 0, v(b) =0. (27) 


Then, when v is found, u must be the solution of the problem 


ry) a oe 

= (#3) syria a<x<b, -c<y<c, (28) 
u(a, y) = 0, u(b,y)=0, -c<y<c, (29) 
u(x, &c) = —v(x), a<x<b. (30) 


If we now assume that u(x, y) = X(x)Y(y), the variables can be separated: 
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(PX) +17PX=0, a<x<b, (31) 
X(a) =0, X(b) =0, (32) 
Y” —\’’7Y =0, —c<y<c. (33) 


Equation (31) may be put in the form 
3 
X"+=X'4VX=0, ax<x<b. 
x 


By comparing to Eq. (1) we find that a = —1, y = 1, and p= 1 and that the 
general solution of Eq. (31) is 


1 
X(x) =~ (AN Ox) + BY: (Ax)). 


Because the point x = 0 is not included in the interval a < x < b, there is no 
problem with boundedness. Instead we must satisfy the boundary conditions 
Eq. (32), which after some algebra have the form 


AJ, (Aa) + BY: (Aa) = 0, 
AJ, (Ab) + BY, (Ab) = 0. 


Not both A and B may be zero, so the determinant of these simultaneous 
equations must be zero: 


J, (Aa)Y\ (Ab) — Ji (Ab) Y\ (Aa) = 0. 


Some solutions of the equation are tabulated for various values of b/a. For 
instance, if b/a = 2.5, the first three eigenvalues A” are 


2.156 \* 4.223 \* 6.307 \7 
a , a , a . 


We now can take X,, to be 


Xn(x) = =(YiAanayi nx) — Sina) ¥iAnx)), (34) 


a 


— 


28)—(30) has the form 


ux, y) = Yo anXn(x) 


n=1 


and the solution of Eqs. 


cosh(A ny) 


cosh(A,,c) (35) 


The a’s are chosen to satisfy the boundary conditions Eq. (30), using the or- 
thogonality principle 


b 
/ X(0)Xm(Ox dx=0, nXém. 


Notice that Eqs. (31) and (32) make up a regular Sturm—Liouville problem. 
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EXERCISES 
1. Find the general solution of the differential equation 
(x"9’)' fz Vx" =0, 


where n= 0,1, 2,.... 
2. Find the solution of the equation in Exercise 1 that is bounded at x = 0. 


3. Find the solutions of Eq. (9), including the case A* = 0, and prove that 
Eq. (12) is a solution of Eqs. (2)—(4). 


4. Show that any function of the form 


1 
u(p,t) = 5 (Plo + ct) + w(p — ct) 


is a solution of Eq. (13) if @ and w have at least two derivatives. 


5. Find functions @ and w such that u(p, t) as given in Exercise 4 satisfies 
Egs. (14)-(16). 


6. Give the formula for the a’s and b’s in Eq. (12). 


7. What is the orthogonality relation for the eigenfunctions of Eqs. (18)— 
(20)? Use it to find the a’s and b’s in Eq. (22). 


8. Sketch the first few eigenfunctions of Eqs. (18)—(20). 
9. Find the function v(x) that is the solution of Eqs. (26) and (27). 


10. Use the technique of Example C to change the following problem into a 
potential problem: 


Ou 07 u 
te oe O<x<a, O<y<b, 
u = 0 on all boundaries. 


11. In Exercise 10, will the same technique work if f(x) is replaced by f(x, y)? 


12. Verify that Eqs. (31) and (32) form a regular Sturm—Liouville problem. 
Show the eigenfunctions’ orthogonality by using the orthogonality of the 
Bessel functions. 


13. Find a formula for the a, of Eq. (35). 
14. Verify that Eq. (34) is a solution of Eqs. (28)—(30). 
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5.9 Spherical Coordinates; 
Legendre Polynomials 


After the Cartesian and cylindrical coordinate systems, the one most fre- 
quently encountered is the spherical system (Fig. 11), in which 


x= psin() cos(@), 
y = psin(#) sin@), 
Z=pcos(). 


The variables are restricted by 0 < p,0 <0 <22,0<@ <7. In this coordi- 
nate system the Laplacian operator is 


Be PO POM Vas de aD b\. ot | 
ea “17 (o =) sin) ob (sinco) " sin2(p) 002 | 


From what we have seen in other cases, we expect solvable problems in 
spherical coordinates to reduce to one of the following. 


Problem 1. V?u = —A*u in R, plus homogeneous boundary conditions. 


Problem 2. V?u =0 in FR, plus homogeneous boundary conditions on facing 
sides (where 7 is a generalized rectangle in spherical coordinates). 


Problem 1 would come from a heat or wave equation after separating out 
the time variable. Problem 2 is a part of the potential problem. 

The complete solution of either of these problems is very complicated, but a 
number of special cases are simple, important, and not uncommon. We have 
already seen Problem 1 solved (Section 5.8) when u is a function of p only. 
A second important case is Problem 2, when u is independent of the variable 0. 
We shall state a complete boundary value problem and solve it by separation 


Figure 11 Spherical coordinates. 
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Lf got). 21 Of a ORY), 
=\% (« a) " sin@) sa (ag) | =° 


0<p<c, 0<¢<nz, (1) 
u(c,p)=f(~), O<o<z. (2) 
From the assumption u(p, ¢) = R(p)®(), it follows that 
(p°R'(p)y’ , (sing) ®'(p))’ _ 


R(p) sin(p) ®(p) 


Both terms are constant, and the second is negative, — jx”, because the bound- 
ary condition at p = c will have to be satisfied by a linear combination of func- 
tions of ¢. The separated equations are 


of variables: 


(p?R’)’ — w’R=0, 0<p<c, (3) 
(sin()®’)' + y2sin(d)® =0, 0<¢<z. (4) 


Neither equation has a boundary condition. However, p = 0 is a singular point 
of the first equation, and both ¢ = 0 and p = z are singular points of the sec- 
ond equation. (At these points, the coefficient of the highest-order derivative 
is zero, while some other coefficient is nonzero.) At each of the singular points, 
we impose a boundedness condition: 


R(O) bounded, (0) and 9®(z) bounded. 


Equation (4) can be simplified by the change of variables x = cos(@), 
®(¢) = y(x). (Of course, x is not the Cartesian coordinate.) By the chain rule, 
the relevant derivatives are 


d® . dy 
7 sin(?) a’ 
d(/(. d® ee ; dy 
ib (since =) = sin’ (#) es 2 sin(@) cos(@) Pr 
The differential equation becomes 
: dy dy 2 
sin’ (6) 5 — 2cos(b) = + wy =0, 
or, in terms of x alone, 
(1—x*)y" — 2x +p’y=0, -1l<x<1. (5) 


In addition, we require that y(x) be bounded at x = +1. 
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Solutions of the differential equation are usually found by the power series 
method. Assume that y(x) = ap + ayx+--- a,xk +--+. The terms of the 
differential equations are then 


yl = 2a, +3+2a3x +4-3agxr tees + (KA WKA Dagyox® + 
—x?y" = — 2anx? —--- —k(k— l)ayx* +--- 
—2xy' = —2a,x  —2ax*—--- — 2kapx* — 

Wy = wag + Wax + Wax +-- + wragx® +++: 


When this tableau is added vertically, the left-hand side is zero, according to 
the differential equation. The right-hand side adds up to a power series, each 
of whose coefficients must be zero. We therefore obtain the following relations: 


2a, + way = 0, 
643 + (u? — 2)a, = 0, 
(k+2)(k+ Daeg2 + [W? — k(k+ Dax = 0. 


The last equation actually includes the first two, apparently special, cases. We 
may write the general relation as 


k(k+1) — we? 


Oo ED RED 


valid fork =0,1,2,.... 
Suppose for the moment that j1” is given. A short calculation gives the first 
few coefficients: 


= 2-— ww 
roe. > az a ’ 
a 2 ao a3 6 1 
6 — pu? 12— pv 
a2, as = a3, 
a4 1D 2 5 20 3 
6— py —p? 12— pv 2— pw 
= : dao, = . ay. 
12 2 20 6 


It is clear that all the a’s with even index will be multiples of ay and those with 
odd index will be multiples of a,. Thus y(x) equals ag times an even function 
plus a, times an odd function, with both ap and a, arbitrary. 

It is not difficult to prove that odd and even series produced by this process 
diverge at both x = +1, for general jz”. However, when j” has one of the spe- 
cial values 


w= pr=n(n+ 1), N=) 152) es 


one of the two series turns out to have all zero coefficients after a,. For in- 
stance, if 42 = 3-4, then as = 0, and all subsequent coefficients with odd 
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Po(x) =1 

P(x) =x 

P(x) = (3x — 1)/2 

P3(x) = (5x? — 3x)/2 

P,(x) = (35x — 30x? + 3)/8 


Table 3 Legendre polynomials 


Figure 12 Graphs of the first five Legendre polynomials. 


index are also zero. Hence, one of the solutions of 
(1 —x*)y” — xy’ + 12y=0 


is the polynomial a, (x — 5x*/3). The other solution is an even function un- 
bounded at both x = +1. 

Now we see that the boundedness conditions can be satisfied only if jx* is 
one of the numbers 0, 2,6,...,(1 + 1),.... In such a case, one solution of 
the differential equation is a polynomial (naturally bounded at x = +1). When 
normalized by the condition y(1) = 1, these are called Legendre polynomials, 
written P,,(x). Table 3 provides the first five Legendre polynomials. Figure 12 
shows their graphs. 
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Since the differential equation (5) is easily put into self-adjoint form, 
(1—x)y)'+wy=0, -l<x<1, 


it is routine to show that the Legendre polynomials satisfy the orthogonality 
relation 


1 
J PavrPnico de=0, nZém. 
-1 


By direct calculation, it can be shown that 


1 3 2 
[ Peoa=—, (6) 


A compact way of representing the Legendre polynomials is by means of Ro- 
drigues’ formula, 


in 


P,(x) = 


ale") ° 


Elementary algebra and calculus show that the nth derivative of (x? — 1)" is 
a polynomial of degree n. Substituting this polynomial into the differential 
equation (5), with 2 = n(n + 1), shows that it is a solution — bounded, of 
course. Therefore, it is a multiple of the Legendre polynomial P,,(x). Through 
Rodrigues’ formula or otherwise, it is possible to prove the following two for- 
mulas, which relate three consecutive Legendre polynomials: 


(2n+ 1)P,(x) = P41@) — P’_,(), (8) 
(n+ 1)Pn4i(x) + nPr—1(x) = (2n + 1)xPn(x). (9) 


In order to use Legendre polynomials in boundary value problems, we need 
to be able to express a given function f(x) in the form of a Legendre series, 


f) = >— buPal), -l<x<l. 
n=0 


From the orthogonality relation and the integral, Eq. (6), it follows that the 
coefficient in the series must be 


=A 


[ f(x)Py (x) dx. (10) 


The convergence theorem for Legendre series is analogous to the one for 
Fourier series in Chapter 1. 
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Theorem. If f(x) is sectionally smooth on the interval —1 <x <1, then at every 
point of that interval the Legendre series of f is convergent, and 


SCP =f rie) 


n=0 


From Eq. (10) for the coefficient of a Legendre series and from the fact that 
the Legendre polynomials are odd or even, we see that an odd function will 
have only odd-indexed coefficients that are nonzero, and an even function will 
have only even-indexed coefficients that are nonzero. Furthermore, if a func- 
tion f is given on the interval 0 < x < 1, then its odd and even extensions have 
odd and even Legendre series, and f is represented by either in that interval: 


(Oa Yo bP, OSxe<1, 


n even 


1 
b, = (Qn+ vf f(x)P,(x) dx (neven), (11) 
0 
fa= > b,P,(x), O<x<l, 
n odd 
1 
b, = (2n+ vf f(x)P,(x) dx (n odd). (12) 
0 


Because the P,,(x) are polynomials, the integral equation (10) for any spe- 
cific coefficient can be done in closed form for a variety of functions f(x). 
However, getting a, as a function of n is not so easy. Fortunately, some ele- 
mentary integrals can be done using the differential equation 


((1—x?)P’)' + n(n+ DP, =0. 
(1) First, separate the two terms of the differential equation and integrate: 
n(n+1) id P,,(x) dx = i, —(a- x?)P')' dx 
= —(1—x*)P/(x). 


This equation may be solved for the integral ifn 4 0. 
(2) Now multiply through the differential equation by x, separate terms, and 
integrate: 


non 1) f xPy( ax= f x(a —x°)P’)' dx 
= —x(1—2)P’ ih (1 —22)P% dx 


= —x(1—x°)P/ + (1—2’)P, i (—2x)P, dx. 
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Next, move the last term to the left-hand member of the equation to find 
(n+2)(n— 1) / xP, (x) dx = (1 — x”) (P,(x) — xP/(x)). 


This equation can be solved for the integral on the left, provided that n ¥ 1. 
(For n = 1, the integration is done directly.) 


Summary 
Pe oar or 
[ Pooae= Rae (13) 
=) el =a x) na 
/ xP. ae DGD (P,(x) — xP/(x)) (14) 


These integration formulas are useful if we can evaluate P,,(x) and P/(x) 
easily for any x. The relations in Eqs. (8) and (9) are useful for this purpose. 
We illustrate by finding P,,(0). First, note that P,(0) = 0 for odd values of n, 
because the Legendre polynomials with odd index are odd functions of x. For 
odd n, Eq. (9) gives 


(n + 1)P+1(0) + nP,_-\(0) = 0, 


or 


n 
P41 (0) = ga 


Because Po(0) = 1, we find successively that 


P,0)=—=, Py(0)=——=, Pe(0)=—- 
2 3? 4 ~ 3.4? 6 ae oe se 
or in general 
oat 
P,(0) = (Ia) ga, 4,6,... 
P,,(0) = 0, n=1,3,5,.... 


Similarly, but not as easily, Eq. (8) can be used to find the values of P/(0). It 
is simpler to use the relation 


P/ (0) = nP,-1(0), (16) 


which can be derived from Eqs. (8) and (9). 
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Example. 
Let 


—-l<x<0, 
0<x<l. 


i 


The Legendre series will contain only odd-indexed polynomials, and their co- 
efficients are 


1 
bn = n+) [ P,(x)dx (nodd) 
0 
2n+1 ; 

= errant — °)Pi(x)], 

_ 2n+1 pl (ja es (0) 

~ a(n+1) nO) et 

pe ee ed a 8 Gi: 


2-4-6---(n—1) n+1 


Specifically we find b; = 3/2 (by a separate calculation), b3 = —7/8, bs = 
11/16, .... Because f(x) is indeed sectionally smooth, 


Roe es Ns, 
fO=5 1(x) A 3(x) 4 ie 5 (x) 


See Fig. 13 for graphs of the partial sums of this series. 


nee’ 


sox) | S6(x) 


(a) (b) 


Figure 13. Graphs of a function and a partial sum of its Legendre series: 
(a) through P9(x) for the function f(x) in the example; (b) through P.(x) for 
f(x) = |x|, -1 <x < 1. Compare with the partial sums of the Fourier series, Figs. 9 
and 10 of Chapter 1. 
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SSSS 


Figure 14 The nodal curves of the zonal harmonics are the parallels 
(@ = constant) on a sphere, where P,,(cos(@)) = 0. The nodal curves are shown 
in projection for n = 1, 2, 3, 4. See the CD for color versions. 


Summary 


The solution of the eigenvalue problem 
(1-x)y)+uy=0, -l<x<1, 
y(x) bounded atx=-—1 and atx=1, 
is x) = P.O), und), =O) 12 ee 
The solution of the eigenvalue problem 


(sin(@)®’)’ + x7 sin()® = 0, 
®(¢) bounded at@=0 and atg=nz, 


is O(@) =P, (cos@)), 2 =n + 1), n=, 1, 2.435; 


The Legendre polynomials P,,(cos(@)) are often called zonal harmonics be- 
cause their nodal lines (loci of solutions of P,,(cos(@)) = 0) divide a sphere 
into zones, as shown in Fig. 14. 


EXERCISES 


1. Equation (4) may be solved by assuming 


(9) = a0 - Ya cos(k@). 


Find the relations among the coefficients a; by computing the terms of the 
equation in the form of series. Use the identities 


sin() sin(kd) = s[eos(k 1)) — cos((k + 1)¢)], 


sin() cos(kp) = — 5 [sin((k 1)) + sin((k+ 1) ]. 
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Show that the coefficients are all zero after a, if 4? = n(n+ 1). 
2. Derive the formula for the coefficients b,,, as shown in Eq. (10). 


3. Find P;(x), first from the formulas for the a’s and second by using Eq. (9) 
with n= 4. 


4. Verify Eqs. (6) and (7) for n = 0, 1, 2 and Eq. (9) for n = 2, 3. 


5. One of the solutions of (1 — x’)y’ — 2xy’ = 0 is y(x) = 1(u? = 0). Find 
another independent solution of this differential equation. 


6. Show that the orthogonality relation for the eigenfunctions ®,(¢) = 
P,,(cos()) is 


/ Pi(P) Pn (P) sin(o) dp =0, n#m. 
0 


7. Obtain the relation 
P(x) = (n+ 1)Pa(@) + xP) (%) 
by differentiating Eq. (9) and eliminating P/_, between that and Eq. (8). 
Note that Eg. (16) follows from this relation. 


8. Let F = (x — 1)". Show that F satisfies the differential equation 


(x? —1)F = 2nxF. 


9. Differentiate both sides of the preceding equation n+ 1 times to show that 
the nth derivative of F satisfies Legendre’s equation (5). Use Leibniz’s rule 
for derivatives of a product. 


10. Obtain Eq. (6) by these manipulations: 


a. Multiply through Eq. (9) by P,41, integrate from —1 to 1, and use the 
orthogonality of P,,4) with P,,_;. 


b. Replace (2n+ 1)P,, by means of Eq. (8). 
c. P,41 is orthogonal to xP/_,, which is a polynomial of degree n. 
d. Solve what remains for the desired integral. 

11. Find the Legendre series for the function f(x) = |x|, -l<x <1. 


12. Find the Legendre series for the following function. Note that f(x) — 1/2 
is an odd function. 


0, -l<x<0O, 
fe={) O0<x<l. 
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5.10 Some Applications of Legendre 
Polynomials 
In this section we follow through the details involved in solving some problems 


in which Legendre polynomials are used. First, we complete the problem stated 
in the previous section. 


A. Potential in a Sphere 


We consider the axially symmetric potential equation — that is, with no vari- 
ation in the longitudinal- or 6-direction. The unknown function u might rep- 
resent an electrostatic potential, steady-state temperature, etc. 


1 = (0°) 1 = (sins) | =o 
a ” ap) * sing) 36 Pag) J 


0O<p<c, 0<¢<nZ, (1) 
u(c,o)=f(o), 0<b<z. (2) 


Of course, the function u is to be bounded at the singular points ¢ = 0,@=7, 
and p = 0. The assumption that u has the product form, u(p, ¢) = ®(¢)R(p), 
allows us to transform the partial differential equation into 
(p?R'(r)y’ . (sin(¢) ®'())’ = 
R(r) sin(?) ®(¢) 


From here we obtain equations for R and ® individually, 


(p°R')’ — p’R=0, 0<p<c, (3) 
(sin(g)®’)' + y?sin(g)®@=0, O0<o<z. (4) 


In Section 5.9 we found the eigenfunctions of Eq. (4), subject to the bound- 
edness conditions at @ = 0 and z, to be ®,(¢) = P,,(cos()), corresponding 
to the eigenvalues jz? = n(n + 1). We must still solve Eq. (3) for R. After the 
differentiation has been carried out, the problem for R becomes 


oR’ +2pR,—n(n+1)R,=0, 0<p<c, 
R, bounded at p = 0. 


The equation is of the Cauchy—Euler type, solved by assuming R = p® and 
determining a. Two solutions, p” and p~“"t), are found, of which the sec- 
ond is unbounded at p = 0. Hence R,, = p”, and our product solutions of the 
potential equation have the form 


un(P, 6) = Rn(p) Onl) = p"Pn(cos()). 
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The general solution of the partial differential equation that is bounded in the 
region 0 < p <c,0 <@ <7 is thus the linear combination 


u(p,$) = S bap"P (cos()). (5) 


n=0 


At p =c, the boundary condition becomes 


u(c, ) = Y- byc"P, (cos(¢)) =f), 0<o<z. (6) 


n=0 
The coefficients b,, are then found to be 


= 
by, = 


ae f(b)Pn(cos(#)) sin(p) do. (7) 


B. Heat Equation on a Spherical Shell 


The temperature on a spherical shell satisfies the three-dimensional heat equa- 
tion. If initially there is no dependence on 6, then there will never be such de- 
pendence. Furthermore, if the shell is thin (thickness much less than average 
radius R), we may also assume that temperature does not vary in the radial 
direction. The heat equation then becomes one-dimensional: 


eye nan) = 0 O<t (8) 
Ord Vag ae aoe. oe 


u(?, 0) =f(9), 0<@<n. (9) 


Naturally, we require boundedness of u at @ =0 and @=7z. 
The assumption of a product form for the solution, u(@¢, t) = ®(¢)T(), 
leads to the conclusion that 


Ging)O() RTO, 


sin(®(#)) kT(t) 


Thus, we have the eigenvalue problem 
(sin(g)®’)' + w?sin(d)®=0, 0<o<z, 
®(0) and (zs) bounded. 
The solution of this problem was found in Section 5.9 to be u* = n(n +1) and 
®,(¢) = P,(cos(o)), 1=0,1,2,.... 
Obviously, the other factor in a product solution must be 


T(t) = exp(—n(n + Dkt/R’). 
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Now, a series of constant multiples of product solutions is the most general 
solution of our problem: 


ub, t) = )- b,Py(cos()) eM E/®, (10) 
n=0 
The initial condition, Eq. (9), now takes the form of a Legendre series, 
Y- bnPu(cos(?)) =f(¢), 0<o<z. (11) 


n=0 


From the information in Section 5.9, we know that the coefficients b,, must be 
chosen to be 


2n+1 7 
= i” / P,,(cos($))f(@) sin(o) do. 
0 


Then if f (f) is sectionally smooth for 0 < ¢ < 7, the series of Eq. (11) actually 
equals f(@), and thus the function u(@, t) in Eq. (10) satisfies the problem 
originally posed. 

For instance, if f(@) = To in the northern hemisphere (0 < ¢ < 2/2) and 
f(@) = —Tp in the southern (7/2 < ¢ < 7), then the coefficients are 


Qn+1 % 
ba i F(b)P,(cos(#)) sin() do 
0 


2n+1 


; / f (cos *(x)) P(x) ax| 


2n+1 
= Ty) ———P,_1(0), 
on+1 n—1(0) 


as found in the previous section. Figure 15 shows graphs of u(@, t) as a func- 
tion of ¢ in the interval 0 < @ < 7 for various times. The CD shows an ani- 
mated version of the solution. 


C. Spherical Waves 


In Section 5.8, we solved the wave equation in spherical coordinates for the 
case where the initial conditions depend only on the radial variable p. Now we 
consider the case where the variable ¢ is also present. A full statement of the 
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100 


u 


-100 | 


Figure 15 Graphs of the solution of the example problem, with u(@, 0) positive 
in the north and negative in the south. The function u(@, t) is shown as a function 
of @ in the range 0 to m for times chosen so that the dimensionless time kt/R? 
takes the values 0, 0.01, 0.1, and 1; for convenience, Ty = 100. 


problem is 


i) , Ou 1 0 . Ou 1 07u 

2 p ee sin(g) — =p a 

p? 00 00 p’ sin(d) dd 0g c* ot 
O0<p<a, O0<@<zZ, OK<t, 


u(a, @, t) =0, 0<¢<z, 0K<t, (12) 
u(p,¢,0)=f(p,¢), O<p<a, 0<¢<T, 


du 
pp > PO) = Bl, P) 0<p <a, 0<o<nz. 


As usual, we require in addition that u be bounded as p > 0 and as ¢ > 0 
and¢@—> x. 

First, we seek solutions in the product form u(p, ¢, t) = R(p) ®(@)T(t). 
Inserting u in this form into the partial differential equation (12) and manip- 
ulating, we find 


1 ((o°RY (sin) ®')’ sie 
(Ce Oe a= (13) 
p R sin(d)® CT 


Both sides of this equation must have the same and constant value, say, —A’. 
Thus, we must have 


(p?R'y’  (sin(g) ®')' _ ie? 


R sin(d) ® 
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Again we see that the ratio containing ® must be constant, say, —u?. Hence, 
we have two separate problems for the functions ® and R: 


(sin()®’)' + w?sin(@d)®=0, 0<o<z, 


®(¢) bounded at ¢ = 0, rr, 

(p°R’)’ —wWR+p?R=0, 0<p<a, 
R(a) = 0, 

R(e) bounded at 0. 


The first of these problems is now quite familiar, and we know its solution to 


be 
Mb, =n(n+1), (¢) =P, (cos(p)), n=0,1,2,.... 
The second problem is less familiar. In standard form, the differential equa- 

tion is 

2 2 

RY +R —-“ R+VR=0. 

p p 
Comparison with the four-parameter form of Bessel’s equation (Eq. (1) of Sec- 
tion 5.8) shows a = —1/2, y = 1, and p? = pw? + a”. Since uw = n(n + 1), 


pPa=anrtnt i and then p=n+ i. Thus, the general solution of the differ- 
ential equation is 


Rn(p) = pV? [A Jn1/2(AP) + BYn41/2(Ap)]. 


The fact that the Bessel functions of the second kind, Y,(Ap), are un- 
bounded at p = 0 allows us to discard them from the solution, leaving 


Ry(p) = Jina 1/2(Ap) 


as the bounded solution. These functions occur frequently in problems in 
spherical coordinates. Sometimes the functions 


aa 
In(Z) = aaa (Z), 


called spherical Bessel functions of the first kind of order n, are introduced. As 
noted in Section 5.8, there is a relation to sines and cosines: 


Jo(z) = sin(z)/z, 
f(z) = (sin(z) _ zcos(z))/z*, 
plz) = (3 — z’) sin(z) — 3zcos(z)) /z’. 


We have yet to satisfy the boundary condition R,,(a) = 0. This cannot be 
done by formula, except for n = 0. In this case, Ro(a) = 0 comes down to 
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sin(Aa)/Aa = 0, so Ay, = ma/a for m= 1,2,.... For other ’s, solutions of 
Jn+1/2(Aa) = 0 must be found numerically. For instance, for m = 1 the equation 
is 


sin(Aa) — Aacos(Aa) = 0, 


with solutions Aa = 4.493, 7.725, 10.904, .... (See Handbook of Mathematical 
Functions by Abramowitz and Stegun, listed in the Bibliography.) 

Finally we can put together some product solutions. Clearly the factor func- 
tion T(t) will be a sine or cosine of Act. Thus our product solutions have the 
form 


p"!? Jn41/2(AnmP)Pn(cos(#)) sin(anmct), 
p"7Jn41/2nmP)Pu(cos(b)) COS Anmet). 


The solution u(p, ¢, t) will be an infinite series of constant multiples of these 
functions. We will not write it out. 

Let us summarize some of the information we have obtained. First, the fre- 
quencies of vibration of a sphere are Ajn,c (radians per unit time), where A jny, 
is the mth positive solution of 


Jn41/2(Aa) = 0. 


Second, the nodal surfaces (loci of points where a product solution is 0 for all 
time) are the values of p and ¢ for which 


In41/2 (AmnP)Pn (cos()) —0. 


One or the other factor must be 0, so these surfaces are either concentric 
spheres, o = const., determined by J;,4.1/2(Amn?) = 0, or else cones @ = const., 
determined by P,,(cos(#)) = 0. 

Finally, let us observe that, because Po(cos(#)) = 1, the product solutions 
with n = 0 are precisely what we found as product solutions of the problem in 
Section 5.8, Part B. 


EXERCISES 


1. Solve the potential equation in the sphere 0 < p < 1,0<@ <a with the 
boundary condition 


4s, 0<¢<27/2, 
wao={ a w/2<o<Z, 


together with appropriate boundedness conditions. 
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. Solve the potential equation in a hemisphere, 0 < p < 1,0<@< 7/2, 
subject to boundedness conditions at p = 0 and ¢ = 0, and the boundary 
conditions 


u(1,¢@)=1, 0<¢@<z7/2, 
u(p,7/2)=0, O<p<l. 
Hint: Use odd-order Legendre polynomials. 
. Solve this heat problem with convection on a spherical shell of radius R: 
1 0 . Ou 2 lou 
sae in st) yu rer 
0<d<z, O0K<t, 


u(d,0)=0, O<d@<aZ. 


Think carefully about the physical situation before attempting a solution. 


. Solve this heat problem on a hemispherical shell of radius R: 


1 ry) (s ) lou 
sin(@) 0<¢@<z7/2, 0<t, 


R2sin(o) 06 a¢) kat’ 

ou n/2, 1) =0, 0<t, 

ag 

u(d, 0) = cos(@), 0<¢<27/2. 


. Solve the eigenvalue problem 


LT) af seu). 1 af. du\| > 
“lz (- a) " sin(@) 36 (sn 55) |= a 


O0<p<a, 0<¢<7/2, 
u(a, d) = 0, 0<¢<27/2, 
u(r,a/2)=0, O<r<a, 


subject to boundedness conditions at p = 0 and at ¢ = 0. 


. In Part C of this section we mention nodal surfaces (i.e., surfaces where 
the function is 0). Find the nodal surfaces of the function 


p "7 J3/2(Ap)P, (cos(p)) 
if 4 is the second positive solution of J3/.(A) = 0. 


. Describe in words the nodal surfaces for 


p'!Js.(Ap)P2(cos(¢)) 
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if X is the second positive solution of J5/.(A) = 0. 


8. Solve the potential problem in the exterior of a sphere. 


Oh ee) eee 
EAC =) sae" ae wa) |= _ 


R<p, 0<¢<rZ, 
u(R, d)=f(o), 0<o<T. 


9. L.M. Chiappetta and D.R. Sobel [Temperature distribution within a hemi- 
sphere exposed to a hot gas stream, SIAM Review, 26 (1984): 575-577] 
analyze the steady-state temperature in the rounded tip of a combustion- 
gas sampling probe. The tip is approximately hemispherical in shape. Its 
outer surface is exposed to hot gases at temperature Tg, and its base 
is cooled by water at temperature Tw circulating inside the probe. If 
T(p,@) is the temperature inside the tip, it should satisfy the condi- 
tions 


Sle) atm) 
pL ao\" dp + Say ap (0 5 me 


1 
0<p<R, Cees a) 


T(p, 7/2) =Tw, 0<p<R, 
eR. 6) =NTe— TR )]. 0 = 
ap | Q= [ GT ( P ’ BOS 


together with boundedness conditions at p = 0 and at 6 = 0. 


The authors then change the variables to simplify the problem. Let 
= p/R, u(r, d) = T(p, &) — Tw, and show that the problem for u be- 


comes 
0 ,0u 1 a 

7G o)+ say ae (S55) = 0, O<r<l, 0<$<x/2, 
u(r, 1/2) =0, 0<r<l, 

KX(,$) + ull, @) =D, 0<¢<2/2, 


where K = k/hR and D= Tg — Ty. 


10. Solve the problem in Exercise 9. Hint: Use odd-indexed Legendre polyno- 
mials to satisfy the boundary condition at @ = 7/2. 
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5.11 Comments and References 


We have seen just a few problems in two or three dimensions, but they are 
sufficient to illustrate the complications that may arise. A serious drawback 
to the solution by separation of variables is that double and triple series tend 
to converge slowly, if at all. Thus, if a numerical solution to a two- or three- 
dimensional problem is needed, it may be advisable to sidestep the analytical 
solution by using an approximate numerical technique from the beginning. 

One advantage of using special coordinate systems is that some problems 
that are two-dimensional in Cartesian coordinates may be one-dimensional 
in another system. This is the case, for instance, when distance from a point 
(r in polar or ¢ in spherical coordinates) is the only significant space variable. 
Of course, nonrectangular systems may arise naturally from the geometry of a 
problem. 

As Sections 5.3 and 5.4 point out, solving the two-dimensional heat or wave 
equation in a region F of the plane depends on being able to solve the eigen- 
value problem V*¢ = —A’¢ in R with ¢ = 0 on the boundary. The solution 
of this problem in a region bounded by coordinate curves (that is, in a gen- 
eralized rectangle) is known for many coordinate systems. We have discussed 
the most common cases; others can be found in Methods of Theoretical Physics 
by Morse and Feshbach. Information about the special functions involved is 
available from the Handbook of Mathematical Functions by Abramowitz and 
Stegun and also from Special Functions of Mathematics for Engineers by L.C. 
Andrews. Eigenfunctions and eigenvalues are known for a few regions that are 
not generalized rectangles. (See Miscellaneous Exercises 20 and 21 in the text 
that follows.) 

Eigenvalues of the Laplacian in a region can be estimated by a Rayleigh quo- 
tient, much as in Section 3.5. Furthermore, we have theorems of the follow- 
ing type. Let Aj be the lowest eigenvalue of Vd = —A*¢ in R with = 0 
on the boundary. Let A? have the same meaning for another region, R. If R 
fits inside R, then 4? > 7. [The smaller the region, the larger the first eigen- 
value. For further information, see Methods of Mathematical Physics, Vol. 1, 
by Courant and Hilbert. In the famous article “Can one hear the shape of a 
drum?,” American Mathematical Monthly, 73 (1966): 1-23], Mark Kac shows 
that one can find the area, perimeter, and connectivity of a region from the 
eigenvalues of the Laplacian for that region. However, Kac’s title question has 
been answered negatively. In the Bulletin of the American Mathematical Soci- 
ety, 27 (1992): 134-138, authors C. Gordon, D.L. Webb, and S. Wolpert display 
two plane regions, or “drums,” of different shapes, on which the Laplacian has 
exactly the same eigenvalues. 

The nodal curves of a membrane shown in Fig. 9 can be realized physically. 
Photographs of such curves, along with an explanation of the physics of the 
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vibrating membrane, will be found in The Physics of Musical Instruments, by 
Fletcher and Rossing. 


Chapter Review 


See the CD for review questions and special exercises. 


Miscellaneous Exercises 


1. 


Solve the heat problem 
lo 
Vis, O<x<a, O0<y<b, 0<t, 
k ot 
r) r) 
“"“(0,y,t) = 0, Gy D0: O0<y<b, 0<t, 
Ox Ox 
u(x,0,t)=0, u(x, b,t)=0, O0<x<a, 0<t, 
Tx 
u(x, y, 0) = —, Cnx<a, OH <b: 
a 


. Same as Exercise 1, but the initial condition is 


ly 
b’ 


u(x, y, 0) = 0O<x<a, O0<y<b. 


. Let u(x, y, t) be the solution of the heat equation in a rectangle as stated 


here. Find an expression for u(a/2, b/2, t). Write out the first three 
nonzero terms for the case a = b. 


u=-—, O<x<a, O0<y<b, 0<t, 


u=0 on all boundaries, 
u(x,y,0)=T, O<x<a, O<y<b. 


. Find the nodal lines of the square membrane. These are loci of points 


satisfying Pmn(x, y) = 0, where Pm, satisfies V>@ = —A7¢@ in the square 
and ¢ = 0 on the boundary. 


. Find the solution of the boundary value problem 


=o (rs) 
-—|{r—]=-l1, 0<r<a, 
dr 


u(0) bounded, u(a) =0, 
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both directly and by assuming that both u(r) and the constant function 1 
have Bessel series on the interval 0 < r < a: 


u(r) = DE CrJo(Anr), O<r<a, 


n=1 
oe) 


1= 0 cy Jo(Ant), O<r<a. 


n=1 
1d ( dbQn\  ., 
(tine: ae (+ a ) =-i won) 


6. Suppose that w(x, t) and u(y, f) are solutions of the partial differential 
equations 
dw ldw dv lav 
ax? kk at? ay? kk At 
Show that u(x, y, t) = w(x, t)u(y, t) satisfies the two-dimensional heat 
equation 


a-u d’u 1du 
ax2 ' ay? kat’ 


7. Use the idea of Exercise 6 to solve the problem stated in Exercise 1. 


8. Let w(x, y) and v(z, t) satisfy the equations 


aw a?w o 07 i a7 


ae ay? a 2 Ot?” 
Show that the product u(x, y, z, t) = w(x, y)u(z, t) satisfies the three- 
dimensional wave equation 
a7 u a7 u du 1 du 
axe ' ay | az22 2 ar’ 


9. Find the product solutions of the equation 


1d / Ou lou 
r — , O<r, OK<t, 
ror\ or k ot 


that are bounded as r > 0+ andas r—> ov. 


10. Show that the boundary value problem 


(1 —x)¢')' = —f(x), —-l<x<1l, 
(x) bounded at x = +1, 
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11. 


12. 


13. 


14. 
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has as its solution 


x 1 1 
o(x) = | i / f (2) dzdy, 
0 axe A y 


provided that the function f satisfies 


1 
f(i2dz=0. 
= 


Suppose that the functions f(x) and ¢(x) in the preceding exercise have 
expansions in terms of Legendre polynomials 


Fx) = Do beP(x), = -1<x< 1, 


k=0 


f(x) = )° ByPy(x), -l<x<l. 


k=0 


What is the relation between B; and b;? 


By applying separation of variables to the problem 
Vu=0, O<p<a, 0<¢<aZ, 


with u bounded at ¢ = 0, m and u periodic (277) in 0, derive the follow- 
ing equation for the factor function ®(@): 


sin($)(sin(¢) ®’)’ — m°@ + 2? sin?(g)® = 0, 


where m= 0, 1, 2,... comes from the factor ©(@). 


Using the change of variables x = cos(¢), ®(@) = y(x) on the equation 
of Exercise 12, derive a differential equation for y(x). 


Solve the heat conduction problem 


lod Ou lou 
r — ; O<r<a, O<t, 
ror\ or k ot 


ou 
—(a, t)=0, 0<t, 
or 


2 
u(r,0) = Ty (~) , O<r<a. 
a 
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15. Solve the following potential problem in a cylinder: 
10 ( du a°u 
r =0, O<r<a, O0<z<b, 
ror\ or 
u(a, z) = 0, 0<z<bB, 
u(r,0)=0, u(r,b)=Up, O<r<a. 


16. Find the solution of the heat conduction problem 


10 / Ou lou 
r = , O<r<a, OK<t, 


ror\ or k ot 
u(a, Z) = To, 0<t, 
u(r, 0) = Th, O<r<a. 


17. Find some frequencies of vibration of a cylinder by finding product so- 
lutions of the problem 


10 (/ du au 1 a2 
r — , O<r<a, O0<z<b, 0<t, 
ror\ or dz? OF? 

u(r,0,t)=0, u(r,b,t)=0, O<r<a, aK<t, 

u(a, z, t) =0, O<z<b, 0<t. 


18. Derive the given formula for the solution of the following potential equa- 
tion in a spherical shell: 


Vu=0, a<p<b, 0<¢<az, 
u(a,b) =f(cos(¢)),  u(b,d)=0, O0<¢<z, 


0° pent) _ p2ntl a n+l 
u(p, 6) = LAs es TES ( ) P,(cos()), 


p 
=e 


An [ f(x)P, (x) dx. 


19. Show that the function @(x, y) = sin(zx) sin(27y) — sin(27x) sin(zy) 
is an eigenfunction for the triangle T bounded by the lines y = 0, y = x, 
x = 1. That is, 


Vo=—io inT, 
@=0 onthe boundary of T. 


What is the eigenvalue A? associated with $? 
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21. 


22. 


23. 


24, 


25. 


26. 
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Observe that the function ¢ in Exercise 19 is the difference of two differ- 
ent eigenfunctions of the 1 x 1 square (see Section 5.3) corresponding to 
the same eigenvalue. Use this idea to construct other eigenfunctions for 
the triangle T of Exercise 19. 


Let T be the equilateral triangle in the xy-plane whose base is the interval 
0 <x < 1 of the x-axis and whose sides are segments of the lines y = /3x 
and y= /3(1 — x). Show that for n = 1, 2,3,..., the function 


on(x, y) = sin(4nzy//3) + sin(2nz (x — y/V3)) 
= sin(2nz (x + y/V3)) 


is a solution of the eigenvalue problem V*¢ = —A’¢ in T, ¢ = 0 on the 
boundary of T. What are the eigenvalues 4? corresponding to the func- 
tion ¢@, that is given? [See “The eigenvalues of an equilateral triangle,” 
SIAM Journal of Mathematical Analysis, 11 (1980): 819-827, by Mark A. 
Pinsky. ] 


In Comments and References, Section 5.11, a theorem is quoted that re- 
lates the least eigenvalue of a region to that of a smaller region. Confirm 
the theorem by comparing the solution of Exercise 19 with the smallest 
eigenvalue of one-eighth of a circular disk of radius 1: 


ld/fa 1 0? 
( *); a Vo, 0<0<", 0<r<l, 


r or LaF ' 72 962 
o(r, 0) =0, (1.2) =o, 0O<r<l, 
(1,6) =0, 0<0<=. 


Same task as Exercise 22, but use the triangle of Exercise 21 and the 
smallest eigenvalue of one-sixth of a circular disk of radius 1. 


Show that u(p, t) = t-3/e-’/*! is a solution of the three-dimensional 
heat equation V*u = ou in spherical coordinates. 
For what exponent b is u(r,t) = t’e~"/*' a solution of the two- 


dimensional heat equation V7u = gue (Use polar coordinates.) 


Suppose that an estuary extends from x = 0 to x = a, where it meets the 
open sea. If the floor of the estuary is level but its width is proportional 
to x, then the water depth u(x, f) satisfies 


10 (/ dau 1 0°u 
x = », O<x<a, O0<t, 
xdax\ dx gU Ot? 


27. 


28. 


29. 


30. 


31. 
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where g is the acceleration of gravity and U is mean depth. The tidal 
motion of the sea is represented by the boundary condition 


u(a, t) = U+ hcos(at). 


Find a bounded solution of the partial differential equation that satisfies 
the boundary condition by setting 


u(x, t) = U+ y(x) cos(at). 


(See Lamb, Hydrodynamics, pp. 275-276.) 


Is there any combination of parameters for which the solution of Exer- 
cise 26 does not exist in the form suggested? 


If the estuary of Exercise 26 has uniform width but variable depth 
h = Ux/a, then the equation for u is 


0 ( du a 0°u 
x = , O<x<a, O0<t, 
ax\ dx gU Of? 


subject to the same boundary condition as in Exercise 26. Find a 
bounded solution in the form suggested. (See Eq. (1) of Section 5.8.) 


The equation for radially symmetric waves in n-dimensional space is 


Ld 3400 1 07u 
tT = 
r'-l Or or c? Of? 
where r is distance to the origin. Find product solutions of this equation 
that are bounded at the origin. 


Show that the equation of Exercise 29 has solutions of the form 
u(r, t) =a(rn)d(r — ct) 


for n = 1 and n = 3. [See “A simple proof that the world is three- 
dimensional” by Tom Morley, SIAM Review, 27 (1985): 69-71.] 


A certain kind of chemical reactor contains particles of a solid catalyst 
and a liquid that reacts with a gas bubbled through it. M. Chidambaran 
[“Catalyst mixing in bubble column slurry reactors,” Canadian Journal 
of Chemical Engineering, 67 (1989): 503-506] uses the following problem 
to model the catalyst concentration C in a cylindrical reactor: 


ld aC 30°C aC 
Bs r + D, + U =0, O<r<R, O<z<lL, 
ror\ or 


—(R,z)=0, 0<z<L. 
or 
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33. 
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Here, D, and D, are the diffusion constants in the radial and axial di- 
rections, respectively. The term containing 0C/dz represents physical 
movement of particles at speed U. 


Show that the change of variables p = r/R, € = z/L, u(p, €) = C(r, z) 
leads to the equivalent equations 


42 f) ( *) au au Sy oh i: eee 
| =0p Opel, Oar ly 
p dp \” dap ag? y 7 


Ou 
—(,o)=0, 0<¢ <1, 
dp 


and identify the parameters b and p. 
When a boundedness condition at p = 0 is added, product solutions of 


the foregoing equation are found to have the form u(p, €) = R(p)Z(£): 


Ro(p)=1, A(t)= i ; 


Ri(p) =Jo(anp),  ZnlS) = | oe 


where m, < 0 < mp are the roots of the equation m* + pm— 2b = 0 and 
hn is chosen to satisfy Jj(An) = 0. 


a. Check the details of the solution. 
b. Show that the A’s also satisfy J) (A,) = 0. 


The solution of the problem in Exercise 31 has the form 


u(p,£) = age + bo + D> (ane + bne”?*) Jo(Anp). 


n=1 


The coefficients would normally be found by applying boundary condi- 
tions 
u(p,0)=f(p), ulp, D=gl(p), O<p<l1. 


In this case, however, information is scarce. The author suggests discard- 
ing the solutions that do not approach 0 as ¢ — ov. The justification is 
that g(p) is approximately 0. The solution then becomes 


u(p, 6) = aoe + Y ane” Jo(rnb), 


n=1 


34, 


35. 
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and the coefficients should be determined by 


fg F(P)JoAnp)p dp 
Jy Ja(Anp)o dp 
The function f is known only roughly through experiment. Use the 


numbers in the following table to find ap and a, by the trapezoidal rule 
of numerical integration. 


1 
wm =2 f f(p)pdp, an 
0 


p 0 Ol 0.2 0.3 0.4 
f(p) 8.8 8.9 9.2 9.8 10.3 
JoAip) 10 0.964 0.858 0.696 0.493 


p 0.5 0.6 0.7 0.8 0.9 1.0 
f(p) 11.2 120 13.1 14.1 14.8 15 
Jo(A1p) 0.273 0.056 0.135 —0.281 —0.373 —0.403 


In the article “Asymptotic analysis of intraparticle diffusion in GAC 
batch reactors” [D.A. Lyn, Journal of Environmental Engineering, 122 
(1996): 1013-1022], the author analyzes chemical diffusing into a spher- 
ical particle, with a view to determining some parameter. The concen- 
tration q is modeled in dimensionless variables by 


1a 0 0 
po = 4 O<r<l, O<t, 
r2 or or ot 


q(r, t) bounded as r > 0, 


oq 0q 
“ii ==D (174): 
at ) ar! ) 


Separate the variables and find the eigenvalue problem, assuming that 
q(r, t) =R()T(). 


The eigenvalue problem that comes from Exercise 34 has a peculiar 
boundary condition that prevents the eigenfunctions from being orthog- 
onal. However, the author needs only the first terms of a series solution. 
Find an equation for the eigenvalues. Confirm that A = 0 is a solution. 
Find the next one numerically for D = 0, 1, 10. 
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‘CHAPTER “ou 


6.1 Definition and Elementary Properties 


The Laplace transform serves as a device for simplifying or mechanizing the 
solution of ordinary and partial differential equations. It associates a function 
f(t) with a function of another variable F(s) from which the original function 
can be recovered. 

Let f(t) be sectionally continuous in every interval 0 < t < T. The Laplace 
transform of f, written L(f) or F(s), is defined by the integral 


Lyy=F= | e f(t) dt. (1) 
0 


We use the convention that a function of t is represented by a lowercase letter 
and its transform by the corresponding capital letter. The variable s may be 
real or complex, but in the computation of transforms by the definition, s is 
usually assumed to be real. Two simple examples are 


ie 1 
ca= [ e-ldt=-, 
0 Ss 


—eW(s- at | 1 


Lie) a et et dt = = 
0 


s—a |, Ss—a 


Not every sectionally continuous function of t has a Laplace transform, for 
the defining integral may fail to converge. For instance, exp(t’) has no trans- 
form. However, there is a simple sufficient condition, as expressed in the fol- 
lowing theorem. 
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Theorem. Let f(t) be sectionally continuous in every finite interval0 <t < T. If, 
for some constant k, it is true that 


lim e F(t) =0, 


then the Laplace transform of f exists for Re(s) > k. 


A function that satisfies the limit condition in the hypotheses of the theorem 
is said to be of exponential order. 

The Laplace transform inherits two important properties from the integral 
used in its definition: 


L(cf(t) = cL(f(t)), c constant, (2) 
Lif) +g) =L(F) + L(g@). (3) 


By exploiting these properties, we easily determine that 


L(cosh(at)) = cl le" 4 =) 


L(sin(wt)) = c| Fe _ em)| 


= 1 1 w 
 2i\s—io stio) #+a@ 


Notice that the linearity properties work with complex constants and func- 
tions. 

Because of the factor e~* in the definition of the Laplace transform, expo- 
nential multipliers are easily handled by the “shifting theorem”: 


L(e"f(t)) = i e “e F(t) dt 


0 


= / e F(t) dt = F(s—b), 


0 
where F(s) = £L(f(t)). For instance, since £(sin(wt)) = w/(s* + w”), 


ro) 7 w 
(s—b?+a@2 s—2sb+b?+a2 


L(er sin(wt)) = 


The real virtue of the Laplace transform is seen in its effect on derivatives. 
Suppose f(t) is continuous and has a sectionally continuous derivative f’(t). 
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Then by definition 
c(ro) = [ e “f'(t) dt. 
0 


Integrating by parts, we get 


c(ro)=e"seole: - f (—s)e “f(t) dt. 
0 


If f(t) is of exponential order, e~“f(t) must tend to 0 as ¢ tends to infinity (for 
large enough s), so the foregoing equation becomes 


Lis) =f +s f° e*fende 
0 


=—f(0) +sL(f). 


(If f(t) has a jump at t = 0, f (0) is to be interpreted as f(0+).) 
Similarly, if f and f’ are continuous, f” is sectionally continuous; and if all 
three functions are exponential order, then 


L(f"(t)) = —f(0) + sL(f'() 
= —f(0) —sf(0) +" L(f()). 
An easy generalization extends this formula to the nth derivative, 


LF O] =f) = sf") = = s"'FOFs"L(FO), (4) 


on the assumption that f and its first n — 1 derivatives are continuous, f is 
sectionally continuous, and all are of exponential order. 

We may apply Eq. (4) to the function f(t) = t*, k being a nonnegative inte- 
ger. Here we have 


fO=K(O=---=fF°O=0, fPM=k, fH PH=0. 
Thus, Eq. (4) with n= k-+ 1 yields 
0=—-k+s'£(#), 


or 
k! 
k = . 
LP) = Jat" 
A different application of the derivative rule is used to transform integrals. If 
f(£) is sectionally continuous, then ty f(t’) dt’ is a continuous function, equal 
to zero at t = 0, and has derivative f(t). Hence 


c(fio) =se| [sera] 
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L(f) = F(s) = i e “f(t) dt 
0 

Lif (t)) = cL( f(t) 
LF (t) + g(t) = LF) + L(g) 
L(f'(t)) = —fO) + sF(s) 
L(f"(t)) = —f') — sf(0) +’ F(s) 
LF (H) = —f"? (0) — sf"? (0) — ++» = s"1f (0) + s"F(s) 
L(ef(t)) = F(s— b) 

; / 1\ _ 1 1 —_ [2% / / 
e(f si) at’) = <F(S) £(-f0) = [° F(s) ds 


dF 
Litf(t)) = va 


Table 1 Properties of the Laplace transform 


or 


cl fr) ar = ~L(f(o), (5) 


Differentiation and integration with respect to s may produce transforma- 
tions of previously inaccessible functions. We need the two formulas 


de~*t oe) 1 
= = fot est di = =pet 
- t 


ds 


to derive the results 


dF o° 
L(tf(t)) =— oy c(7f0) =a F(s') ds’. (6) 


ds 


(Note that, unless f(0) = 0, the transform of f(t)/t will not exist.) Examples 
of the use of these formulas are 


; d 1) 2sw 
L(tsin(wt)) = (; r =) = Cae 


c(=) = ta = ie = tan” '(s) = tan™(). 
t s s*+1 2 s 


Significant properties of the Laplace transform are summarized in Table 1. 
When a problem is solved by use of Laplace transforms, a prime difficulty 
is computation of the corresponding function of t. Methods for computing 
the “inverse transform” f(t) = £~'(F(s)) include integration in the complex 
plane, convolution, partial fractions (discussed in Section 6.2), and tables of 
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fo F(s) fo F(s) 
k! 
k 
1 s—b 
1 = elt cos(wt Ae A 
s (oH) s? — 2bs+ b? + a? 
1 o 
at bt os 
t es a 
f s—a Sey ? — 2bs+ b? + a? 
s k! 
h(at elt tk = 
cosh(at) st — @2 (s— b)+1 
. a at a 
sinh(at) zo @ e—]1 Gan 
s ew 
cos(wt) ape tcos(wt) (4+ a2) 
: 27) ; 2sw 
sin(wt) ep tsin(wt) (+022 
1 
: 2 


Table 2 Laplace transforms 


transforms. The last method, which involves the least work, is the most popu- 
lar. The transforms in Table 2 were all calculated from the definition or by use 
of formulas in this section. 


EXERCISES 


1. By using linearity and the transform of e”, compute the transform of each 
of the following functions. 


a. sinh(at); b. cos(wt); c. cos?(wt); 
d. sin(wt—¢); ee. &OT; f. sin’ (of). 
2. Use differentiation with respect to ¢ to find the transform of 
a. te” from L(e"), 
b. sin(wt) from L(cos(wt)), 
ce. cosh(at) from £(sinh(at)). 


3. Compute the transform of each of the following directly from the defini- 
tion. 

0, 

foe | ‘ 


0<t<a, 
a<t; 


368 Chapter 6 Laplace Transform 


0, O<t<a, 


b. po={u a<t<b, 


0, b<t; 
t, O<t<a, 
7 fO={P a<t. 
4. The Heaviside step function is defined by the formula 
1, t>a, 
HG) = Ls t<a. 


Assuming a > 0, show that the Laplace transform of H, is 


e%: 


L(H,(t)) 


5. Use completion of square and the shifting theorem to find the inverse trans- 
form of 
1 s+] 1 
a ae is RP ee e Spe 
+ 2s s+2s+2 24 as + B 


6. Find the Laplace transform of the square-wave function 


b>a. 


1, O0<x<a, 


fO={ 4 a<x< 2a, fet 2a) = f(). 


Hint: Break up the integral as shown in the following, evaluate the integrals, 
and add up a geometric series: 


2(n+1)a 


Fs) =>— / fe dt. 
n=0 2 


na 


7. Use any method to find the inverse transform of the following. 
! a eee 
aes AT Cea "(8 = a)? 
3 fe 1 l1—e* 
“apa Ga ae 


8. Use any theorem or formula to find the transform of the following. 


1 — cos(wt) * sin(at! 
a. —————; b. ne, dt’; 
t 0 t’ 
e. Pe; d. tcos(wt); e. sinh(at) sin(ot). 


9. Find the inverse transform of these functions of s by any method. 
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1 syae eS 
(s? + w?)?’ (s° + w?)?” 
2 °° 
s 
=a BRS d. 9, 7 2 2 . 
(s2 + w*)? (sea) 


a. 


c. 


6.2 Partial Fractions and Convolutions 


Because of the formula for the transform of derivatives, the Laplace transform 
finds important application to linear differential equations with constant co- 
efficients, subject to initial conditions. In order to solve the simple problem 


ut+au=0, u(0)=1, 
we transform the entire equation, obtaining 
L(w’) +aL(u) =0 


or 
sU—1+aU=0, 


where U = £(u). The derivative has been “transformed out,” and U is deter- 
mined by simple algebra to be 


U(s) = —e 


By consulting Table 2 we find that u(t) =e". 
Equations of higher order can be solved in the same way. When trans- 
formed, the problem 


u’+o@°u=0, u(0)=1, u/(0)=0 
becomes 
’U—s-1—-0+0*U=0. 


Note how both initial conditions have been incorporated into this one equa- 
tion. Now we solve the transformed equation algebraically to find 


s 
U(s) = ——., 
C= 3 ee 


the transform of cos(wt) = u(t). 
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In general we may outline our procedure as follows: 


Original Solution of 
problem original problem 


L | | ie 


Solution of 
transformed 
problem 


Transformed 
problem 


In the step marked £L~!, we must compute the function of t to which the solu- 
tion of the transformed problem corresponds. This is the difficult part of the 
process. The key property of the inverse transform is its linearity, as expressed 


by 
LO" (ci F\(s) + @F2(s)) = Lo (Fi(s)) + o£" (Fr(5)). 


This property allows us to break down a complicated transform into a sum of 
simple ones. 
A simple mass—spring—damper system leads to the initial value problem 


u’+au+o*u=0, u0)=u, wW(O)=m, 


whose transform is 


3° U — sup — uy, + a(sU — up) + @’U = 0. 
Determination of U gives it as the ratio of two polynomials: 


sug + (uy + aug) 


U(s) = 
9) sx t+ast+ a 


Although this expression is not in Table 2, it can be worked around to a func- 
tion of s+ a/2, whose inverse transform is available. The shift theorem then 
gives u(t). There is, however, a better way. 

The inversion of a rational function of s (that is, the ratio of two polynomi- 
als) can be accomplished by the technique of “partial fractions.” Suppose we 
wish to compute the inverse transform of 


cst+td 
U(s) = ———___-. 
9 e+ast+b 


The denominator has two roots, r; and r2, which we assume for the moment 
to be distinct. Thus 


s +as+b=(s—n)(s— 1), 
cs+d 


Ue 
®) (s—1)(s— r2) 
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The rules of elementary algebra suggest that U can be written as a sum, 


cs+d A Ad (1) 


G=r)G=—h). s=A s=7° 


for some choice of A; and A. Indeed, by finding the common denominator 
form for the right-hand side and matching powers of s in the numerator, we 
obtain 
cstd AiG hy FAG =) 
(s—11)(s — 12) (s—11)(s — 12) 
c=A,+ A), d= —Ajr — Aor). 


When A, and A) are determined, the inverse transform of the right-hand side 
of Eq. (1) is easily found: 


Co Aj Ag 
os + =r = A; exp(mt) + Az exp(rat). 


For a specific example, suppose that 


s+4 
U(s) = ——_——_.. 
) 2 +3s+2 
The roots of the denominator are r; = —1 and r7 = —2. Thus 
SA AR A. An Ags Al Aa) 
P4+3s+2 stl s+2— (s+ 1)(s+2) 


We find A; = 3, Ay = —2. Hence 


Ye Se =f! Pict =3e'—2e 7 
s+ 3s+2 stl s+2 , 


A little calculus takes us much further. Suppose that U has the form 


U(s) = ats) 


p(s) 


where p and q are polynomials and the degree of q is less than the degree of p. 
Assume that p has distinct roots 1, ..., rx: 


P(s) = (s— n)GS— 12) ++ (S— 7). 
We try to write U in the fraction form 


A A A 
Oe 1 2 Euced k aH) 
$S—f s—h s—Te p(s) 
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The algebraic determination of the A’s is very tedious, but notice that 


s—17,)q(s s—r s—r 
( VIS _ a ta, 1 bee Ay 1 
pts) S—1 s—Tk 


If s is set equal to 7), the right-hand side is just Ay. The left-hand side becomes 
0/0, but LHo6pital’s rule gives 


li (s—n)q(s)_,.. (s—ni)d(s) +45) _ g(r) 
im = lim — . 
sory p(s) sor p’(s) p(n) 


Therefore A, and all the other A’s are given by 


ee 
pr) 


Consequently, our rational function takes the form 


qs) g(n) 1 qr) 1 


9) peds-n  peds—K 


From this point we can easily obtain the inverse transform, as expressed in the 
conclusion of the following theorem. 


Theorem 1. Let p and q be polynomials, q of lower degree than p, and let p have 
only simple roots, 11, 12, ..., Tk. Then 


_1f 43) z q(r)) _ q(re) 
: (SS ) ~ p(n) emptn)ch seet GH) exp(rt). (2) 


(Equation (2) is known as Heaviside’s formula.) 


Let us apply the theorem to the example in which q(s) = s + 4, p(s) =s? + 
3s + 2, p'(s) = 2s+ 3. Then 


reas s+4 ) ee ee a ee 
+ 2 


= e 7 = 3e!—2¢e77F, 
2 +4354 (ana | IS 


In nonhomogeneous differential equations also, the Laplace transform is a 
useful tool. To solve the problem 


ul +au=f(t), (0) =u, 
we again transform the entire equation, obtaining 
sU —uy + aU = F(s), 
uo 1 


+ —F(s). 
sta s+a 


U(s) = 
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The first term in this expression is recognized as the transform of ue. If 
F(s) is a rational function, partial fractions may be used to invert the second 
term. However, we can identify that term by solving the problem another way. 
For example, 


e“(u' + au) =e" f(t), 
(ues) = e“f(t), 


t 
tee / e" f(t) dt’ +c, 
0 


t 
u(t) = i eee) dt’ +ce™. 


0 


The initial condition requires that c = up. On comparing the two results, we 
see that 


, 1 
—a(t—t’) / / 
c| | e s(0) a = ag 


0 


Thus the transform of the combination of e~” and f(t) on the left is the prod- 
uct of the transforms of e~” and f(t). This simple result can be generalized in 
the following way. 


Theorem 2. If g(t) and f(t) have Laplace transforms G(s) and F(s), respectively, 
then 


c| / g(t—r/)f(¢’) ar] = G(s)F(s). (3) 


(This is known as the convolution theorem. ) 


The integral on the left is called the convolution of g and f, written 


t 


sxfo= [ g(t—r/)f(t’) de’. 


It can be shown that the convolution follows these rules: 


gxf=f*eg, (4a) 
f*(g*h) =(f*g) ¥h, (4b) 
fa(gth=fxgtfeh. (4c) 


The convolution theorem provides an important device for inverting 
Laplace transforms, which we shall apply to find the general solution of the 
nonhomogeneous problem 


u"—au=f(t), u(0)=u, u'(0)=m. 
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The transformed equation is readily solved, yielding 


Sug + Uy 1 


Us) = + s—F). 


Because 1/(s? — a) is the transform of sinh(,/at) /./a, we easily determine that 
u is 


u(t) = up cosh(./at) + ii sinh(/at) 4 i as » r') dt’. (5) 


0 Ja 
A slightly different problem occurs if the mass in a spring—mass system is 


struck while the system is in motion. The mathematical model of the system 
might be 


u'+a°u=f(t), uO)=u, uv (0)=m, 


where f (t) = Fo for fo < t < t; and f(t) = 0 for other values. The transform of 
u is 
Sug + Uy 1 


U(s) = Siw aaa 


The inverse transform of U(s) is then 


ae ae ead 
u(t) = up cost) +4 22? , i ones FW) dt’. 
(2) 0 wo 
The convolution in this case is easy to calculate: 
i sin(w(t — ») e) at! 
0 (22) 
0, t < to, 
1- t—f 
Fy cos(w( 0) laa 
i w2 
t—t,))—- t—ft 
Fo cos(w(t — t1)) seas 0) er 
@ 


EXERCISES 


1. Solve these initial value problems. 
a. uv —2u=0, u(0)=1; 
b. u +2u=0, u(0)=1; 
eu’ +4u'+3u=0, u(0)=1, w'(0)=0; 
du +9u=0, u(0)=0, w/(0)=1. 
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. Solve the initial value problem 
u’+2au’+u=0, uO0)=u, uWO)=uy, 


in these three cases:0 <a<l,a=l,a>1. 


. Solve these nonhomogeneous problems with zero initial conditions. 


a. uo +au=1; b. u” +u=t; 
c. u’ + 4u= sin(t); d. uw” + 4u = sin(2t); 
eu! +2u=1—e fu —u= 1, 


. Complete the square in the denominator and use the shift theorem 
[F(s — a) = L(e“f (t))] to invert 


__ Sug + (u + 2auo) 


U 
9 s? + 2as + w? 


There are three cases, corresponding to 


wo—a>0, =0, <0. 


. Use partial fractions to invert the following transforms. 


1 sala: 
ee ey "2447 
(s+ 3) 4 
ce. ————_; d. A 
s(s* + 2) s(s+ 1) 


. Prove properties (4a) and (4c) of the convolution. 
. Compute the convolution f * g for 

a. f(t) =1, g(t) =sin(2); 

b. f(t) =e', g(t) = cos(wt); 

ce. f(t) =t, g(t) =sin(f). 


. Demonstrate the following properties of convolution either directly or by 
using Laplace transform. 


a. 1 *f’(t) =f(t) —f(0); 
b. (t* f(t))” =f(t); 
ce. (fxg) =f’ xg=f x«g’, if f(0) = g(0) =0. 
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6.3 Partial Differential Equations 


In applying the Laplace transform to partial differential equations, we treat 
variables other than t as parameters. Thus, the transform of a function u(x, ft) 
is defined by 


L(ulx, t)) -|/ e “u(x, t) dt = U(x, s). 
0 


For instance, we easily find the transforms 


L(e sin(x)) = - 
sta 


sin(x), 


= ssin(x) + cos(x) 
a e+] 


L(sin(x t)) 


The transform U naturally is a function not only of s but also of the “untrans- 
formed” variable x. We assume that derivatives or integrals with respect to the 
untransformed variable pass through the transform 


re ~) = i eueat) edt 
ox 0 Ox 


0 


° =e ge She 
= =f u(x, the“ dt = 5g (Ue s)). 


If we wish to focus on the role of x as a variable and keep s in the background 
as a parameter, we might use the symbol for the ordinary derivative: 


Ou dU 
L{(—)=—. 
( ~) dx 
The rule for transforming a derivative with respect to t can be found, as 
before, with integration by parts: 


c(™) — sL(u(x, t)) — u(x, 0). 


If the Laplace transform is applied to a boundary value—initial value prob- 
lem in x and f, all time derivatives disappear, leaving an ordinary differential 
equation in x. We shall illustrate this technique with some trivial examples. 
Incidentally, we assume from here on that problems have been prepared (for 
example, by dimensional analysis) so as to eliminate as many parameters as 
possible. 
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Example 1. 
a-u _ du 
ax2 at’ 
u0,t)=1, u,o=1, O<t, 


0<x<l, O<t, 


u(x, 0) = 1+ sin(7x), 0<x<l. 


The partial differential equation and the boundary conditions (that is, every- 
thing that is valid for t > 0) are transformed, while the initial condition is 
incorporated by the transform 


LU 

2 =sU (1 | sin(sx)), 0<x<l, 
1 1 

U(0O,s)=-, U,s=-. 
s s 


This boundary value problem is solved to obtain 


sin(7x) 
sta 


1 
U(x,s)=—+ 
Ss 


We direct our attention now to U asa function of s. Because sin(zx) is a con- 
stant with respect to s, tables may be used to find 


u(x, t) = 1+ sin(srx) exp(—z72). 


Example 2. 
au 07 u 
ee) O0<x<l, O0<t, 
0x2 sot? 
u(0,t)=0, ull, =0, OK<t, 


u(x, 0) = sin(zx), 0<x<l, 


Ou ; 
Ph cea 0<x<l. 


Under transformation the problem becomes 


PU F : 
Ge =sU—ssin(zx)+sin(r7x), O0<x<1l, 


U(0,s)=0, U(1,s)=0. 


The function U is found to be 


s—1 
U(x, s) = ———= sin(x), 
(x, 5) PEGs sin(z x) 
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from which we find the solution, 


u(x, t) = (costa — ~ sin(x®)) sin(7x). 


Example 3. 
Now we consider a problem that we know to have a more complicated solu- 
tion: 

au du 

—=—, O0<x<l, O<t, 

ax’ Ot 

u0,t)=1, ud,o=1, 0<t, 

u(x,0)=0, O<x<l1. 


The transformed problem is 


aU 


ae 0<x<l, 


1 1 
U0,s)=-, U(,s)=-. 
Ss Ss 


The general solution of the differential equation is well known to be a combi- 


nation of sinh(,/sx) and cosh(,/sx). Application of the boundary conditions 
yields 


(1 — cosh(./s)) sinh(,/sx) 
ssinh(,/s) 
sinh(,/sx) + sinh(,/s(1 — x)) 
= ssinh(,/s) ; 
This function rarely appears in a table of transforms. However, by extending 
the Heaviside formula, we can compute an inverse transform. 


When U is the ratio of two transcendental functions (not polynomials) of s, 
we wish to write 


U(x, s) = ~ cosh /3x) 


1 


S—Ty 


U(x, 5) =D An(x) 


In this formula, the numbers r, are values of s for which the “denominator” of 
U is zero, or, rather, for which | U(x, s)| becomes infinite; the A, are functions 
of x but not s. From this form we expect to determine 


u(x, t) =) 7 An (x) exp(rat). 


This solution should be checked for convergence. 
The hyperbolic sine (also the cosh, cos, sin, and exponential functions) is 
not infinite for any finite value of its argument. Thus U(x, s) becomes infinite 
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only where s or sinh(,/s) is zero. Because sinh(./s) = 0 has no real root besides 
zero, we seek complex roots by setting ./s = & + in (€ and 7 real). 

The addition rules for hyperbolic and trigonometric functions remain valid 
for complex arguments. Furthermore, we know that 


cosh(iA) = cos(A), sinh(iA) = isin(A). 
By combining the addition rule and these identities we find 
sinh(&é + in) = sinh(€) cos(n) + icosh(&) sin(7). 


This function is zero only if both the real and imaginary parts are zero. Thus € 
and 7 must be chosen to satisfy simultaneously 


sinh(€) cos(n) =0, cosh(&) sin(7) = 0. 


Of the four possible combinations, only sinh(€) = 0 and sin(7) = 0 produce 
solutions. Therefore € = 0 and n = nz (n=0, 1, 2,...); whence 


Js=x+inn, s=—n’n’. 


Recall that only the value of s, not the value of ./s, is significant. 

Finally then, we have located ry = 0, and r, = —n’x? (n= 1,2,...). We 
proceed to find the A,(x) by the same method used in Section 6.2. The com- 
putations are done piecemeal and then the solution is assembled. 


Part a. (1 =0.) In order to find Ap we multiply both sides of our proposed 
partial fractions development 


1 


S—Ty 


U(x, 8) = D> An (x) 


n=0 


by s — ro = s and take the limit as s approaches ro = 0. The right-hand side 
goes to Ap. On the left-hand side we have 


fm sony) + sinh(./s(1 — x)) = 


+ I = 1= A(x). 
s>0 ssinh(,/s) - ‘s 0%) 


Thus the part of u(x, t) corresponding to s = 0 is 1 - e* = 1, which is easily 
recognized as the steady-state solution. 
Partb. (r,=—n’m*,n=1,2,....) For these cases, we find 


= qn) 
ep ta) 
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where q and p are the obvious choices. We take ./7,, = +inz in all calculations: 


piy= sinh(/s) + St cosh(¥/s), 


p(n) = sin cosh(inz) = inn cos(nzr), 
(rn) = sinh(inzx) + sinh(inz (1 — x) 
= i[sin(n7x) + sin(n(1 — x))]. 
Hence the portion of u(x, t) that arises from each ry, is 


An(x) exp(Tpt) = eine) a al) exp( nm’ t). 
nq cos(nz ) 


Part c. On assembling the various pieces of the solution, we get 


eae - = sin(nzx) + sin(n (1 — x)) al nt). 


ncos(nz) 


The same solution would be found by separation of variables but in a slightly 
different form. 


Example 4. 
Now consider the wave problem 


au =a? ‘ ; oe 
—=—, <x<l, <t, 
ax OP i 
du(1,t 
u(0, t) = 0, TUS: 0<t, 
Ox 
du(x, 0) 
u(x, 0) = 0, =x, O<x<l. 


ot 


The transformed problem is 


é =sU 0 1 
eee =%, = : 
de s x x< 


U(0,s)=0, U'(,s)=0, 
and its solution (by undetermined coefficients or otherwise) gives 


sx cosh(s) — sinh(sx) 
U(x, s) = 
(*, 8) s° cosh(s) 


The numerator of this function is never infinite. The denominator is zero at 
s=0O and s= +i(2n — 1)m/2 (n=1,2,...). We shall again use the Heaviside 
formula to determine the inverse transform of U. 
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Parta. (1 =0.) The limit as s approaches zero of sU(x, s) may be found by 
L'H6pital’s rule or by using the Taylor series for sinh and cosh. From the latter, 


eS sx(1 t t =) (sx t t -++) 


Gees) 


Aree) 


Thus, in spite of the formidable appearance of s* in the denominator, s = 0 is 
not really a significant value and contributes nothing to u(x, ft). 


Part b. It is convenient to take the remaining roots in pairs. We label 


+i(2n — 1) 


5 =+ip,. 


The derivative of the denominator is 


p’(s) = 3s* cosh(s) + s° sinh(s), 
p' (tip,) = +7 p? sinh(+ip,) 
= p;sin(Pn) 


since sinh(io) = isin(p) and (+i)* = 1. The contribution of these two roots 
together may be calculated using the exponential definition of sine: 


qa Dn) q(—1Pn) 
Pipa) - XP(ipnt) 4 ion) exp(—ipnt) 
__ —sinh(ip,x) exp(ipnt) + sinh(ip,x) exp(—ipnt) 


7 p2 sin(pn) 


= =e i(— exp(ipnt) + exp(— ipnt)) 


_2 sin(OnX) sin(Pnt) 
p3 sin(Pn) 


Part c. The final form of u(x, tf), found by adding up all the contributions 
from Part b, is the same as would be found by separation of variables 


sin(PnX) sin(Pnt) 
= , 
or Nae p3 Sin(bn) 
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EXERCISES 


1. Find all values of s, real and complex, for which the following functions are 
zero. 


a. cosh(,/s); b. cosh(s); 
c. sinh(s); d. cosh(s) — ssinh(s); 


e. cosh(s) + ssinh(s). 

2. Find the inverse transforms of the following functions in terms of an infi- 
nite series. 
sinh(sx) 

" scosh(s)’ 

3. Find the transform U(x, s) of the solution of each of the following prob- 
lems. 


1 
a. —tanh(s); 
s 


au Ou 

a. —=—, 0<x<l, 0O<t, 
0x2 —s ott 
u(0,t)=0, ull,t=t, O<t, 


u(x,0)=0, O0<x<1; 
O7u _ ou 
ax2 at 
u(0,t)=0, u(1,t)=e', O0<t, 


», O<x<l, 0<t, 


u(x,0)=1, O0<x<l. 


4. Solve each of the problems in Exercise 3, inverting the transform by means 
of the extended Heaviside formula. 


5. Solve each of the following problems by Laplace transform methods. 

au au 

a. —-=—, 0<x<l, 0O<t, 
ax? sot 
u(0,t)=0, ud,o=1, 0<t, 
u(x,0)=0, O<x<1; 
au dau 

b. —--=-—, 0O0<x<l, 0O<t, 
ax? sot 


u(0,t)=0, ul,t)=0, OK<t, 


u(x,0)=1, O<x<1. 
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6.4 More Difficult Examples 


The technique of separation of variables, once mastered, seems more straight- 
forward than the Laplace transform. However, when time-dependent bound- 
ary conditions or inhomogeneities are present, the Laplace transform offers 
a distinct advantage. Following are some examples that display the power of 
transform methods. 


Example 1. 

A uniform insulated rod is attached at one end to an insulated container of 
fluid. The fluid is circulated so well that its temperature is uniform and equal 
to that at the end of the rod. The other end of the rod is maintained at a con- 
stant temperature. A dimensionless initial value—boundary value problem that 
describes the temperature in the rod is 


a7u = Ou 
— =; O0<x<l, O<t, 
ox? Ot 
du(0, t) du(0, t) 
= ; lo=1, 0<t, 
fe Ee 
u(x, 0) = 0, 0<x<l. 


The transformed problem and its solution are 


aU 
Be = sU, 0O<x< 1, 

dU 1 

a s)=syU(0,s), UU, = 3 

_ cosh(/sx) + /sy sinh(./sx) _ q(s) 
~ s(cosh(./s) + /sy sinh(./s)) p(s)” 


Aside from s = 0, the denominator has no real zeros. Thus we again search 
for complex zeros by employing ./s = & + in. The real and imaginary parts of 
the denominator are to be computed by using the addition formulas for cosh 
and sinh. The requirement that both real and imaginary parts be zero leads to 
the equations 


U(x, s) 


(cosh(€) + €y sinh(é)) cos(n) — ny cosh(€) sin(n) = 0, (1) 
ny sinh(&) cos(7) + (sinh(é) +é&y cosh(&)) sin(n) = 0. (2) 


We may think of these as simultaneous equations in sin(7) and cos(7). Because 
sin?(y) + cos?(7) = 1, the system has a solution only when its determinant is 
zero. Thus after some algebra, we arrive at the condition 


(1+ &y? + ny’) sinh(&) cosh(&) + &y (sinh*(&) + cosh’ (&)) = 0. 
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The only solution occurs when & = 0, for otherwise both terms of this equa- 
tion have the same sign. 
After setting € = 0, we find that Eq. (1) reduces to 


1 
tan(y) = —, 
UT] 
for which there is an infinite number of solutions. We shall number the posi- 
tive solutions 7), 72, .... Now, we have found that the roots of p(s) are rp = 0 
and rz = (in)? = —n. The computation of the inverse transform follows. 


Parta. (1 =0.) The limit of sU(x, s) as s tends to zero is easily found to be 
1. Thus this root contributes 1 - e% = 1 to u(x, t). 


Part b. (1, = —nz.) First, we compute 


p'(s) = cosh(/s) + /sy sinh(./s) + svi + y) sinh(/s) + svscosh( V3). 


Using the fact that cosh(,/7¢) + ./rxy sinh(,/r,) = 0, we may reduce the fore- 
going to 


—] 
p(n) = ay! + y + ny’) cos(ng). 
Hence the contribution to u(x, t) of rz is 


q(rk) cos(7kX) — NkY SiIn(KX) 5 
exp(r,.t) = —2 ex nt 
pm "Cty + my) cos(m) (mt) 


Part c. The construction of the final solution is left to the reader. We note 
that an attempt to solve this problem by separation of variables would find 
difficulties, for the eigenfunctions are not orthogonal. 


Example 2. 

Sometimes one is interested not in the complete solution of a problem, but 
only in part of it. For example, in the problem of heat conduction in a semi- 
infinite solid with time-varying boundary conditions, we may seek that part of 
the solution that persists after a long time. (This may or may not be a steady- 
state solution.) Any initial condition that is bounded in x gives rise only to 
transient temperatures; these being of no interest, we assume a zero initial con- 
dition. Thus, the problem to be studied is 


07u _ Ou 
ax2 Ot’ 
u0,o=f(), OK<t, 


u(x, 0) = 0, 0<x<mw. 


0<x<o, OK<t, 
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The transformed equation and its general solution are 


LU 
——=sU, 0<x, U(0,s)=F(s), 
dx? 


U(x, s) = Aexp(—/sx) + Bexp(,/sx). 


We make two further assumptions about the solution: first, that u(x, ft) is 
bounded as x tends to infinity and, second, that ./s means the square root 
of s that has a nonnegative real part. Under these two assumptions, we must 
choose B = 0 and A = F(s), making 


U(x, s) = F(s) exp(—4/sx). 


In order to find the persistent part of u(x, t), we apply the Heaviside inver- 
sion formula to those values of s having nonnegative real parts, because a value 
of s with negative real part corresponds to a function containing a decaying 
exponential — a transient. To understand this fact, consider the pair 


fit) =1—-—e*% +asin(@t), 


1 aw 


1 
F(s) = ; 
() s stB 2+ 


Now we return to the original problem with this choice for f(t). The values 
of s for which U(x, s) = F(s) exp(—./sx) becomes infinite are 0, iw, — 8. The 
last value is discarded, because it is negative. Thus, the persistent part of the 
solution is given by 


Age” he Aye" Bi Age 
and the coefficients are found from 


Ap = lim|sF(s) exp(—v/sx) | =1, 


A, = lim [(s — iw)F(s) exp(—/sx) | — 5 exp(-Viex), 


A, = lim [(s + iw)F(s) exp(—4/sx) | = = exp(—v —iwx). 


We also need to know that the roots of +i with positive real part are 


Via 0+), V=i= 0-3) 


Thus the function we seek is 
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oe iot—,/2a+dx|—2 iot— /2a-—d 
Tee 1W a + 1)x Fags 10 5 1)x 
_ [@ ‘ [@ 
=l+a exp(- x) sin( oo = a). 


Example 3. 
If a steel wire is exposed to a sinusoidal magnetic field, the boundary value— 
initial value problem that describes its displacement is 


eu ou. 
oe ap 0<x<l, 0 <t, 
u(0, t) = 0, u(1,t)=0, 0 <t, 
a 
u(x, 0) =0, 5 (50) = 0, 0<x<l. 


The nonhomogeneity in the partial differential equation represents the effect 
of the force due to the field. The transformed equation and its solution are 


PU 4 a) 
=sU , 

dx? ; +a 

U(0,s)=0, U(,s)=0, 

wo cosh(+s) — cosh(s(5 — x)) 


s*(s? + w’) cosh(+s) 


0<x<l, 


U(x, s) = 


Several methods are available for the inverse transformation of U. An obvi- 
ous one would be to compute 


cosh(4s) — cosh(s(} — »)) 


s* cosh( a) 


v(x, t)=L7! ( 
and write u(x, t) as a convolution 


u(x, t) = i sin(w(t — t'))u(x, t’) dt’. 
0 


The details of this development are left as an exercise. 

We could also use the Heaviside formula. The application is now rou- 
tine, except in the interesting case where cosh(iw/2) = 0, that is, where w = 
(2n — 1)z, one of the natural frequencies of the wire. 

Let us suppose w = 77, so 


a cosh($s) — cosh(s(4 — x)) 


U(x, s) = 
me) s?(s* + 707) cosh(4s) 
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At the points s = 0, s = +i7, s = +(2n — l)in, n=2,3,..., U(x, s) becomes 
undefined. The computation of the parts of the inverse transform correspond- 
ing to the points other than +tiz is easily carried out. However, at these two 
troublesome points, our usual procedure will not work. Instead of expecting a 
partial-fraction decomposition containing 


Aj Aj 
stint s—in 


and other terms of the same sort, we must seek terms like 


A_\(s +i) + B_ Ai(s — ie) + By, 
(s+ in)? (s — im)? 


T 2 


whose contribution to the inverse transform of U would be 
Acer Spe ae e Spier 
One can compute A, and B,, for example, by noting that 


B, = lim [(s — i)°U(, s)], 


; ; By 
A, = lim {e- im)| Ut s)— | 


(s — im) 


and similarly for A_; and B_,. The limit for B, is not too difficult. For example, 


Bai IW cosh($s) — cosh(s(5 — x)) 
|= lim | (cosh(4s))/(s — 170) 
_ a cosh(4im) — cosh(ix(} — x)) 
=? (2i) + sinh(5iz) 


—1 1 —1, 
—eos(x(5 -x)) = =a sin(zx). 
T 


The limit for A, is rather more complicated but may be computed by 
LH6pital’s rule. Nevertheless, because B_; = B,, we already see that u(x, ft) 
contains the term 


. Qt 
B, te’ + B_\te™' =— — sin(x) cos(zt), 
1 


whose amplitude increases with time. This, of course, is the expected reso- 
nance phenomenon. 
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EXERCISES 
1. Find the persistent part of the solution of the heat problem 


au Ou 
— = 0<x<l, 0<t, 
ax* at 


P ; 
Ons “Vest. Oee 
Ox Ox 


u(x, 0) = 0, 0<x<l. 


2. Verify that the persistent part of the solution to Example 2 actually satisfies 
the heat equation. What boundary condition does it satisfy? 


3. Find the function v(x, t) whose transform is 


cosh(+s) — cosh(s(5 — x)) 


s* cosh( ; s) 


What boundary value—initial value problem does v(x, t) satisfy? 
4. Solve 


07u . a-u 


ax ar?” 


u(0,t)=0, u(1,t)=0, 0<t, 


0<x<l, 0 <t, 


Ou 
u(x, 0) = 0, ap 0<x<l. 


5. a. Solve form Az: 


07 u ue, ; 
3x2 = a sin(zx)sin(wt), O<x<1l, O<t, 


u(0,t)=0, u(1,t) =0, 0<t, 
Ou 
u(x, 0) = 0, aver 0<x<l. 


b. Examine the special casew = 7. 


6. Obtain the complete solution of Example 1 and verify that it satisfies the 
boundary conditions and the heat equation. 
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7. a. Solve 
du du 
ax2 at’ 
u(0,t)=0, u(l,t)=l—e™, O<t, 


0<x<l, 0<t, 


u(x,0)=0, O<x<l. 


b. Examine the special case where a = n’x? for some integer n. 


6.5 Comments and References 


The real development of the Laplace transform began in the late nineteenth 
century, when engineer Oliver Heaviside invented a powerful, but unjustified, 
symbolic method for studying the ordinary and partial differential equations 
of mathematical physics. By the 1920s, Heaviside’s method had been legitima- 
tized and recast as the Laplace transform that we now use. Later generalizations 
are Schwartz’s theory of distributions (1940s) and Mikusinski’s operational 
calculus (1950s). The former seems to be the more general. Both theories give 
an interpretation of F(s) = 1, which is not the Laplace transform of any func- 
tion, in the sense we use. 

There are a number of other transforms, under the names of Fourier, Mellin, 
Hankel, and others, similar in intent to the Laplace transform, in which some 
other function replaces e~™ in the defining integral. Operational Mathematics, 
by Churchill, has more information about the applications of transforms. Ex- 
tensive tables of transforms will be found in Tables of Integral Transforms by 
Erdelyi et al. (See the Bibliography.) 


Miscellaneous Exercises 
1. Solve the heat conduction problem 


ee ee ame 1 Q<t 
u =—, Cer<d; <t, 
ae at 


Ou Ou 
=~ (0, t) =0, =U, =0, 0<t, 
Ox Ox 


u(x, 0) = To, 0<x<l. 
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. Find the “persistent part” of the solution of 


a-u Ou 
—=—, O<x<1l, O<t, 
ox? ss Ot 


Ou 

—(0,H=0, ull,p=t, 0<t, 
Ox 

u(x, 0) = 0, 0<x<l. 


. Find the complete solution of the problem in Exercise 2. 


. Asolid object and a surrounding fluid exchange heat by convection. The 


temperatures u, and uz are governed by the following equations. Solve 
them by means of Laplace transforms. 


du, 
“dt. = —B(u — u2), 
duy 
AE. = —Po(u2 — 1), 


u, (0) => 1, U2 (0) =0. 


. Solve the following nonhomogeneous problem with transforms. 


au au 

—=—-]1, 0<x<l, 0 <t, 
Ox? sO 

u(0, t) = 0, u(l,t)=0, O<t, 
u(x, 0) = 0, 0<x<l. 


. Find the transform of the solution of the problem 


O7u Ou 
—S=.—, O0<x<l, OK<t, 
0x2 sO 
u(0,t)=0, ul,o=1, 0<t, 


u(x,0)=0, O<x<1. 


. Find the solution of the problem in Exercise 6 by using the extended 


Heaviside formula. 


. Solve the heat problem 
du du 
RSE O<x, 0<t, 
ax? ot 
u(0, t) = 0, O<t, 


u(x, 0) =sin(x), O<x. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 
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Find the transform of the solution of 
07u _ du 
ax2 Ot’ 
u(0,t)=0, O<t, 


O<x, O<t, 


u(x,0)=1, O<x, 
u(x, t) bounded as x > oo. 


At the end of Section 2.12, the problem in Exercise 9 was solved by other 
means. Use this fact to identify 


and 


nad) 


(The latter function is called the complementary error function, defined 
by erfc(q) = 1 — erf(q).) 


Find the function of t whose Laplace transform is 


F(s) =e *™. 


Using the definition of sinh in terms of exponentials and a geometric 
series, show that 


sinh(./sx) = Se vant = e Vian l+2)), 
sinh(,/s) 


n=0 


Use the series in Exercise 12 to find a solution of the problem in Exer- 
cise 6 in terms of complementary error functions. 


Show the following relation by using Exercise 11 and differentiating with 


respect to s. 
1 —k? 1 
L ex Se, 
Fa P( At ) Js 


Find the Laplace transform of the odd periodic extension of the function 


fo=n-t, 0<t<z, 


by transforming its Fourier series term by term. 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 
23. 


24, 
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Suppose that the function f(f) is periodic with period 2a. Show that the 
Laplace transform of f is given by the formula 


r= 00, 


’ 
e~ 2as 
where 


2a 
a= | fie dt. 
0 


(Hint: See Section 6.1, Exercise 6.) 


Apply the extended Heaviside method to the inversion of a transform 
with the form 


r= 80, 


e72as 7 
where G(s) does not become infinite for any value of s. 


Show that for a periodic function f(t) the quantities 


1 Inge 
Cy = Gl — 
2a ( a ) 


(G(s) is defined in Exercise 16) are the complex Fourier coefficients. 


How is it possible to determine that a Laplace transform F(s) corre- 
sponds to a periodic f(t)? 


Is this function the transform of a periodic function? 


F(s) = ——~. 
) e+a 


Use the method of Exercise 16 to find the transform of the periodic ex- 
tension of 


1, 0<t<z, 
fo=(2) u<t<2n. 


Same as Exercise 21, but use the function of Exercise 15. 


Use the method of Exercise 16 to find the transform of 
f(t) = |sin()]. 


Find the transform of the solution of the problem 


25. 


26. 
27. 
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du dru 
ax? at?’ 
u(0,t)=h(t), 0<t, 


O<x, OK<t, 


a 
u(x, 0) =0, 55 0)=0, 0<x, 


u(x, t) bounded as x > oo. 


Use the solution of the same problem as found in Section 3.6, to verify 
the rule 


h(t—x), t>x, 
0, t<x. 


Lo'(e “H(s)) = | 


Solve this wave problem with time-varying boundary condition, assum- 
ingwAnr,n=1,2,.... 


a7u _ a-u 
ax2 ar?’ 


u(0,t)=0, wu(1,t)=sin(@wt), 0<t, 


0<x<l, 0<t, 


a 
u(x, 0) = 0, 5 (0) =0, 0<x<l. 


Solve the problem in Exercise 25 in the special case w = 7. 


Certain techniques for growing a crystal from a solution or a melt may 
cause striations — variations in the concentration of impurities. Authors 
R.T. Gray, M.EF. Larrousse, and W.R. Wilcox [Diffusional decay of stria- 
tions, Journal of Crystal Growth, 92 (1988): 530-542] use a material bal- 
ance on a slice of a cylindrical ingot to derive this boundary value prob- 
lem for the impurity concentration, C: 


a aC aC OC 
— | D(x)— )-V—=—, 0<K<x, O0<t, 
Ox Ox Ox ot 


_ (2at 
C(O, n= C,+Asin( 4), 0<t, 
Cc 


C(x, 0) = Ca, 0 < xX. 


Here, V is the crystal growth rate, tc is the striation period, C, is the 
average concentration in the solid, and D(x) is the diffusivity of the im- 
purity at distance x from the growth face (which is located at x = 0). Of 
course, C(x, t) is bounded as x > oo. 
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Next, the equations are made dimensionless by introducing new vari- 
ables: 
CHG, Wie ca Vt 
A "~~ DO)’ 


C= 


The new problem is 


», O<x, OK<t, 


d (72 =<) aC aC : : 


ax \ D(O) ax ax Ot 
C(0, 1) = sin(wf), 0 <t, 
C(%, 0) = 0, 0<X, 


where w = 27 D(0)/V*tc. 


Because D(x) depends in a complicated way on x, a numerical solution 
was used. To check the numerical solution, the authors wished to find an 
analytical solution of the problem corresponding to constant diffusivity, 
D(x) = D(O). Let u be the solution of 


au au is du ee 
— = —_+—, <X, <t, 
Ox? ox ot 

u(0,t) =sin(wt), 0<t, 

u(x, 0) = 0, 0<x, 


u bounded as x > oo. 


Find the Laplace transform of the solution of this problem. 


28. The authors of the paper mentioned in Exercise 27 were particularly in- 
terested in the persistent part of the solution. Use the methods of Sec- 
tion 6.4 to show that the persistent part of the solution is 


1 
uy = 5 ie) — f(—iw)), 


joy =o( (5 V3 | ws | wi) 


29. Find the square root required in the foregoing expression by setting 


/1 


where 


30. 


Miscellaneous Exercises 395 


so that 
2 2: . 1 . 
a’ — B Sal dal 
or 
1 
apes 
4 
2aB =o. 


(To solve these equations: (i) solve the second for B; (ii) substitute the 
expression found into the first; (iii) solve the resulting biquadratic for a.) 


Noting that the persistent part is uw; = Im(f(iw)) (see Exercise 28), de- 
termine 


u(x, t) = ez sin(wt — Bx), 


where @ and # are as in Exercise 29. 
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7.1 Boundary Value Problems 


More often than not, significant practical problems in partial — and even or- 
dinary — differential equations cannot be solved by analytical methods. Dif- 
ficulties may arise from variable coefficients, irregular regions, unsuitable 
boundary conditions, interfaces, or just overwhelming detail. Now that ma- 
chine computation is cheap and easily accessible, numerical methods provide 
reliable answers to formerly difficult problems. In this chapter we examine 
a few methods that are simple and equally adaptable to machine or manual 
computation. Implementation of some of these methods with a spreadsheet 
program is explained and carried out on the CD. 

If we cannot find a simple analytic formula for the solution of a boundary 
value problem, we may be satisfied with a table of (approximate) values of the 
solution. For instance, the solution of the problem 


Pu 
dx? 


u(0) = 1, ud) ==1; (2) 


—12xu=-1, 0<x<l, (1) 


may be written out in terms of Airy functions, but the values of u shown in 
Table 1 are more informative for most of us. One way to obtain such a table 
is to replace the original analytical problem by an arithmetical problem, as 
described in what follows. 
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x: 0.0 0.2 0.4 0.6 0.8 1.0 
u(x): 1.0 0.643 0.302 0.026 0.406 1.0 


Table 1 Approximate solution of Eqs. (1) and (2) 


Differential equation Boundary condition 
u(x) > Uj u(0) > uo 
Pu Ui41 —2uj+uji1 du uy — uy 
0 
dx? Wiis (Ax)? a oe 2 Ax 
- (x) > — =< : re > Un 
u Unti — Un-1 
x) > j 1 
f(x) > f@) a eee 


Table 2 Constructing replacement equations 


First, the values of x for the table will be uniformly spaced across the interval 
0 <x < 1, which we assume to be the interval of the boundary value problem 


1 
xj=1Ax, Ax=-. 
n 


These are called meshpoints. The numbers approximating the values of u are 
uj =u(x;), 1=0,1,...,7. 


These numbers are required to satisfy a set of equations obtained from the 
boundary value problem by making the replacements shown in Table 2. The 
entry f(x) refers to any coefficient or inhomogeneity in the differential equa- 
tion. 


Example. 
The boundary value problem in Eqs. (1) and (2) would be replaced by the 


algebraic equations 


Ui41 — 2Uj + Uj-1 


12xjuj=—-1, i=1,2,...,n—1, 3 
as (3) 

Uu=1l, u,=-—l. (4) 
Equation (3) holds for i= 1,...,— 1, so the unknowns u,..., U,—-1 would 


be determined by this set of equations. The equations become specific when we 
choose n. Let us take n = 5, so Ax = 1/5, and the four (i= 1, 2, 3, 4) versions 
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of Eq. (3) are 
12 
25(u2 — 2u, + uo) 5 u,=-l, 
24 
25(u3 2ur uy) 5 u2 = 1, 
(5) 
36 
25(u4 2u3 U2) 5 U3 = 1, 
48 
25(us 2u4 U3) 5 U4 = 1 
When we use the boundary conditions 
u=1, uw=-l (6) 
and collect coefficients, the foregoing equations become 
—52.4u, + 25uy = —26 
25uy = 54.8u2 + 253 ==] (7) 


25u2 = 57.2u3 + 254 =-1 
25u3 = 59.6u4 = 24, 


This system of four simultaneous equations can be solved manually by elimi- 
nation or by software. The result will be a set of numbers giving the approxi- 
mate values of u at the points x; = 0.2,..., x, = 0.8. The numbers in Table 1 
were obtained by a similar process, but using n = 100 instead of n= 5. 


Example. 
To see how to handle derivative boundary conditions, we solve the problem 


Cu 
— —l0du=f(x), 0<x<l, (8) 
dx? 
@j=1 a (9) 
uUu =1, Pat =—i, 
dx 
0, 0<x<3, 
f(x)=}-50, x=, 
—100, ; <x<l. 


The replacement equations for this problem are easily obtained by using Ta- 
ble 2. They are 


Uit1 — 2Uj + Uj-1 
(Ax)? 


Un+1 — Un-1 
2 Ax 


(10) 


10u; = f (xj), 


=-1. (11) 


uy = 1, 
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We need to know up, 4, ..., Uy. The derivative boundary condition at x = 1 
forces us to include u,4; among the unknowns, so we will need to use Eq. (10) 
fori=1,2,...,in order to have enough equations to find all the unknowns. 
Since we have no use for u,,+41, the usual practice is to solve the boundary- 
condition replacement for uy4+1, 


Unt = Un—1 — 2 Ax, (12) 


and then to use this expression in the version of Eq. (10) that corresponds to 
i=n. Thus, the equation 


Un+1 — 2Uy + Un-1 


10 | ie n 
(Ax)? tin =I Cn) 
is combined with Eq. (12) to get 
5 = TART 
SS Sh 1g FO, (13) 


(Ax)? 


Then Eq. (10) fori=1,...,n—1 and Eq. (13) give n equations that determine 
unknowns 4), U2, ..., Uy. 
To be specific, let us take n = 4, so Ax = 1/4. The three (i= 1, 2, 3) versions 
of Eq. (10) are 
16(u = 2uy, Tr Uo) _ 10u, —0 (i= 1), 
16(u3 = 2up a uy) = 10u2 = —50 (i = 2), 
16(u4 = 2u3 + U2) = 10u3 = —100 (1 = 3) 


and Eq. (13) adapted to n = 4 is 
1 
16(20 = 3 =? 2us) = 10u4 = —100. 


When these equations are cleaned up and the boundary condition up = 1 is 
applied, the result is the following system of four equations: 


—42u, + 16u =—16 
16u, =. A2u, + 16u3 = —50 
16u2 = 42u3 + 16u4 = —100 
32u3 — 42u4 = —92. 


(14) 


In Table 3 are shown the values of u; obtained by solving Eq. (14) and also 
more exact values found by using n = 100. 


Elimination is not the only way to get the solution of a system like Eqs. (7) 
or (14). An alternative is an iterative method, which generates a sequence of 
approximate solutions. For one such method, we solve algebraically the ith 
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x: 0 025 0.5 075 1 
u(n=4): 1 2.174 4.707 7.057 7.567 
u(n=100): 1 2.155 4.729 7.125 7.629 


Table 3 Approximate solution of Eqs. (8) and (9) 


equation for the ith unknown. In the resulting set of equations there are “cir- 
cular references”: The equation for u, refers to u, and u3, while the equations 
for these refer to u2, etc. We may start with some guessed values for the u’s, 
feed them through the equations to get improved values for the u’s, and repeat 
the process until the values settle down. This method requires a lot of arith- 
metic but no strategy, while elimination is just the reverse. It may also work 
with nonlinear equations, where elimination cannot. 

So far, we have given no justification for the procedure of constructing re- 
placement equations. The explanation is not difficult; it depends on the fact 
that certain difference quotients approximate derivatives. If u(x) is a function 
with several derivatives, then 


u(xi+1) — U(Xi-1) (Ax)? 


oAg Ee US) 
u(Xi41) aD Ripe (A sr Olea (16) 


where x; and x; are points near x;. 
Now suppose that u(x) is the solution of the boundary value problem 


ae, 
a ote ko ~ + p(x) u(x) = f(x), O<x<1l, (17) 
au(0) — ae =a, Bul) + pu’) =b. (18) 


If u(x) has enough derivatives, then at any point x; = i Ax it satisfies the dif- 
ferential equation (17) and thus also satisfies the equation 


U(Xi41) — 2u(xj) + U1) | u(Xi41) — U%-1) 


(Ax? + KO) 2 Ax 


+ p(x) u(x) = f (xi) + 4;, 


(19) 
where 


(Ax)? 


(A a 
= ONE: 
6; = —— a (xi) + k(x;) —— 


u Gi). 


Because 4; is proportional to (Ax)”, it is very seal when Ax is small. 
The replacement equation for Eq. (17) is, according to Table 2, 


Uj41 — 2Uuj + Uj-1 ee Yin, 


Tae + Kee) 


p(xi)ui = f (x). (20) 
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Thus, the values of u at x9, x1, ..., Xn,» which satisfy Eq. (19) exactly, will nearly 
satisfy Eq. (20); vice versa, the numbers wo, 1, ..., U,, which satisfy the re- 
placement equations (20), nearly satisfy Eq. (19). It can be proved that the 
calculated numbers uo, 4), ..., U4, do indeed approach the appropriate values 
of u(x;) as Ax approaches 0 (under continuity and other conditions on k(x), 


P(x), f(x). 


EXERCISES 


1. Set up and solve replacement equations with n = 4 for the problem 


—=-l, 0<x<l, 


u(0) = 0, u(1) =1. 


2. Solve the problem of Exercise 1 analytically. On the basis of Eqs. (15) 
and (16), explain why the numerical solution agrees exactly with the ana- 
lytical solution. 


3. Set up and solve replacement equations with n = 4 for the problem 


Cu 
pe 0<x<l, 
u(0) = 0, uy= 1; 


4. Solve the problem in Exercise 3 analytically, and compare the numerical 
results with the true solution. 


5. Set up and solve replacement equations with n = 4 for the problem 


Pu 
ae? 0<x<l, 
x 


du 
u(0) - —(0)=1, u(1)=0. 
dx 


6. Solve the problem in Exercise 5 analytically, and compare the numerical 
results with the true solution. 


7. Set up and solve replacement equations for the problem 


Cu 


qe ee 0<x<l, 
Xe 


u(0) = 0, a(i)=—1, 
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Use n = 3 and n = 4. Sketch the results and explain why they vary so 
much. 
In Exercises 8-11, set up and solve replacement equations for the problem 
stated and the given value of n. If a computer is available, also solve for n twice 
as large, and compare results. 


8. Be si 2h 0<x<l 
dx? , ; 
u(0)=0, u(l)=1 (n=4). 
9. HL | 0<x<1l, 
dx? 
u(0)=2, u(l)+u(1)=1 (n=5). 
10. ade : ae 1, O0<x<l, 
dx* 1+xdx 
u(0)=0, u(l)=0 (n=3). 
ll. cas t a u=—x, 
dx? dx 


d 
“(0)=0, u(l)=1 (n=3). 
dx 

12. Use the Taylor series expansion 


h)= L hy! alt iy Pe tw) | 
u(x + h) = u(x) + hu (x) 4 x4 @4 gf (x) 4 vie (x) +++: 


with x = xj and h= +Ax (xj + Ax = xj41, x; — Ax = xj_1) to obtain rep- 
resentations similar to Eqs. (15) and (16). 


7.2 Heat Problems 


In heat problems, we have two independent variables x and t, assumed to be 
in the range 0 <x < 1,0 <t. A table for a function u(x, t) should give values 
at equally spaced points and times, 


xj=1Ax, tn=mAt, 
fori=0,1,...,nandm=0,1,.... Here, Ax = 1/n, as before. We will use a 
subscript to denote position and a number in parentheses to denote the time 


level for the approximation to the solution of a problem. That is, 


uj(m) = u(x, tm)- 
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The spatial derivatives in a heat problem will be replaced by difference quo- 
tients, as before: 


a? i+ — 2uj(m) + uj 
Sa Ost) <i i(m) u iy) (1) 
Ui41(m) — uj_-1(™m) 


(2) 


u 
Sane Xi, t, = 
ax m) 2 Ax 


For the time derivative, there are several possible replacements. We limit our- 
selves to the forward difference 


) i 1) — uj 
o* i tn) > : ES: ) z ny (3) 
ot At 
which will yield explicit formulas for computing. 
Now, to solve numerically the simple heat problem 

au du 

—_=—, 0<x<l, 0 <t, (4) 

Ox? Ot 

u(0, t)=0, u(l,t)=0, O<t, (5) 

u(x,0)=f(x), O<x<1, (6) 


we set up replacement equations according to Eqs. (1)—(3). Those equations 
are 
uj-1(m) — 2uj(m) + uigi(m) _ ui(m+ 1) — ui(m) 
(Ax) At 
supposed valid fori=1,2,...,n—landm=0,1,2,.... 
The point of using a forward difference for the time derivative is that these 
equations may be solved for uj(m + 1): 


(7) 


uj(m + 1) = ruj_\(m) + (1 — 2r)uj(m) + ruj41(m), (8) 


where r= At/(Ax)?. Thus each u;(m + 1) is calculated from w’s at the preced- 
ing time level. Because the initial condition gives each u;(0), the values of the 
u’s at time level 1 can be calculated by setting m = 0 in Eq. (8): 


uj(1) = ruj_1(0) + (1 — 2r)uj(0) + ruj41(0). 


Then the values of the w’s at time level 2 can be found from these, and so on 
into the future. Of course, r has to be given a numerical value first, by choosing 
Ax and At. 

It is convenient to display the numerical values of uj(m) in a table, making 
columns correspond to different meshpoints xo, x),...,%, and making rows 
correspond to the different time levels f, t), .... See Table 4. 


7.2 Heat Problems 405 


i 


m 0 1 2 3 4 
0 0 0.25 0.5 0.75 1 
1 0 0.25 0.5 0.75 0 
2 0 0.25 0.5 0.25 0 
3 0 0.25 0.25 0.25 0 
4 0 0.125 0.25 0.125 0 
5 0 0.125 0.125 0.125 0 


Table 4 Numerical solution of Eqs. (4)—(6) 


Example. 
Solve Eqs. (4)-(6) with Ax = 1/4 and r = 1/2, making At = 1/32. The equa- 
tions giving the u’s at time level m+ 1 are 


1 
ui(m 1) = 5 (wom) ua(m)), 


1 
un(m +1) = 5 (ua) + us(m)), (9) 


1 
us(m + 1) = 5(uo(m) + ua(n)). 


Recall that the boundary conditions of this problem specify uo(m) = 0 and 
us(m) = 0 for m = 1, 2,3,.... Thus we fill in the columns of the table that 
correspond to points x9 and x, with 0’s (shown in italics in Table 4). Also 
the initial condition specifies u;(0) = f(x;), so the top row of the table can be 
filled. In this example we take f(x) = x, and the corresponding values appear 
in italics in the top row of Table 4. 

The initial condition, u(x, 0) = x, 0 < x < 1, suggests that u(1, 0) should 
be 1, while the boundary condition suggests that it should be 0. In fact, nei- 
ther condition specifies u(1, 0), nor is there a hard and fast rule telling what to 
do in case of conflict. Fortunately, it does not matter much, either. (See Exer- 
cise 1.) 


Stability 


The choice we made of r = 1/2 in the Example seems natural, perhaps, because 
it simplifies the computation. It might also seem desirable to take a larger value 
of r (signifying a larger time step) to get into the future more rapidly. For 
example, with r= 1 (At = 1/16) the replacement equations take the form 


uj(m + 1) = uj-1(m) — uj(m) + ui4i1(m). 


In Table 5 are values of u;(m) computed from this formula. No one can believe 
that these wildly fluctuating values approximate the solution to the heat prob- 
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i 


m 0 1 2 3 4 
0 O 0.25 0.50 0.75 1 
1 0 0.25 0.50 0.75 O 
2 0 0.25 0.50 —0.25 0 
3 0 0.25 —0.50 0.75 O 
4 0 —0.75 1.50 —-1.25 0 
5 0 2.25 —3.50 2.75 0 


Table 5 Unstable solution 


lem in any sense. Indeed, they suffer from numerical instability due to using a 
time step too long relative to the mesh size. The analysis of instability requires 
familiarity with matrix theory, but there are some simple rules of thumb that 


guarantee stability. 


First, write out the equations for each uj(m + 1): 


uj(m + 1) = ajuj_\(m) + bjuj(m) + cuj4i(m). 


The coefficients must satisfy two conditions 


1. No coefficient may be negative. 


2. The sum of the coefficients is not greater than 1. 


In the example, the replacement equations were 


uy(m + 1) = ruo(m) + (1 — 2r)uy(m) + ruz(m), 


u2(m + 1) =ruy(m) + (1 — 2r)uz(m) + rus(m), 


u3(m-+ 1) = ru.(m) + Cl — 2r)u3(m) + rug(m). 


The second requirement is satisfied automatically, because r+ (1—2r)+r=1. 
But the first condition is satisfied only for r < 1/2. Thus the first choice of 


r = 1/2 corresponded to the longest stable time step. 


Example. 


Different problems give different maximum values for r. For the heat conduc- 


tion problem 


—=—, 0<x<1, 


0 <t, 


a 
0-1: qc (lt) + yu(l.£) =0, O<¢ 
x 


u(x,0)=0, O<x<1l 


(10) 


(11) 
(12) 
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the replacement equations are found to be (for n = 4) 


uy(m + 1) =rug(m) +  — 2r)uy(m) + run(m), 


un(m + 1) = ru; (m) +  — 2r)uy(m) + ruz(m), 
(13) 


u3(m + 1) = ruy(m) + (1 — 2r)u3(m) + rug(m), 


ug(m + 1) = 2ru3(m) + (1 —2r— Sry )ug(m). 


(Remember that u(1, f), corresponding to u4, is an unknown. The boundary 
condition has been incorporated into the equation for u4(m-+ 1).) Again, the 
second stability requirement is satisfied automatically; but the first rule re- 
quires that 


1 
1—2r—-—=ry>0 or r< 14 
ee =5 (14) 


+ 
x a 


EXERCISES 


1. Solve Eqs. (4)-(6) numerically with f(x) = x, as in the text (Ax = 1/4, 
r= 1/2), but take u4(0) = 0. Compare your results with Table 4. 


2. Solve Eqs. (4)-(6) numerically with f(x) = x, Ax = 1/4, u4(0) = 1, as in 
the text, but use r = 1/4. Compare your results with Table 4. Be sure to 
compare results at corresponding times. 


3. For the problem in Eqs. (10)—(12), find the longest stable time step when 
y = 1, and compute the numerical solution with the corresponding value 
of r. 


4. Solve the problem in Eqs. (10)—(12) with Ax = 1/4, r= 1/2 and y = 0, for 
m up to 5. 

For each problem in the following exercises, set up the replacement equations 

for n = 4, compute the longest stable time step, and calculate the numerical 

solution for a few values of m. 


au =o Ou 

5. ay — OF u(0, t)=u(1,t) =t, u(x, 0) = 0. 
0° F) 

6. aa us a u(0, t) = u(1, t) = 1, u(x, 0) = 0. 
0? 0 

7. Ss ae u(0, t)=u(1,t) = 0, u(x, 0) =0. 


ax2 at 
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au oO ou 

8. —-~=—, 0, t) =0, —(l1,t Lit) = 1; ,0)=0. 
mT u(0, t) ae )+ ud, t) u(x, 0) 
au ou Ou 

9 —-=—, —(0,t)=0, 1,t)=1, ,O) =x. 
a aa ) u(1, t) u(x, 0) =x 


7.3 Wave Equation 


The simple vibrating string problem we studied in Chapter 3, 


a, 0 1 eed (1) 

— =, <x<l, <t, 

oma ys . 

u(0, t) = 0, u(1, t) =0, 0 <t, (2) 
3 

u(x, 0) = f(x), 5, 0) = 8%), O<x<1, (3) 


rarely needs treatment by numerical methods, because the d’Alembert solu- 
tion provides a simple and direct means of calculating the solution u(x, t) for 
arbitrary x and t. However, if the partial differential equation contains u or an 
inhomogeneity or if the boundary conditions are more complex, a series solu- 
tion or a solution of the d’Alembert type may not be practical. In many such 
cases, simple numerical techniques are quite rewarding. 

In order to convert the wave equation (1) into a suitable difference equa- 
tion, we first designate points x; = i Ax(Ax = 1/n) and times t,, = m At for 
which the approximation to u will be found: u(x;, tm) = uj(m). Then the par- 
tial derivatives with respect to both x and t are replaced by central differences: 


a*u ‘ uj41(m) — 2u;(m) + uj; (mM) 


ax? (Ax)? ; 
07u : uj(m+ 1) — 2uj(m) + uj(m — 1) 
ar? (At)? , 


The wave equation (1) becomes this partial difference equation 


uiti(m) — 2uj(m) + uj—-1(m) —_ ui(m+ 1) — 2uj(m) + ui(m— 1) 


(Ax)? (At) 


or, with op = At/Ax, 
uj(m + 1) — 2uj(m) + uj(m — 1) = p?(uiz1(m) — 2uj(m) + uj_-1(m)). 


The replacement equations may be solved for the unknowns u;(m + 1), 
yielding the equation 


uj(m + 1) = p?uz_\(m) + 21 — p*)ui(m) + p*ujyi(m) — uj(m—1), (4) 
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valid for i= 1, 2,...,— 1. Naturally, the boundary conditions, Eq. (2), carry 
over as Uy (m) = 0, u,(m) = 0. It is obvious that Eq. (4) requires us to know the 
approximate solution at time levels m and m— 1 in order to find it at time level 
m-+ 1. In other words, to get u;(1) we need u;_; (0), u;(0), u;41 (0) — which are 
available from the initial condition — and also u;(—1)! Of course, we have not 
yet applied the second initial condition, 


0 
5 0)=g(x%), O<x<l. 


If we replace the time derivative by a central difference approximation, this 
equation translates into 


uw(l)—u(-) 
Hoke = (xi) (5) 


fori=1,2,...,n— 1. Equation (5), together with a slightly modified version 
of Eq. (4) (with m = 0 and u;(0) = f (x;)), yields the system 


uj(1) + uj(—1) = p*f (xi-1) + 2(1 — 0°) f (mi) + pf (41), (6) 
uj(1) — uj(—1) = 2 Atg(x;), 


which we can easily solve for the w’s at the first time level: 


1 1 
uj(1) = 5h Fx) + (1— p°)f (x) + 5 Pf min) + At g(x). (7) 


Thus, in order to solve the problem in Eqs. (1)—(3) numerically, we use the 
initial condition, uj;(0) = f (x;), to fill the first line of our table, use the starting 
equation (7) to fill the next line, and continue with the running equation (4) to 
fill subsequent lines. 


Example. 
Let us now attempt to solve a simple problem. Suppose that g(x) = 0 for 0 < 
x < 1 and that f(x) is given by 


2x, O<x<}, 


oa eee t<x<l. (8) 


Also, we shall choose n = 4 and p = 1 for convenience. (That is, At = Ax = 
1/4.) Our rule for calculation, Eq. (4), is then 


uj(m + 1) = uj_-1(m) + Uj41(m) — uj(m — 1). (9) 


In Table 6 are the calculated values of u;(m). Entries in italics are given data. 
It is easy to check that this numerical solution is identical with the d’Alembert 
solution of this particular problem. (See Exercise 6.) However, if the initial 
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m 0 1 2 3 4 
0 0 0.5 1 0.5 0 
1 0 0.5 0.5 0.5 0 
2 0 0 0 0 0 
3 0 0.5 0.5 0.5 0 
4 0 0.5 1 0.5 0 
5 0 —0.5 —0.5 0.5 0 
6 0 0 0 0 0 


Table 6 Numerical solution of Eqs. (1)—(3) 


velocity were not identically zero, the numerical solution would in general be 
only an approximation to the true solution. 


Stability 


In our study of the heat equation, Section 7.2, we saw that the choice of Ax and 
At was not free. The same is true for the wave equation. Suppose we attempt 
to solve the same problem as earlier, but with p* = (At/Ax)* chosen to be 2. 
Then Eq. (4) becomes 


uj(m + 1) = 2(uj-1(m) — uj(m) + uj41(m)) — uj(m — 1), 


and the “solution” corresponding to this rule of calculation is shown in Table 7 
(again, entries in italics are given data). Of course, the results bear no resem- 
blance to the solution of the wave equation. They suffer from the same sort of 
instability as that observed in Section 7.2. There is a rule of thumb, similar to 
the one to be found there, applicable to the wave equation. 

First, write out the equations for each u;(m-+ 1) in terms of the u’s at time 
levels m and m — 1: 


uj(m + 1) = ajuj_,(m) + bjuj(m) + cujz1(m) — uj(m — 1). 


The coefficients must satisfy two conditions: 
1. None of the coefficients aj, b;, c; may be negative. 


2. The sum of the coefficients is not greater than 2: 


aj tbj+c¢ <2. 


Of course, uj(m — 1) appears with a coefficient of —1; nothing can be done 
about that, nor does it enter into the aforementioned rules. 
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1 
m 0 1 2 3 4 
0 0 0.5 1 05 O 
1 0 0.5 0 0.5 O 
2 0 =AL.5 1 -15 O 
3 0 4.5 —8 4.5 0 
4 O -—23.5 33 —23.5 0 


Table 7 Unstable numerical solution 


In Eq. (4) we see that both conditions are met when p = At/Ax is less than 
or equal to 1; in other words, the time step must not exceed the space step. 
However, using p? = 1 when acceptable often provides the best accuracy. 

We conclude with one more example, illustrating how numerical results can 
be obtained easily in some cases that might be puzzling analytically. 


Example. 
Suppose we are to solve the problem 


Di OW eases 0<x<l 0<t (10) 
ax? — at? ; : ; 

u(0, t) = 0, u(1, t) =0, 0 <t, (11) 
u(x, 0) =0, +050) =0, 0<x<l. (12) 


We replace the partial derivatives as before, obtaining 


uj4i(m) — 2uj(m) + uj-1(m) 
(Ax)? 


_ ulm + 1) — 2uj(m) + uj(m — 1) 
= (ape 16 cos(Z ty). 


When this is solved for u;(m + 1), we find 


uj(m + 1) = (2 — 2p*)uj(m) + p?uj41(m) + p?uj_1(m) 
— uj(m— 1) + 16(At)* cos(7m At). (13) 


Let us take Ax = At = 1/4 again, so p = 1 and Eq. (13) simplifies to 


uj(m + 1) = uj41(m) + uj_-1(m) — uj(m — 1) 4 cos(“), (14) 


This is our running equation. The starting equation comes from combining 
Egs. (14) for m= 0, 


uj(1) = —uj(-1) +1 
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m 0 1 2 3 4 
0 0 0 0 0 0 
1 0 0.5 0.5 0.5 0 
2 0 1.21 1.71 1.21 0 
3 0 1.21 1.91 1.21 0 
4 0 0.00 0.00 0.00 0 
5 0 2.21 2.91 2.21 0 
6 0 3.62 5.12 3.62 0 
7 0 —2.91 —4.33 —2.91 0 


Table 8 Numerical solution of Eqs. (10)—(12) 


(note u;(0) = 0), with the replacement initial condition 


uj(1) — uj(—1) 
2At ee 
or 
1 
uj) = uj(-1) = 5 


for i= 1, 2,3. Now we have the top two lines of Table 8, and the rest are filled 
using Eqs. (14) (with cos(/4) ~ 0.71, and so forth). Entries in italics are given 
data. 

The complete analytical solution of this problem is 


32 
u(x, t) = St sin(zt) sin(zx) 
1 


mer iy —— (cos(zt) — cos(nzt)) sin(n7x). 


At x = 1/2, the sum of the infinite series is 0, so 


( ) 
u ’ t = tsin(t). 
) 2 


Comparison of the values of this function at times t,, with the middle column 
of Table 8 shows the numerical solution off by a few percent. Note that the 
growth in u(x, f) is due to resonance in the physical system, not to numerical 
instability. 


EXERCISES 


1. Obtain an approximate solution of Eqs. (1), (2), and (3) with f(x) = 0 and 
g(x) = 1. Take Ax = 1/4, 0 = 1. 
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. Compare the results of Exercise 1 with the d’Alembert solution. 


. Obtain an approximate solution of Eqs. (1), (2), and (3) with f(x) = 0 and 


g(x) = sin(zx). Take Ax = 1/4, p= 1. 


. Compare the results of Exercise 3 with the exact solution u(x,t) = 


(1/z) sin(zx) sin(zt). 


. Obtain an approximate solution of Eqs. (1), (2), and (3) with g(x) = 0 and 


f(x) as in Eq. (8). Use Ax = 1/4 and p? = 1/2. 


. Compare the entries of Table 6 with the d’Alembert solution. 


. Obtain an approximate solution of this problem with a time-varying 


boundary condition, using Ax = At= 1/4. 
d°u  d°u 
ax2 ar?” 
u(0,t)=0, ull, =hAt), OK<t, 


0<x<l, 0<t, 


0 
u(x, 0) = 0, 5 00) =0. 0<x<l, 


0<t<l, 


I; 
m=] 2) 1<t<2 


and h(t + 2) = h(t), h(0) = h(1) = 0. 


. Same task as Exercise 7 but h(t) = sin(zt). Use sin(/4) = 0.7 instead of 


V2/2. 


. Find starting and running equations for the following problem. Using 


Ax = 1/4, find the longest stable time step and compute values of the 
approximate solution for m up to 8. 


OH Ot ey 0<x<l 0<t 
Ox? ot? : ; ; 
u(0, t) = 0, u(1, t) = 0, 0<t, 

ou 
u(x, 0) = f(x), pp or ) =O: 0<x<1, 


where f (x) is given in Eq. (8). 


. Using Ax = 1/4 and p? = 1/2, compare the numerical solution of the 


problem in Exercise 9 with and without the 16u term in the partial differ- 
ential equation. 
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7.4 Potential Equation 


In this section, we will be concerned with approximate solutions of the po- 
tential equation and related equations in a region 7 of the xy-plane. For the 
sake of simplicity, we will limit ourselves to regions whose boundaries can be 
made to coincide with the lines on a sheet of graph paper with square divi- 
sions. Thus, we admit such shapes as rectangles, L’s and T’s, but not circles or 
triangles. The graph paper provides us with a ready-made mesh of points in 
the region 7 and on its boundary, at which we wish to know the solution of 
our problem. These points are to be numbered in some fashion — usually left 
to right and bottom to top. 

On such a mesh, the replacement for the Laplacian operator is the following: 


Ou Ou) uw—2ujtug un —2uj+uUs a) 
| > | ; 
ax? | ay? (Ax)? | (Ay)? 


where the subscripts E, W stand for the indices of the mesh points to the left 
and right of point i and the subscripts N, S stand for those above and below 
(see Fig. 1). The result is sometimes called the five-point approximation to the 
Laplacian. Because we are assuming that Ax = Ay, we obtain a further sim- 
plification in the replacement: 


a7u a-u , UN + Us + Ug + UW — 4u; (2) 
ax2 ' ay? (Ax)? 


Example. 
Solve this problem numerically (see Chapter 4 for the analytical solution): 


Be OG. SG 1 0 1 (3) 
— tS = 0, <x<l, <y<l, 

ax? ay? is Z 

u(0, y) = 0, u(1, y) = 0, 0<y<l, (4) 
u(x, 0) = f(x), uc l=H=fe, Ose 7, (5) 


2x 0<x<} 
=, ’ ps > 6 
f@) ee lexel, (6) 
Let us take Ax = Ay = 1/4 and number the mesh points inside the 1 x 1 
square as shown in Fig. 2. 
At each of the nine mesh points, we will have the replacement equation 


Un + Us + Up + Uw — 4u; = 0. (7) 


Together, these make up a system of nine equations in the nine unknowns 
Uj, U2,..., Ug. Referring to Fig. 2, where the values of u at boundary points are 
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Figure 1 Point i on a square mesh and its four neighbors. 


Figure 2 Numbering for mesh points, and values on boundary. 


shown, we can write down the equations to be solved: 


uz 


L 


U4 


2 


uy, +u3+us5+1—4u, = 0 


U2 T Ue T 5 

Uy 1 U5 1 U7 

uy t U4 U6 Ug 
U3 us ug 

U4 ug i 


4u,; =0 
4u3 = 0 
4u, = 0 
4us = 0 
Aug = 0 
4u, = 0 


U5 + uz + Ug +1 — 4ug = 0 


U6 


Ug 


2 


Aug =0. 


415 


This is simply a system of simultaneous equations. It can be solved by elim- 
ination to obtain the results shown in Fig. 3. In this particular case, there are 
numerous symmetries in the problem, so uw = u3 = U7 = Ug, U2 = Ug, and 
ug = Us. Thus, only uw, u2, ug, and us need to be found. The system can be 
reduced to four equations in these four unknowns, which can even be solved 


manually. 
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y4 


% 1 & x 


Figure 3. Numerical solution of Eqs. (3)—(6). 


Example. 
Set up the replacement equations for the problem 


au 07 u 

i of 0<x<l, 0<y<1l, (9) 
u(x, 0) = 0, u(x,1)=0, O<x<l, (10) 
u(0, y) = 0, u,y)=0, O<y<l. (11) 


We may use the same numbering as in the first example (Fig. 2). At each mesh 
point, the replacement is 


UN + Us + Up + Uw — 4U; 


ae = 16(u;— 1). (12) 


Because Ax = 1/4, (1/Ax)* = 16, and the typical replacement equation be- 
comes 


Un + Us + Up t+ Uw — 4uj; = 4; — 1, 


or 


Un + Us + Up + Uw — SUuj=—l1. (13) 


Finally, we may write out the equations to be solved. The first four of the nine 
equations, corresponding to Eq. (13) with i= 1, 2, 3, 4, are 


un + U4 — 5uy =—-—1 

Uy u3 + us — 5u2 = —1 
14 
U2 + U6 — 5u3 = —1 ( ) 

uy tus + u7 —5u4 = —1. 


The solution of this problem is left as an exercise. 


On more complicated regions, the replacement for the Laplacian operator 
has exactly the same form, since we still use the “graph-paper mesh.” The sys- 
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Figure 4 Mesh numbering for L-shaped region. 


tem of equations to be solved will be rather less regular than that for a rectan- 
gle. 


Example. 
Consider the problem 
au dru ; 
ae oe in R, (15) 
u=0 _ onthe boundary of R, (16) 


where 7 is an L-shaped region formed froma 1 x 1 square by removing a 1/4 x 
1/4 square from the upper right corner. The general replacement equation is 


un tus + Upt uw — 4u;=—1. (17) 


With the numbering shown in Fig. 4, the eight equations to be solved are 


u2 + U4 — Au, =-1 
uy U3 U5 Au, = 1 
u2 + U6 — 4u3 =-1 
uy Us uz 4u, = 1 (18) 
Uy + U4 U6 Ug Aus = 1 
U3 — Us — Aug = —1 
U4 — Ug —4u7 = —]l 
Us -- U7 — Aug =-—1., 


The results, rounded to three digits, are shown in Eq. (19). Note the equalities, 
which arise from symmetries in the problem: 


uy, = 0.656 
U2 = uU4= 0.813 
us = 0.981 


Ug = Ug = 0.649. 
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Iterative Methods 


Systems of up to 10 equations, such as those in the foregoing examples, can 
readily be solved by elimination. It is easy to see, however, that we might well 
want a finer mesh to get better accuracy and that a finer mesh will increase the 
number of equations dramatically. For example, if we use Ax = Ay = 1/10 
in a numerical solution of Eqs. (3)—(5), the system to be solved contains 81 
unknowns (or 25 if we use symmetry). Problems involving many thousands of 
unknowns are quite common. These large systems of simultaneous equations 
are almost always solved by iterative methods, which generate a sequence of 
approximate solutions. 

Consider again the potential problem in Eqs. (3)—-(6). Let us take a mesh 
with Ax = Ay = 1/N and number the points of the mesh with a double index 
so that 


U(xj, Vj) = uj. (20) 
Then the replacement equations for the potential equation are 


Uit1j — 2Uij+Ui-1j | Uij41 — 2Uij + Uij-1 
j i j j ju ij 


| =0, 
(Ax)? | (Ay? 
or, using Ax = Ay and some algebra, 
1 
ujj= gli + Uj—1j + Uj jr + Uj j-1), (21) 


valid for i and j ranging from 1 to N — 1. (This is the same as Eq. (7).) The 
boundary conditions, Eqs. (4) and (5), determine 


uj = 0, un,j = 9, j=0,...,N, (22) 
i= ().. ana=Ts 10h, (23) 


The simplest iterative method, called the Gauss-Seidel method, works this 
way. We sweep through the array of u’s, replacing each u; ; by the combination 
of u’s given on the right-hand side of Eq. (21). After several sweeps through 
the array, the numbers no longer change much. When the new and old values 
of uj; at each point agree closely enough, we stop. 

The result is a set of numbers that satisfy Eq. (21) approximately. Since the 
exact solution of the replacement equations is still just an approximation to 
the solution of the original problem in Eqs. (3)—(6), it is not urgent to get that 
exact solution of the replacement equations. 

An iterative method such as the Gauss—Seidel method is very easy to imple- 
ment on a spreadsheet without programming. (See the CD.) 
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Figure5 Regions and mesh numbering for Exercises 5—9. 


EXERCISES 


Set up and solve replacement equations for each of the following problems. 
Use symmetry to reduce the number of unknowns. 


1. 


2. 


3. 


V-u=—1,0<x<1,0<y<1,u=0 on the boundary. Ax = Ay=1/4. 
Same as Exercise 1 with Ax = Ay = 1/8. Compare the solutions. 


Vu=0,0<x<1,0<y <1, u(0,y) =0, u(x,0) = 0, u(l,y) = y, 
u(x, 1) =x. Ax= Ay= 1/4. 


. Same as Exercise 3 with Ax = Ay = 1/8. 


. The region 7 is a square of side 1 from the center of which a similar square 


of side 1/7 has been removed; V7u = 0 in R, u= 0 on the outside bound- 
ary, and u = 1 on the inside boundary; Ax = Ay = 1/7. See Fig. 5. 


. Same as Exercise 5, but the partial differential equation is V?7u = —1, and 


the boundary condition is u = 0 on all boundaries. See Fig. 5. 


. The region R has the shape of aT, made by removing strips from the cor- 


ners of a 1 x 1 square. The partial differential equation is V?u = —25 in R, 
and u = 0 on the boundary. Take Ax = Ay = 1/5. See Fig. 5 for numbering 
of mesh points. 


. The region is a rectangle, 2 units wide and 1 unit high. The potential equa- 


tion holds in the interior; u = 1 on the upper half of the boundary (the top 
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and the upper halves of the vertical sides), and u = 0 on the lower half. Take 
Ax = Ay = 1/3. See Fig. 5. 


9. The region, as seen in Fig. 5, is shaped like an upside-down U and is formed 
by removing a small (1 x 2) rectangle from the bottom of a larger (5 x 4) 
one. In the interior of the region, V*u = 0. The boundary conditions are: 
u = 1 on the left and right sides and the top of the rectangle; u = 0 on the 
bottom and on the boundary formed by the removal of the small rectangle. 
Use Ax = Ay=1. 


7.5 Two-Dimensional Problems 


Separation of variables and other analytical methods produce satisfactory so- 
lutions to two-dimensional problems in only the nicest cases. However, simple 
numerical methods work quite well on two-dimensional problems. In this ele- 
mentary exposition, we will limit ourselves to the heat and wave equations on 
two-dimensional regions that “fit on graph paper,” as in Section 7.4. 

We will compute an approximation to the solution of a problem, denot- 
ing space position with one or two subscripts and time level with an index in 
parentheses. Both heat and wave problems will require the replacement of the 
Laplacian operator. We use the same replacement as in Section 7.4, 


a-u O7u — ug(m) — 2u;(m) + uw(m) _ un (m) — 2u;(m) + us(m) 
ax2 | ay? (Ax) (Ay)? 


Because we are using a square mesh, with Ax = Ay, the replacement simplifies 
to 


a’u  0?u ss uN(m) + us(m) + up(m) + uw (m) — 4u;(m) (1) 
t - bd 
ax? ay? (Ax)? 
where N, S, E, W stand for the indices of the four grid points adjacent to the 
point with the index i. 


Heat Problems 


Now let us consider this heat problem on a rectangle: 


au eu _ ou 


—+4+—-=—, 0<x<1.25, 0<y<l, O<t, (2 
a2 Oy? OF ‘ : i 
u(0, y, t) =0, u(1.25,y,t)}=0, O<y<l, O<t, (3) 
u(x, 0, t) =0, u(x,1,t)=0, O<x<1.25, O<t, (4) 


u(x, y, 0) = 1, 0<x < 1.25, 0<y<l. (5) 
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yh 


_ 


Figure 6 Mesh numbering for numerical solution of Eqs. (2)—(5). 


We take Ax = Ay = 1/4 and number the interior points of the region as 
shown in Fig. 6. Then we will be computing the approximations 


oft 4 fe UI ee 6 
u,(m) =u vam ’ u2(m) = u yam ’ u3(m) = u vam gee 
(6) 


and so forth, for m= 1, 2,.... The replacement equations are obtained using 
Eq. (1) for the Laplacian and a forward difference to replace the time deriva- 
tive. The typical equation is 


Un (m) + us(m) + Ur(m) + Uw(m) — 4uj(m) _ ui(m + 1) — ui(m) 


(Ax)? At (7) 


When we solve this equation for u;(m-+ 1), we obtain 


uj(m + 1) =r[un(m) + us(m) + ug(m) + uw(m)| + 1 —4r)ui(m), (8) 


in which 
At At 
p= —— = —— = 16 At. 
Axe Ay? 
The stability considerations of Section 7.2 are still important, and the rules of 
thumb are still valid. We must limit r by the requirement that 1 — 4r > 0, or, in 
this case, At < 1/64. We shall take the longest acceptable time step, At = 1/64, 
r = 1/4, which makes the equations a little simpler. 
At m= 0, all temperatures are given as 1. For m > 1, all the boundary tem- 
peratures are zero and the u;(m) are all found to equal 1. For m = 2, we calcu- 
late 


1 
uy (2) = 5 (w2(1) us(1) +0+0) =-, 


1 3 
u(2) = 7 (i) u3(1) + u6(1) 4 are 
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m 1 2 5 6 
0 1 1 1 1 
1 3 3 
1 1 
2 4 4 

3 9 1 13 
2 

8 16 2 16 
3 17 7 25 39 

64 16 64 64 


Table 9 Numerical solution of Eqs. (2)—(5) 


1 
us(2) = 7(m() ug(1) + u9(1) + 0) = -, 


1 
u6(2) = 5 (uo(1) us(1) + u7(1) + uio(1)) = 1. 


The 0’s in these equations stand for boundary temperatures. 

An alert calculator will notice that only the unknowns 1, 2, us, Us need be 
calculated, since, in this example, the others will be given at each time step by 
symmetry 


uy (m) = ug(M) = Uo(m) = uy2(m), Us (mM) = Ug(m), 


Ug(m) = u7(m), —u2(m) = u3(m) = Uy0(m) = U1 (mM). 


In Table 9 are computed values of the significant u’s at a few times. 
Now consider this heat problem, which is not solvable by separation of vari- 
ables: 


Ou atu _ Ou 


ie ape oe 
u=fay onc, (10) 
u=0 inRatt=0. (11) 


Here, 7 is an L-shaped region and C is its boundary. The function f we take 
to be f(t) = t, but more complicated functions can be used. 

To start the numerical solution, we set up a square grid, as shown in Fig. 7. 
The spacing is Ax = Ay = 1/5 and the numbering of the points is shown. The 
typical replacement equation is just as given in Eqs. (7) and (8). We must bear 
in mind, however, that some points are adjacent to boundary points where the 
temperature is given by f(t). 
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Figure 7 Mesh numbering for numerical solution of Eqs. (9)—(11). 


Because Ax = Ay = 1/5, the parameter r in Eq. (8) is 


At 
r= — =25At. 
Ax? 
Clearly, the longest stable time step is At = 1/100, corresponding to r = 1/4. 
Using this value of r simplifies the typical replacement equation to 


1 
up(m + 1) = 3 (un(m) + us(m) + up(m) + Uy(m)). (12) 


Specifically, we have 


uy (mm + 1) = = (unm) us(m) + 2f (tm), 
4 


1 
u(m+ 1) = um) u3(m) + u6(m) + f (tm)), 


and so on. The f(t,,) terms enter because point 1 is adjacent to two boundary 
points and point 2 to one boundary point. Note that symmetry about the line 
through points 4 and 7 makes it unnecessary to compute ug(m), ..., U2(m). 
Table 10 contains calculated values of u for the first four time levels. 


Wave Problems 


In solving two-dimensional wave problems, we replace the Laplacian, as in the 
foregoing, and use a central difference for the time derivative, as we did in 
Section 7.3: 
O7u uj(m + 1) — 2u;(m) + u;(m — 1) 
oe Ai ; 


(13) 
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i 


m 1 2 3 4 5 6 7 f (tm) 
0 O 0 0 0 0 0 0 0 

1 0 0 0 0 0 0 0 1.0 
2 05 0.25 0.25 0.5 0.5 0.25 0 2.0 
3 122 «0.75 0.69) 0.75 s1.22) 0.69— 0.25 3.0 
4 199 140 119 184 1.98 1.30 0.69 4.0 


Table 10 Numerical solution of Eqs. (9)—(11). Entries are 100 x uj(m) 


As an example, let us consider the vibrations of a square membrane, as de- 


scribed by the problem 


au deu dru 


axe ay OR 0<x<l, O<y<l, O<t, (14) 
u(x, 0, f) = 0, u(x,1,f)=0, O<x<1, OK<t, (15) 
u(0, y, t) = 0, ull,y,H=0, O<y<l, O<t, (16) 
u(x, y, 0) =f (x,y), 0<x<l, 0<y<l, (17) 
Ou 

9p O22 9) = 8%)» 0<x<l, O0<y<l. (18) 


A typical replacement for the wave equation (14) is constructed using Eq. (1) 
for the Laplacian and Eq. (13) for the time derivative: 
uj(m+ 1) — 2uj(m) + uj(m — 1) 
(At)? 
_ Un(™) + Us(m) + Ug(m) + uw(m) — 4uj(m) 
(Ax)? 


(19) 


As usual we solve for uj(m-+ 1), using the abbreviation p = At/Ax. The result 
is 
uj(m + 1) = p?[up(m) + uw(m) + un(m) + us(m)] 
+ (2—4p*)ui(m) — uj(m — 1). (20) 
The stability rules given earlier still apply. Thus we must choose p? < 1/2 in 
order to get a sensible solution. 


Let us now be specific. We shall take Ax = Ay = 1/4, p” = 1/2 (that is, 
At= 1/4/2), and suppose that the initial data from Eqs. (11) and (12) are 


1 nearx= ae y= af 
x, — 4 4 
I@y) 0 elsewhere, 


g(x,y) =0. 
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The running equation is Eq. (20), which, with p? = 1/2, simplifies to 
1 
uj(m+ 1) = 5 Lue(m) + uw(m) + un(m) + us(m)] —uj(m—1). (21) 
To find the starting equation we solve Eq. (21) with m = 0 together with the re- 


placement equation for the initial-velocity condition, Eq. (18). The equations 
are 


1 
uj(1) + uj(-l) = 5 [ue(0) + uy (0) + un (0) + us(0)], (22) 
uj(1) — uj(—1) = 2 Atg;. (23) 


Because g(x, y) = 0 in this instance, we find 


1 
uj(1) = naw) + Uy (0) + un (0) + us(0) | 


as the starting equation; the right-hand side contains known values of u only. 
In Fig. 8 are representations of the numerical solution at various time levels. 

The simple numerical technique we have developed can be adapted easily 
to treat inhomogeneities, boundary conditions involving derivatives of u, or 
time-varying boundary conditions. Even nonrectangular regions can be han- 
dled, provided they fit neatly on a rectangular grid. Several exercises illustrate 
these points. 


EXERCISES 


In Exercises 1-5, set up replacement equations using the given space mesh and 
the numbering shown in the figure cited. Then find the u;(m) for a few values 
of m using the largest stable value of r. Let boundary conditions override the 
initial condition if there is a disagreement. 


5 Ou 
aoe, 0<x<1l, 0<y<0.75, 0<t, 
u(0,y,t)=0, u(l,y,t)=0, 0<y<0.75, 0<t, 
u(x,0,t)=0, u(x,0.75,f)=1, O0<x<l, 0<t, 
u(x,y,0)=0, O<x<1l, 0<y<0.75, 
Ax = Ay = 1/4. (See Fig. 9a.) 
0 
2. Vie WR OL? 
ot 


u = 0 on boundary, 0 < t 


u=1linkRk,t=0. 
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Figure 8 Displacements of the square membrane. Numbers shown are 
u;(m) x 64, 


The region 7 is an inverted T: Starting with a rectangle of width 1 and 
height 3/4, remove a 1/4 x 1/4 square from the upper left and right cor- 
ners. Take Ax = Ay = 1/4. (See Fig. 9b.) 


7. 
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Figure9 Regions for Exercises 1-3. 


. Same as Exercise 2, except that the region is a cross. (See Fig. 9c.) 


. Same as Eqs. (9)—(11), except that the boundary condition is u = 1 on the 


bottom (y = 0) and u = 0 elsewhere. (See Fig. 7.) 
Ou 


.Wu= — 0<x<l, O<y<l, O0<t, 


at’ 
u0,y,0=0, u,y)=1, O<y<1, O0<t, 
10 HD=0;- ue) =l. O<e2 1, 025 
u(x,y,0)=0, O0<x<1, 0<y<1, 
Ax = Ay= 1/4. (See Fig. 2.) 


. Finda numerical solution of the heat problem ona 1 x 1 square with Ax = 


Ay = 1/4. Initially u = 0 and on the outside boundary u = 0. There is a 
tiny hole in the center of the square, so u(1/2, 1/2, t) = 1, t > 0. (Actually, 
the region is a punctured square.) 

Solve numerically Eqs. (14)—(18) with Ax = Ay = 1/4, p* = 1/2. Take 
f(x, y) = 0 and 


_ [avi at (4.4), 
xy= 2°2 
5059) | 0 elsewhere. 


Physically, u describes the vibrations of a square membrane struck in the 


middle. 


. Obtain an approximate solution of Eqs. (14)—(18) with f(x, y) = 0 and 


g(x, y) = 4/2. Take Ax = Ay = 1/4 and p? = 1/2. 


. Same as Exercise 8, but f(x, y) = 1 and g(x, y) = 0 in the square. 


. Obtain an approximate numerical solution to the wave equation on an L- 


shaped region (a 1 x 1 square with a 1/4 x 1/4 square removed from the 
upper right corner). Assume initial displacement = 1 in the lower right 
corner, initial velocity equal to 0, and zero displacement on the boundary. 
Take Ax = Ay=1/4 and p* = 1/2. 
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11. Approximate the solution of the wave equation in a semi-infinite strip 3 
units wide. Assume u = 0 on all boundaries, zero initial velocity, and an 
initial value for u that is 1 in a corner and 0 elsewhere. Take Ax = Ay = 1 
and p? = 1/2. 


7.6 Comments and References 


Our objective in this chapter has been to survey some elementary numerical 
methods for problems like those we attacked analytically in earlier chapters. 
We have only had enough space to touch on the central topics: obtaining re- 
placement equations, solving linear systems of equations by direct and iterative 
methods, numerical stability, and order of error. 

The methods we have introduced are satisfactory for a first introduction and 
for learning something about partial differential equations, but they are not 
adequate for any serious problem solving. New techniques for these problems 
are superior in speed, accuracy and stability but are also more complicated. Of 
the many texts available, two excellent ones are Numerical Analysis by Burden 
and Faires, for general methods, and Numerical Solution of Partial Differential 
Equations by Smith. (See the Bibliography.) 

Almost all numerical methods for linear partial differential equations rely 
on the symbolism and theory of matrices. Two outstanding texts on matrix 
theory are Applied Linear Algebra, 3rd ed., by Noble and Daniel, and Matrices 
by Barnett. 


Miscellaneous Exercises 


1. Set up and solve replacement equations for this boundary value problem. 
Use Ax = 1/3. 


Pu 
dx? 


—V24xu=0, O0<x<l, 
du 

—(0)=1, ud)=1. 

dx 


2. Use the change of variables x = (r — a)/(b — a) and v(r) = u(x) to con- 
vert the equation 


(5) —qrnv=f(r), a<r<b, 


to an equation in u on the interval 0 <x <1. 
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. By means of the transformation mentioned in Exercise 2, a heat problem 
on an annular ring is converted to 


Pu ee a 
dx" l+xdx 
u(0)=1, ul)=0. 


(+x), O<x<l, 


Set up and solve replacement equations for this problem using Ax = 
1/4. 


. The boundary value problem 

ld/( dv 2 

“(Z) —yv=0, a<r<b, 
v(a)=1, v(b)=0, 


can be transformed into the problem 


Pu 1 du 
de ' atxdx 
uco)=1, ud)=0, 


yVu=0, 0<x<1, 


where L = b — a and a = a/L. Set up and solve replacement equations 
using Ax=1/4,a@=1,yL=1. 


. Set up replacement equations for the heat problem in the following, and 
solve for t up to 1/4, using Ax = 1/4, At = 1/32. 


au Ou 

— =—, 0<x<l, O<t, 
Ox? sO 

u(0, t) =u, ft) =1—- e', O<t, 

u(x, 0) = 0, 0<x<l. 


. Same as Exercise 5, but use u(0,t) = u(1,t) = 1 — e724" so that 
u(0, ty) =1— (0.5). 


. Compare the numerical solution of the problem 
du du 
ax? at 
u(0,t)=0, u(l,t)=0, OK<t, 


», O<x<l, 0<t, 


u(x,0)=1, O<x<l, 
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10. 
11. 


12. 


13. 
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with the solution of the problem consisting of the equation 


a-u du 
—-l6u=—, O<x<l, O<t, 
ax? ot 
with the same initial and boundary conditions. Use Ax = 1/4, At = 
1/48 in both cases. 


. In Exercise 7, what is the longest stable time step for each of the two 


problems? 


. Solve for several time levels using Ax = 1/5 and r = 1/2. What is At? 


du du 
ax2 at’ 
u(0,t)=25t, udl,t)=0, OK<t, 
u(x, 0) =0, O<x<l. 


0<x<l, 0<t, 


Same as Exercise 9, except the second boundary condition is ou (1, t) =0. 


This problem describes the displacement of a string whose end is jerked: 


au 02 u 
—=—, 0<x<l, 0<t, 
Ox? Ot? 


u(0, t) = 0, u(1,t)=1, 0 <t, 
Ou 
u(x, 0) = 0, aera 0<x<l. 
Solve numerically through one period (until t = 2) with Ax = At = 
1/4. 


Same problems as Exercise 11, except the right-hand boundary condi- 
tion is u(1, t) = h(t), 0 < t, where 


1, O<t<l, 


no ={ 9 pepe u. 


and h(t + 2) = h(t). Solve numerically with Ax = At = 1/4 for enough 
values of t so that resonance becomes noticeable. 


Using Ax = Ay = 1/4, find a numerical solution of this problem: 


ay + sibs 0, O 1 0 1 

—+—=0, <x<l, <y<l, 

Ox? ay 7 e 
ere a 

u(x, 0) = 0, u(x, 1) = — tan -}, O0<x<l, 
W x 


2 
u(0,y) =1, u(1, y) = — tan '(y), O<y<l. 
Tv 
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14. The analytical solution of the problem in Exercise 13 is u(x, y) = 
(2/z)tan~!(y/x). Compare your numerical results with the exact so- 
lution. 


15. Using Ax = Ay = 1/4 and r = 1/4, find a numerical solution for this 
problem: 


_ Ou 
~ Ot’ 
u(x,0,t)=u(x,1,f)=0, O<x<1, O<t, 


V7u O<x<l, O<y<l, O0O<t, 


u(0,y,t)=udl,y,t)=0, O<y<l, OK<t, 
u(x, y,0) = 1, O<x<l, O<y<l. 


16. The analytical solution of the problem in Exercise 15 is 


Co Mw 
4(1 — cos(nz))(1 — cos(mz )) 
ED ee 
n=1 n=1 w-mn 
x sin(nz x) sin(nmy)e Ott, 


Using just the term m= n = 1 of this solution, compare the ratio 


and the ratio of the corresponding u’s computed in Exercise 15. 
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Appendix: ra. YX 
Mathematical 
References — / 


Trigonometric Functions 


sin(A + B) = sin(A) cos(B) + cos(A) sin(B) 
cos(A + B) = cos(A) cos(B) = sin(A) sin(B) 


: : . (A+B A-—B 
sn(A) + sin(B) = 2sin( 5 ) cos( 5 ) 


; . A+B\ , (A-—B 
sin(A) — sin(B) = 2 cos( ) sin( ) 
2 2 
*) (5 — *) 
cos 
=)aa(“5*) 
sin 


sin(A) sin(B) = 5 (costs B) — cos(A + B)) 


cos(A) + cos(B) = 2 cos(* z 


cos(A) — cos(B) = 2 sin( 


sin(A) cos(B) = 5 (sina B) + sin(A + B)) 


cos(A) cos(B) = 5 (costs B)+ cos(A 4 B)) 


cos(A) = 5 (e" + ere), sin(A) = =e — e 4) 
i 


cos’(A) + sin’(A)=1, 1+ tan?(A) =sec?(A) 
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Hyperbolic Functions 


cosh(A) = 5(4 + e*); sinh(A) = (4 — er) 
dcosh(u) = sinh(u)du, dsinh(u) = cosh(u)du 
sinh(A + B) = sinh(A) cosh(B) + cosh(A) sinh(B) 


cosh(A + B) = cosh(A) cosh(B) + sinh(A) sinh(B) 


A+B A-—B 
sinh(A) + sinh(B) = 2 sinn(“*) cosh( =) 


A+B A-—B 
sinh(A) — sinh(B) = 2 cosh( =") sinh“) 


A+B A-B 
cosh(A) + cosh(B) = 2 cosh( =") cosh( =) 

A+B A-—B 
cosh(A) — cosh(B) = 2 sinh“) sinh“) 


sinh(A) sinh(B) = 5 (coshta + B) — cosh(A — B)) 


sinh(A) cosh(B) = 5 (sinks B) + sinh(A — B)) 


cosh(A) cosh(B) = 5 (sinks B) + cosh(A — B)) 


cosh?(A) — sinh?(A) =1, 1 — tanh?(A) = sech*(A) 


Calculus 


1. Derivative of a product 


(uv) =uvtu 


(uv) = uv + 2u'v' + uv" 


n nN 
(uv) = uy + (7) aon Leer @ = ) we egy 


In this formula, (1) = abl is a binomial coefficient. 


2. Rules of integration 


b b b 
a. i (aie +afto)de=a fils) dxtos | fr(x) dx 
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b. [feora=o 


b a 
Cc. / fo) dx=— | f(x) dx 
a b 


b c b 
a. f fooax=f fooae+ [foods 


. Derivatives of integrals 
d f° "9 
a. =f f(, nax= Ze, t) dx 


b. — cf f(x)dx=f(t) (Fundamental theorem of calculus; 
a is constant) 


v(t) 


CF f(x, td dx=f(v(), tho’) —f(u@, tu’ @ 
u(t) 


v(t) of 
+ / —(x,t)dx (Leibniz’s rule) 
u(t) ot 


. Integration by parts 


a. [iv deuv= f owas 
b. [rv deavu— oul foul ds 


. Functions defined by integrals 


a. Natural logarithm 


* dz 
Ingo = f — 
1 Z 


b. Sine-integral function 
Si(x) = / ae 
0 Zz 


c. Normal probability distribution function 


®(x) = =| el 


d. Error function 


2 x 3 
erf(x) = ar / e” dz 
0 


Note: erf(x) = 2(/2x) —1 
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e. Integrated Bessel function 


T(x) = / Jo(z) dz 
0 


Table of Integrals 


Any letter except x represents a constant. The integration constants have been 
left off. 


1. Rational functions 


dx 1 
1.1 =-In|h+k 
poor Paka 


dx 1 _,fx 
1.2 = -tan - 
eta a a 


15 | Ae = 1 in|? a’| 
x7 —a 


2 2 2 
2. Radicals 
dx ty Sse 
2.1 5 5 =In(x+ V x? +a?) or sinh = 
x? +a 
2.2 nae =Vxr+a 
age 
dx 
23 [ A =In(x+ x2— @ (x > a) 
=i ) 
24 | Lc FE 
ee) 
x 
25 | =sin(*) (|x| < a) 
a — x2 a 


x* (|x| < a) 


/ xdx 
2.6 = 
ee 


3. Exponentials and hyperbolic functions 


e& 
3.1 ke dx = 
fe x i 
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3.2 es dx = Mei) 


R 
3.3 [ sinnco dxv= cosh(kx) 
3.4 i cosh(kx) dx = nn 
h(k inh 
3.5 J ssinnoeo d= 7 x) sin ne) 
inh(k. h 
3.6 J scoshite) dx= = x) costs 
4. Sines and cosines 
a Xr 
4.1 / Bier y fecal 
sin(Ax) 


4.2 i cos(Ax) dx = 


sin(Ax) xcos(Ax) 


4,3 [ ssina dx = 


Xe x 
cos(Ax xsin(Ax 
4.4 [ scos0229 dx = a) ue 
2 Xx 
2x sin(Ax 2 — d2x*) cos(Ax 
4.5 ie sin(Ax) dx = asi ( uses) 
2 Ne 
2x cos(Ax d2x? — 2) sin(Ax 
4.6 ea cos(A.x) dx = = ) ( > ay) 


: ; = sin(u—A)x  sin(u+A)x 
4.7 I sin(A.x) sin(ux) dx = AGA) ue +A) AAW) 
; _ cos(u—A)x  cos(u+rA)x 
4.8 / sin(A.x) cos(tux) dx = TS uth (AL) 
sin(u—A)x  sin(u+A)x 
4.9 x dx = Xr 
[cos x) cos(wx) dx ES) uta) (A # bM) 
4.10 [sow dx= = ne) 
2 4nd 
2 
4.11 / sin(A.x) cos(Ax) dx = oH) 
2Xr 
2 _x sin(2Ax) 
4.12 [os (Ax) dx = 5 + or 
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e(ksin(Ax) — A cos(Ax)) 


4.13 e* sin(Ax) dx = 


ke + 2 
a Ax) + Asin(A 
4.14 [oF costes dx = et MeO aan SE) 
k2 + 2 
h(kx) sin(Ax) — A sinh x 
4.15 / sinh(kx) sin(Ax) dx = peosh(ha sme) sinh (lon) cost) 
kA + 2 
kcosh x A sinh in(a 
416 J sinnceo iae= cosh(kx) cos( ee (kx) sin(Ax) 
ksinh(kx) sin(Ax) — A cosh Xr 
4.17 J costitey sin(Ax) dx = smalls > — 080) 
inh Ax) + A. cosh(kx) sin(A 
4.18 / Bots . — 7s”) 
5. Bessel functions 
Xx 
5.1 [ 002 dx = ae if) 
x7 (Ax) xJo(Ax) 1 
5.2 / x°Jo(Ax) dx = ; + ae sx)! 
Xx 
5.3 [nox ae = 0) 
caw FA O09 


5.4 [et nos dx = 5 


5.5 / J, (Ax) = af) 
x 


Axl 


5.6 if Jo (Ax)x dx = <RGx) + J (Ax)] 
S77 if J(ax)x dx = “ [Raw —Jn-1 AxJn41 (Ax) | 
= “G0 + (5 - +) on 
6. Legendre polynomials 
6.1 [rc dx = - 0 P00) 
6.2 / xPy(x) dx = are 55 (Palo) — xP, (09). 


1See Calculus 5e. 


Answers to rae 


Odd-Numbered 
Exercises i as th 


Chapter 0 


Section 0.1 


1. 
ae 
5. 
Le 


(x) = c, cos(Ax) + c) sin(Ax). 

The equation has constant coefficients k = 0, p = 0; u(t) = cq + cat. 
win=art+eor?. 

Integrate, solve for du/dx, and integrate again: 


v(x) =c, + @In|ht kel. 


. u(x) =e + /x’. 
.ur)=c+ceQln(r). 


. Characteristic polynomial m* — A* = 0; roots m= +A, +iA. General so- 


lution u(x) = c; cos(Ax) + cz sin(Ax) + cz cosh(Ax) + cq sinh(Ax). 


. Characteristic polynomial (m? + 47)? = 0; roots m = +i (double). 


General solution u(x) = (c; + x) cos(Ax) + (c3 + c4x) sin(Ax). 


. v(t) = In(t) and u(t) = t In(2). 
. u' +d2u=0; R(p) = (acos(Ap) + bsin(Ap))/p. 
. PP u/dt? =v" — v'; tdu/dt =v’; v" + (k — 1)v' + pu = 0 (constant 


coefficients). 
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23. Roots of characteristic equation: 
m=—a+tip, B=VJo2—a?. 
Solution of differential equation: 
y(t) =e *"(c, cos(Bt) + sin(Bt)). 


Initial conditions give: c; = —0.001h, c. = (a@/B)cy. 
25. v= 2.62 m/s. 


Section 0.2 
l. ut)=T+ce™. 


3. u(t) =te“ +ce™, 
1 
5. u(t) = se sin(t) + c, cos(t) + c sin(f). 


1 1 
7. u(t)= ee 5h toe t+toe, 


1 
6 
11. h(t) = —320¢ + cy + eye", cy = hy + 3200, cp = —3200. 


Cc 
9. u(p) = pr+— +o. 


13;. 00) = han Ste 


15. v1 (x) = sin(x) — In |sec(x) + tan(x)|, v2 = — cos(x); 


Up(x) = — cos(x) In |sec(x) + tan(x)|. 
17. vj) = 0/2, ve(t) = — uw (Q) = —27/2. 
19: or) = =1/26, 10) =—t/2,4,() = =1. 
23. B=1/a, K = Ra/pc. 
25. T= B(exp(KEZ,,,(1 — e-™")/2) — 1). 


Section 0.3 
1. a. u(x) = c sin(x), c, arbitrary; 
b. u(x) = 1 — cos(x) : — eos) sin(x) (unique); 
s 


in(1) 


c. No solution exists. 


uA 
3, a.and b, 4 =$2n—1)- ,n=1,2,.+45 
a 
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nit 
cA=t+—,n=0,1,2,.... 
a 


1 
5. c=—a/2,¢ =h— = oosh( 4), 
a 2 


7. u(x) = T +c, cosh(yx) + c sinh(yx), where 


{he q a, Ky sinh(ya) + hcosh(ya) 
— — an = — i GL. 
is GA tne ig are Ky cosh(ya) + hsinh(ya) * 


9. u(x) = T+H(1 — cosh(yx) — pe Onhy@) 


PR 
where H = —— sdipee ee, 
hC KA 


ll. uy) =yL—y)g/2u. 
13. P=El(nm/L)*,n=1,2,.... 


sinh(ya) sinh(y>) ° 


1 cosh 
15. u(x) = reali ney 


hc 
A=g/xy’,andy =,/ ve 
K 


sinh(ya) sinh(y>) : 
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17. u(r) = cq In(r/a) + ©, cy = hohi(Ta — Tw)/D, c2 = [ho(k/b + 


hy In(b/a)) Tw + (k/a)h,T,]/D, D = hy /a+ hox /b + hohy In(b/a). 


Wo (= ax3 =) 
19. u(x) = . 
EI \ 24 6 2 
Section 0.4 


1 
law’ +-u —u=0,r=0; 
r 


2x 
bas su =0,x= +1; 
—x 


c. ul” + cot(d)u’ —u=0,¢6=0, tn, +27,...; 


d.u’ + —u' +)27u=0, 0 =0. 


2 
p 


H 
3. u(0) bounded; u(p) = ; (c? p’) tT. 
K 


1 
5. u(p) = mG cos(up) + c sin(up)), 


del Sees as 
u(p) = 0 unless wa = 7, 277,.... The critical radius is a= —. 
pL 
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7. u(r) = 325 + 104(0.25 — r?)/4; u(0) = 950. 
9. u(x) = Ty + AL? (1 — e7*/"). 


Section 0.5 


_ J2zla—x)/(-a), 0<zx, 
pas, ie —z)/(—a), x<z<a. 
3. G(x, z) = cosh(yz) sinh(y (a — x))/(—y cosh(ya)), 0<z<x, 
© 2)= | cosh(yx) sinh(y(a—2z))/(—y cosh(va)), x <2 <a. 
(CSE. 4 ete 
—c/z2 
a (c—z)/z 
, piz<c. 
—¢/2 
icine ee 
FG 2)= sinh(yx)e-”? 
————., x<z. 
= 
2 


9. u(p) =(p? — c’)/6. 
ll. us) = | Gn afede= [Ae — Reve io x Fede. 
0 0 x 
There are two cases: 


(i) x < a/2, so u(x) = / x(a —z) 


a/2 —a 


a 


dz; 


and 
(ii) x > a/2, so u(x) = [ ae 


—ax/8, 0<x<a/2, 


Results: u(x) = —x(a—x)*/2a, a/2<x<a. 


13. (i) At the left boundary, x = / < z, so the second line of Eq. (17) holds. 
The boundary condition (2) is satisfied by v because it is satisfied by 1. 
At the right boundary, use the first line of Eq. (17). 
(ii) At x = z, both lines of Eq. (17) give the same value. 
uy (z)u5(z + h) — u (z — h)up(z) 
W(z) ; 
As h approaches 0, the numerator approaches W(z). 


(iii) v'(z +h) —v'(z-h) = 
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(iv) This is true because uj(x) and u(x) are solutions of the homoge- 


neous equation. 
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1. u(x) = Tp cosh(yx) + (T; — To cosh(ya)) sinh(yx) 


sinh(ya) 

3. u(x) = Th. 

5. u(r) = pla? — r)/4, 

7. u(e) = H(a? — p”)/6+ To. 

9. u(x) = T+ (T, — T) cosh(yx)/cosh(ya). 

1l. u(x) = To + (T — To)e”™. 

13. h(x) = fex(a— x) + h2 + (h2 — h2)(x/a). 

15. u(x) = w(1 — e-’* cos(yx))EI/k, where y = (k/4EI)'/*. 


7 Ty + Ax, 0<x<aa, 

17. Oe ae ada<x<a, 
es K2 fists ey 
K(l-a@)+ka a g 


1 1 - 
19. u(x) = 5(1 er) 5 (1 rt) ee 


21. a. u(x) = sinh(px)/ sinh(pa); 
cosh(pa) 
sinh(pa) 


b. u(x) = cosh(px) — 


c. u(x) = cosh(px)/ cosh(pa); 

d. u(x) = cosh(p(a — x))/ cosh(pa); 

e. u(x) = — cosh(p(a — x))/p sinh(pa); 
f. u(x) = cosh(px) /p sinh(pa). 


1+ 
1—-x 


23. u(x) = 5 ln 


—1. 


yer) 


sinh(px) = sinh(p(a — x))/ sinh(pa); 


25. Multiply by w’ and integrate: $(u')? = sy'w + cq. Since u(x) > 0 
as x —> 00, also u'(x) > 0; thus c, = 0. Now wu! = —,/2y?/5u°/? or 
u*/?y! = —,/2y2/5 (the negative root makes u decrease) can be in- 
tegrated to result in (—2/3)u-7/* = —,/2y2/5x + cp. The condition at 


x = 0 gives % = (=3/2\0 3% 
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Finally u(x) = (U~3/? + (3/2),/2y2/5x) 23, 


27. 459.77 rad/s. 
29. u(x) = Coe. 
: h(yx) — cosh(y/2 
31. w(x) = x24 cos 1) cosh(y/2) 
2y?L4 y sinh(y/2) 
33. The solution breaks down (buckling occurs) if tan(/2) = y/2. 
Chapter 1 


Section 1.1 


1. 


a. 2( sino — 5 sin(2x) + 5 sin(3x) ee )) 


We c= | eee Ee a eee 
a a gies x 5 COS(4X 35 COS( OX ‘ 


3. f(x+ p) =1=f(%) for any p and all x. 


5. 


If c is a multiple of p, the graph of f(x) between c and c + p is the same 
as that between 0 and p. Otherwise, let k be the integer such that kp lies 
between c and c+ p: 


c+p kp c+p Pp c 
i fsyax= | fdas + | foydx= | fds + | f(x)dx, 
c c kp ic 0 


where c* = c — (k— 1)p. 


a. cos*(x) : + : cos(2x) 
di = 4+- x); 
DY 62 


b. sin( — *) — cos( =) sin(x) — sin() cos(x); 


1 1 
c. sin(x) cos(2x) = — ji sin(x) + 5 sin(3x). 


Section 1.2 


1. 


1 4 1 1 
a. Fo coscrs) + ge) + ae cos(57x) +-- | 


Chapter 1 
4] . (mx 1. (3mx 1. (5mx 
b. sin + — sin - — sin fees ds 
a 2 3 2 5 2 
: ; (27x) ; (4x) + : (67x) 
_—- —- It — cos(67x) —-::]. 
Cc Te) cos(27x ae x 9 co 


3. f(x) = f(x — 2na), 2na <x < 2(n+ 1)a, 


f(x) ~aot+ s a, cos(nax/a) + b, sin(nmx/a), 
1 


2a 2a 
a= 2 | fd, ay = * if (9) cos(n7x/a)dx, 
0 0 


1 2a 
b,= -{ f(x) sin(nax/a)dx. 
a4 Jo 
5. Odd: (a), (d), (e); even: (b), (c); neither: (f). 
2 1 
7. a— (sinc) — ~sin(27x)+-:- ); 
TU 2 
b. This function is its own Fourier series; 


4 1 l 
ie) (sinc) 9 sin(37x) + sin(57x) — -- )) 
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9. If f(—x) = —f(x) and f(x) = f(a — x) for 0 < x <a, sine coefficients 


with even indices are zero. Example: square wave. 


eee = 1—cos(nm) . (nwx)\_ 
11. a. f(Q)=1=— 0 z sin( ; ); 


1 


ree : ae ‘3 1 —cos(nz) cos(“*) 


aa n2 a 
2a  —cos(nr) . (nx 
~ fc (me) 
= 2nw 
c. f(x) = xe 1"! sin(1) —— sin(n) 0<x<l 


1 


= V(C 1)” cos(1) — 1) a costo), 0<x<l1; 
1 


> 1+ contr) 


d. f(x) = 2/1 cox = sin(x). 


1 
13. Even, yes. Odd, yes only if (0) = f(a) = 0. 
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Section 1.3 
1. a. sectionally smooth; b, c, d, e are not; 


b: vertical tangent at 0; c: vertical asymptote at t7/2; d, e: vertical asymp- 
tote at 7/2. 


3. To f(x) everywhere. 


5. b. Graph consists of straight-line segments. c. x = 1, sum = 1/2; x = 2, 
sum = 0; x = 9.6, sum = —0.6; x = —3.8, sum = 0.2. Use periodicity. 


7. B=0,A=—n7/12, C= 1/4. 
9. a./1—x?; b.ag=7/4; c.No;  d. nothing. 


Section 1.4 
1. (c), (d), (f), (g) have uniformly convergent Fourier series. 


3. All of the cosine series converge uniformly. The sine series converges uni- 
formly only in case (b). 


5. (a), (b), (d) converge uniformly; (c) does not. 


Section 1.5 


a 
ye. eee 
are 6 
3. f(x) = 1,0 <x <7. The sine series cannot be differentiated, because the 
odd periodic extension of f is not continuous. But the cosine series can be 


differentiated. 


5. For the sine series: f(0+-) = 0 and f(a—) = 0. For the cosine series no 
additional condition is necessary. 


7. No. The function In |2 cos(>)| is not even sectionally continuous. 


9. Since f is odd, periodic, and sectionally smooth, (c) follows, and also 
b, > 0 as n—> oo. Then )°®%, |n*b,e~”"| converges for all integers k 
(t > 0) by the comparison test and ratio test: 


—pn2 ery 
\n*b,e | <Mnke-"' for some M 


and 


Mnke-"t n 
as n —> oo. Then by Theorem 7, (a) is valid. Property (b) follows by direc- 
tion substitution. 


k—(n+1)? k 
M(n-+ 1)*e eres (“) Ont _, 9 
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Section 1.6 


1 {7 x 
1. ~ | (in 2<05( 3) 
To fa 2 


3. a. Coefficients tend to zero. 


2 co 2 
1 TU 
) ax ae 


nm 6 


n=1 


1 
b. Coefficients tend to zero, although / |x|~!dx is infinite. 
-1 


[e,@) 
5. The integral must be infinite, because ye a +b =00. 


n=1 


Section 1.7 
1. The equality to be proved is 


SAW epee l 
2sin(>y) (; + Semin) = sin (n+ )"): 


The left-hand side is transformed as follows: 
Nb 
2 sin(5y) (3 + X cntep 
1 al 1 
= sin(5y) + 2 2 sin(5y) cos(ny) 
= sin(5y) + (sn((n+ ;)y) _ sin( (1 _ ;)*)) 
n=) -Sa((4)) Ea) 


n=1 n=0 


because all other terms cancel. 
3. 6(0+) = 1, d(0—) = —1. See Fig. 1. 


5. a. f' (x) = 3 —'/4 for 0 <x <a (and f’ is an odd function). Thus, f has a 
vertical tangent at x = 0, although it is continuous there. 


mos (; ) 
: = cos ; u<y<a 
‘i 2sin(4y) 2” P 
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Figure 1 Graph for Exercise 3, Section 1.7. 


is a product of continuous functions and is therefore continuous, except 
perhaps where the denominator is 0. At y = 0, cos( sy) +1,2 sin(5y) Sy, 
so 6(y) = lyP/4/y = £lyl-/* near y = 0. 


c. Now, {”, ¢°(y)dy is finite, so the Fourier coefficients of ¢ approach 
zeTO. 


Section 1.8 
1. Gs =—0.00701, ag = —0.00569. 


3. ay = 1.367, 
a, =—0.844, 6, =—0.043, 
az = 0.208, by = —0.115, 
a; = 0.050, b; = —0.050, 
ai = 0.042, b, = 0.00, 
ais = —0.0064, b; = 0.043, 
dis = 0.0167. 


Section 1.9 


1. Each function has the representations (for x > 0) 


foo = | AQ) cos(iaidn = [ B(A) sin(Ax)da. 
0 0 


a. A(A) = 2/m(1 +47), B(A) = 2A/m(1 + A); 

b. A(A) = 2sin(A)/mA, B(A) = 2(1 — cos(A))/mA3 

c. A(A) = 2(1 — cos(Am)) /A2 7, B(A) = 2(r dA. — sin(Amr))/7A?. 

a. d 
1+x? 


ap e* cos(Ax)da; 
0 


Chapter 1 
sin(x) = lh. Meee 
b. -|/ A(A) cos(Ax)dd, where A(A) = {o 1<x. 
; Nae: 
2 AN OBO a ey 
SOD pg5 
_ 2(1 + cos(asr)) = 
eAeo= ise , BA) = 0. 


7. Change variable from x to A with x = iz. 


Section 1.10 


Le , Sinh(@x) (z | os + (« cos(nx) — rsa) 


ve 


3. f= ° C(A)e”*da. 


1 
a. C(A) = Del pay’ b. C(A) = 21 — 22)" 


5. a. 143er cos(nx) = Rey re”) ” = Re ——_ 
n=1 


1— pee 


inx 


OO: ss ( ) lore) ne 
b. Ss — — Im > ioe Im exp(e ). 
n=1 


n=1 


2 2 
7a f=, vfw=—s. 


Section 1.11 


1. u(t) = Ag + yan cos(nt/2) + B, sin(nt/2), 


n=1 
1 0.4/1 
~ 208° ~" (1.04—n)2 + 0.4)?’ 
1 1.04 — 1? 
nm (1.04 — n2)? + (0.4n)2" 


Ao 


8K sin(nz /2) 
~ (in m/L)? + y?)n?n?’ 


3. u(x) = ys, sin(nzx/L), B, 


n=1 


K=w/El, y? =T/El. 
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Chapter 1 Miscellaneous Exercises 


1. f@= > b, sin(nx), 


n=1 
0, n even, 
= 2 4sin(na 
bn {ssn oad 
Tan 


3. Yes. As a — 0, sin(na)/na —> 1. 


5. f(x)= ye b, sin(nmx/a), 


n=1 


bn 


= 2h sin(na) [1 | 

72 n2 ae Isak 

7. a. b, =0, a, = 0, dp = 1; 

2(1 — cos(nz)) | 
nm : 


b. > b, sin(nax/a), by = 


n=1 
c. and d. same as a; 


e. same as b; 


f. ag + s ay cos(nx/a) + b, sin(nmx/a), 
n=1 
1 1 — cos(nz) 


ao = =, a, = 0, by = 
2 ni 


9. f(x) =ay+ ae a, cos(nix/a) + b, sin(nmx/a), 


n=1 
1 2a(1 — cos(nz)) 2acos(nz ) 
ag = =a, ay = >On = > 
2 nm nm 
x=-—a, —a/2, 0, a, 2a, 
sum = a, 0, 0, a, 0. 
CO 
11. f(x) =ayt+ > An COS(NX), 
n=1 
3 sin(nz /2) 
ag = —, an = > 
4 ni 
x=0, m/2, am, 3/2, 2n, 
3 1 3 
sum = 1, an = = 1. 
4 2 4 


17. 


21. 


23. 


29. 


31. 


33. 


f= >»: b, sin(nx), by» = 


Chapter 1 
f= a b, sin(nzx), b, = 2(1 + cos(nz)) /nz. 
n=1 
f= a b, sin(nx), 
n=1 
1 Asi 2 
b, = —, other b, = SUE) 
2 (4 —n?) 
iNx eit/2 _ gi(2N-1)x/2 


=e 
inx — ——— 
} cos(nx) = Re J e™ — Res © a Re aT TT 


The denominator is now —2isin(x/2). 


2asin(na+ 7) 


na2 — 12 
n=1 


f@m= i (a cos(Ax) + ee n(n) ) dh 


7 %° 2sin(Az) . 
f(@) = / =I?) sin(Ax)da (x > 0). 


°° sin(At A 
use f Sint ee =. 
ae 2 


These answers are not unique. 


a. 3 b, sin(nx), by = 2/n; 


n=1 


CO 
1 
b. ao + Sean cos(nx), dp = 5p en 2(1- cos(nz))/n?s? 


n=1 


c. i ig B(A) sin(Ax)dA, B(A) = 2(A — sin(A)) /(2A*); 
0 


d. / AQ) cos(Ax)da, A(A) = 2(1 — cos(A)) /(7A?). 
0 


The integrals of parts c. and d. converge to 0 for x > 1. 
Use s = 6 in Eq. (7) of Section 8. 
= 0.78424, a4 = —0.00924, 
a, = 0.22846, as = 0.00744, 
Gy = —0.02153, fe — —0.00347, 
a3 = 0.01410. 
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35 a 2a 2n nit 
.ag==5a,= cos s . 
0 6 wx? 3 3 
5 2 ny 
37. ag= ga ay 3 cos cs — 2—cos(n7) 
1 2 
39. a= ae An = iqt (1 cos(nz)). 
a —2a’ 
Al. ay = ees (1 + cos(nzr)). 
1 —l.. [na 
43. dg =-,4,= 2sin : 
2 nit 2 
45. b, = 1+ cos(nz /2) — Bos 
nit 
2 sin(nz /2 cos(nz 
fines ED lead) 
nem nit 


2 ni 3n 
49. b, = — (<os( ) cos( )). 
nit 4 4 


(1 — e cos(nz)) 


51. b, = 2nn ——-_——_ 
se (a*k? + n*1?) 
53. A(A) = 
; ~ w(1+A2)" 
2sin(A 
sp Ape e 
wr 
20 - x 
37 AO 
mA? 
59. BA) = a 
; ~ w(1 +22)" 
20 - Xr 
A, BOS ey 
AN 
2(A — sin(A)) 
63. BA) = —————— 
(A) an 
65. The term a, cos(nx) + b, sin(nx) appears in S,, Sy41,..-, Sy, and thus 


N+1-—n times in on. 
67. Use Eq. (13) of Section 7 and the identity in Exercise 66. 
69. a. Usex=0; b.x=1/2; c.x=0. 
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Chapter 2 


Section 2.1 


1. 


One possibility: u(x, f) is the temperature in a rod of length a whose lat- 
eral surface is insulated. The temperature at the left end is held constant 
at To. The right end is exposed to a medium at temperature T). Initially 
the temperature is f (x). 


3. AAxg = hCAx(U — u(x, t)), where h is a constant of proportionality and 


C is the circumference. Eq. (4) becomes 


du AC (U —u) 1 du 
t u) = “ 
ax? KA k ot 
. If (0, t) is positive, then heat is flowing to the left, so u(0, f) is greater 
than T(t). 


. The second factor is approximately constant if T is much larger than u or 


if T and uw are approximately equal. 


Section 2.2 


1. 


v’ —y*(v— U) =0,0 <x <a, 
v(0) = To, va) = Th, 
v(x) = U+ Acosh(yx) + Bsinh(yx), 


(T; — U) — (Tp — U) cosh(ya) 


A=T)—U,B= : 
sinh(ya) 


One interpretation: u is the temperature in a rod, with convective heat 
transfer from the cylindrical surface to a medium at temperature U. 


. u(x) = T. Heat is being generated at a rate proportional to u— T. If y = 


z/a, the steady-state problem does not have a unique solution. 


. u(x) = Aln(ko + Bx) + B, A= (Ti — To)/In(. + aB/ko); 


B= Ty —Aln(k). 


. v(x) = Ty + ra — x)x/2. 
. Du" — Su’ = 0,0 <x < a; u(0) = U, u(a) = 0, 


u(x) = U(e*/P meh e4/D) (1 ze e5a/D) 
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Section 2.3 
2 
1. w(x, p= 2 (y+ T)sin( =) exp( a ~) 
a a a 


2 (= — *) . (=) ( 4) 
sin exp 
4 2 a a 


3. The partial differential equation is 


aU aU 
—=—, 0<é<l, O<t. 
0&2 OT 


: 201 — 
OS s bn sin( 2) exp(—n’xkt/a’), b, = qe oe) 
a 


wn 
n=1 


2Ppa 1 
7. w(x, t) as in the answer to Exercise 5, with b, = ane os, 
qT nN 
9. a. v(x) = C3 
b dw O-w 6 pilex 
.— =D—, <x <A, <t, 
ot Ox? 


w(0,t)=0, w(a,t)=0, O<t, 
w(x, 0) = Co — Ci 


c. C(x, t) =C) + a, b, sin( =) exp(—n°xkt/a’), 


n=1 


by = (C cy 20 — eos) 


2 
p= ip = i 
Dr2 40 


e.f= 6444 s=107.4 min. 


Section 2.4 
1. ag = T,/2, ay = 2T,(cos(nr) — 1)/(nz)*. 


3. u(x,t) as given in Eq. (9), with A, = n/a, ay = Ty/2, and a, = 
4Ty (2 cos(nm /2) — 1 — cos(nz))/n?2. 


5. a. The general solution of the steady-state equation is v(x) = c) + mx. 
The boundary conditions are c, = So, c. = S); thus there is a solution 
if So = S,. If heat flux is different at the ends, the temperature cannot 
approach a steady state. If Sp = S), then u(x) = c, + Sox, c; undefined. 


7. 


9. 


ll. 
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3 
6 AS 5) a B= Ss Tso A Sis then > = KA for all t. 
o” +176 =0,0<x <a, 

(0) = 0, d(a) =0. 

Solution: @, = sin(Aynx), An = nw /a(n = 1, 2,...). 


lo) 
The series ye |An(t1)| converges. 


n=1 


No. u(0, t) is constant if u,(0, ft) = 0. 


Section 2.5 


1; 


3. 


13. 


v(x, t) = To. 


u(x, t) = To + Ss b, sin(A nx) exp(—Az kt), An = (2n — 1) /2a, 
n=1 


_ 8r(-""! 4T» 


~ w2(2n—1)2 a(2n—1)' 


n 


. The steady-state solution is v(x) = Ty — Tx(x — 2a)/2a’. The transient 


satisfies Eqs. (5)—(8) with 


__ Tx(x — 2a) 


&(x) = To — v(x) 52 


. u(x, t) = To + s; Cy COS(AnX) exp(—A; kt), 


n=1 


—_— _7)t+1 
Te se 
m(2n — 1) 


eye 
. u(x, t) = T; cos(wx/2a) ep(-() tt). 


ll. 


The graph of G in the interval 0 < x < 2a is made by reflecting the graph 
of g in the line x = a (like an even extension). 


a. u(x, ft) = To + y b,, sin(A,x) exp(—A< kt), An = (2n — 1)77/2a, 


n=1 


1 2a 
by = -| g(x) sin( 
a Jo 2a 
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15. 


Answers to Odd-Numbered Exercises 


In the integral for b,,, break the interval of integration at a; in the second 
integral, make the change of variable y = 2a — x. The two integrals cancel 
if 1 is even, and the coefficient is the same as Eq. (18) if n is odd. 


b. In the solution of Eqs. (1)—(4), the eigenfunction $(x) = sin((2n — 
1)x/2a) has the property ¢(2a — x) = $(x), so the sum of the series 
has the same property. This implies 0 derivative at x = a. 


Qe AnDD 
Ge ; 


W(t) = GLA [ 


Section 2.6 


1. 


3. 


vis 


9. 


The graph of v(x) is a straight line from Tp at x = 0 to T* at x = a, where 
T=T + (1 — Th) 
PaO aap ed o)- 


In all cases, T* is between Tp and T}. 


Negative solutions provide no new eigenfunctions. 


2(1 — cos(Aa@)) 


a Amla+ («/h) cos?(Ama)]” 
a —2(k + ah) cos(A,,a) 
rn m(ah + kK CcOs?(Ama)) 


Section 2.7 


1. 
3. 


An = n/n 2, by = sin(An In(x)). 

a. SIN(A,X), Ay = (2n — 1) /2a; 

b. cos(AyX), Ay = (2n — 1)/2a; 

c. sin(A,x), A, a solution of tan(Aa) = —A; 

d. An COS(A,x) + sin(A,x), An a solution of cot(Aa) = A; 

e€. An COS(AnX) + sin(A,,xX), An a solution of tan(Aa) = 24/(A? — 1). 


. The weight functions in the orthogonality relations and limits of integra- 


tion are: 


a.l+x,O0toa; b.e,0toa; c. 5, 1 to 2; d. e*, 0 to a. 


. Because A appears in a boundary condition. 


. The negative value of jz does not contradict Theorem 2 because the coef- 


ficient a is not positive. 
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Section 2.8 


= 1 — bcos(nz) 
1. C= De Gb l<x<b;c,=2nn 


= wg? + In?(b) 
CO 
1 — e*/? cos(nz) 
3,1= ,0< 3 Cy = 2nz ——-__.—_ 
d CnPn Xx <A Cy n Pate aia 


(Hint: Find the sine series of e*/.) 
5. by = / fn (x) p(x) dx. 
1 


7. land /2cos(nmx), n=1,2,.... 


Section 2.9 
1. a. v(x) = constant; b. v(x) = Al (x) + B. 


3. If du/dx = 0 at both ends, then the steady-state problem is indeterminate. 
But Eqs. (1)—(3) are homogeneous, so separation of variables applies di- 
rectly. Note that Ap = 0 and ¢@p = 1. The constant term in the series for 
u(x, t) is 


ST poof (x)dx 
a = — 
Si p(xdx 


Section 2.10 
1. The solution is as in Eq. (9), with B(A) = 2T(cos(Aa) — cos(Ab))/Az. 
PE 


3. u(x, ft) is given by Eq. (6) with B(A) = Tea aia 


5. u(x, t)= if A(A) cos(Ax) exp(—A7kt) dA; 
0 
2T ,, : 
A(A) = a (sin) — sin(Aa)). 
7. u(x,t) =T) + ie B(A) sin(Ax) exp(—A°kt) da; 
0 


BAA) = - / (f(x) — To) sin(Ax)dx. 
0 


9. a. v(x) = Coe 3 
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w(0,t)=0, O<t, 


w(x,0)=—CGoe™, 0<%x 
CO 
c. w(x, t= | B(A) sin(ax)e* * da, 
0 


B(A) = —2CoA/ (a (A? +a’). 


Section 2.11 
1. Break the interval of integration at x’ = 0. 
2Toa 
m(1+A2a?)’ 
5. The function u(x, f), as a function of x, is the famous “bell-shaped” curve. 
The smaller t is, the more sharply peaked the curve. 


7. In Eq. (3) replace both f(x’) and u(x, t) by 1. 


3. BA) =0, AC) = 


9. Using the integral given, obtain 
2 [71 
u(x, t) = = [ — sin(ax)e " da. 
wT Jo Xr 


Note, however, that B(A) = 2/Az is not found using the usual formulas 
for Fourier coefficient functions. 


Section 2.12 


5. Ast 04+, x/V4akt > Bi ifx > 0, 
—oo ifx<0, 


so erf(x// 4a kt) > +1 ifx ae 
—1 ifx<0. 


7. Make the substitution x = y?. Then I(x) = /7 erf(./x) +c. 
9. Let z be defined by erf(z) = —U,/(U; — Uy). Then x(t) = zV/4kt. 


Chapter 2 Miscellaneous Exercises 
1. SS: v(x) = Tp,0<x <a. 


EVP: ¢” + 476 = 0, (0) = 0, O(a) = 0, An = n/a, bn = sin(AnX), 
(i — ee reer 


ll. 


13. 


15. 


Chapter 2 


CO 
u(x, t) = Ty + ys b, sin(Anxe nt, 
1 


2 a 
b= = | (T= ri)sin( = a, 
a Jo a 


: SS: u(x) = To + 5x(x— a), 0<x <a. 
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EVP: 6” + 4°76 = 0, (0) = 0, d(a) = 0, Ay = n/a, b, = sin(A,x), 


a Lee es 


r ae ; 
u(x, t) = Ty — inal —a)+ X b, sin(A,x) exp(—A2 kt), 


2 f*% r . (nx 
b, = = | E — Ty + =x(x — 0| sin( =") ax, 
a Jo 2 a 


. SS: not needed. 


(Hint: Put —y*u on the other side of the equation. Separation of vari- 


ables gives 6/6 = y* + T'/kT = —2?.) 


EVP: $” + A? = 0, (0) = 0, ¢’(a) = 0, Ay = 0, bp = 135 A, = NT /a, 


by = cos(A,x), N= 1,2,.... 
u(x, t) = envkt (a + ye An COS(AnX) exp(—22kt)). 


ay = T;/2, dy = —2T\(1 — cos(nzr)) /n?x?. 


. u(x, t) = To. 


. u(x,t) = To + se Cn SIN(A yx) exp(—Az kt), 


n=1 
(2n—1)x (y= Tyas 
iS n= : 
2a (2n — 1)x 
oo —22XTp 
u(x, t) = To +f B(A) sin(A.x) exp(—A°kt) da, BA) = GERAD. 


u(x, t) = / A(A) cos(Ax) exp(—A7kt)da, A(A) = ee 
0 

u(x, t) = Pe (AA) cos(Ax) + B(A) sin(Ax)) exp(—A7kt) da, 
0 


AG = To ne) BA) = To(l oe 


or 
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17. 


19. 


21. 


23. 


25. 


27. 


29. 


31. 


33. 


Answers to Odd-Numbered Exercises 
To if ( a") , 
u(x, t) = exp| — ———— ]dx 
VAs kt Jo Akt 


=7\\ gaa) “sae | 


Interpretation: u is the temperature in a rod with insulation on the cylin- 
drical surface and on the left end. At the right end, heat is being forced 
into the rod at a constant rate (because q(a, t) = —«#(a, t) = —KS, so 
heat is flowing to the left, into the rod). The accumulation of heat energy 
accounts for the steady increase of temperature. 


(1/6ka)u3 — (a/6k)u, satisfies the boundary conditions. 


2 
w(x, t) = = where u(x, t) = dg + Sa, cos(n7 x) exp(—n'1°t), 
1—e7'/2 cos(nz) 

yt (nt)? 

V V 

= Tym = Ta 1- Pi ), 
Bi + Bo Bi + Bo 

where V = 1 — exp(—(8; + f2)t) and Bj = h/c. 


where ap = 2(1 — e~/”) and an = 


u(p,t) = - » b, sin(Anp) exp(—A; kt), 


n=1 
2 a 
An = n/a, by = = | pTosin(,p)dp. 
a Jo 


sinh(Ax) 
y cosh(ya) 
If A = 0, the differential equation is @” = 0 with general solution ¢ (x) = 
C1 +x. The boundary conditions require c. = 0 but allow c; 4 0. Thus, 
this value of 4 permits the existence of a nonzero solution, and therefore 
A = 0 is an eigenvalue. 


v(x) = Tp + Sx 


Choose B(w) = 2 is £0) sin(wt)dt. If f has a Fourier integral represen- 
tation, then this choice of B will make u(0, t) = f(t), 0 <t. 


a. @) =Hb/ak +o +60 —e 7), 
€y =hy, c = (ty — hy +. IL/aK)/ — eo *™/7), 
o*w Ow ldw 

b. t — 5 0 L, 0 t, 
Ox2 M ax k at <x< < 


w(0,t1)=0, w(L,t)=0, 0<t, 
w(x, 0) =ho(x) — v(x), O<x<L, 


where uw = aK/T,k=T/S. 
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c. w(x, t) = > CaPn(xye ret, by(x) = enh? sin(n7x/L), 


‘ nw \? 
ea: 
d. 42 = (7.30n? + 0.0133) x 10-4 m™!. 
du a7 u 


35. a. — = D—, 
ot ox? 


O0<x<L, 0<t, 


Ou 
=— (0, t) == 0, u(L, t) = Sos 0< t; 
Ox 


u(0,t)=0, O<x<lL; 
CO 
b. u(x, t) = So + > Cy COS(A nx) exp(—A;Dt), 
n=1 


Cn = 4Sy(—1)"/(2n — 1). 


37. T(y, t) = 300 — 150y/c + ¥> by sinan(y + c) exp(—AZkt), An = n/2c, 
b, = (400 cos(nz) + 1000) /nz. c. Just before time t = 0, the three terms 
add to 0. Just after time t = 0, the integrated terms do not change sensi- 
bly, but in the first term, near y = c, T(y, t) changes suddenly. 


Chapter 3 


Section 3.1 
1. [uJ =L, [c] =L/t. 
(x? — ax)g 


3. v(x) = 52 


Section 3.2 


3. u(x, t) = by b, sin( “*) sin( ="), 


n=1 


- 2a(1 — cos(nz)) 


b,= 
n2312¢ 
CO 
nq ct nex 1 — cos(nz /2 
5. u(x, = Yan cos( ) sin 2), ay = 20)-— 
n=1 a ? al 


. (nmx . (2n-—1mx 
7. a.sin{ —— ]; b.sin —}. 
a 2 a 
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11. 


13. 


15. 


17. 
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. Product solutions are ¢,,(x)T,,(t), where 


bn(x) = sin(Anx), Ty (t) = exp(—ke7t/2) x | sin(Mnt) 


COS(Unt), 
nit 1 
KS Pep HY Me Se 
a 4 


Product solutions are ¢,,(x)T,,(t), where 


Gn(x) = sin( *), 
a 


: nm ct 
Tn(t) = sin or cos 7 : 
a 


Frequencies n?2*c/a’. 


The general solution of the differential equation is @(x) = Acos(Ax) + 
Bsin(Ax) + Ccosh(Ax) + Dsinh(Ax). Boundary conditions at x = 0 re- 
quire A = —C, B = —D; those at x = a lead to C/D = —(cosh(Aa) + 


cos(Aa))/(sinh(Aa)— sin(Aa)) and 1 + cos(Aa) cosh(Aa) = 0. The first 
eigenvalues are A; = 1.875/a, A7 = 4.693/a, and the eigenfunctions are 


similar to the functions shown in the figure. 


[o.e) 


u(x, t) = So (an cos(y,t) + b,(sin Lnt)) sin(A,x): An = n/a, 


n=1 


Mn = 2 + 26, An = 2h(1 — cos(nzr))/nz, by, =0,n=1,2,.... 


Convergence is uniform because 5° |b,,| converges. 


Section 3.3 


1. 


Table shows u(x, t)/h. 


t 


bs 0 0.2a/c 0.4a/c 0.8a/c 1.4a/c 
0.25a 0.5 0.5 0.2 —0.5 —0.2 
0.5a 1.0 0.6 0.2 —0.6 —0.2 


3. u(0,0.5a/c) = 0; u(0.2a, 0.6a/c) = 0.2aa; u(0.5a, 1.2a/c) = —0.2ea. 


5. 


(Hint: G(x) = ax, 0 <x <a.) 


0, 0<x <0.4a, 
G(x) = 1 5(x—0.4a), 0.4a<x < 0.6a, 
a, 0.6a<x <a. 


Notice that G is a continuous function whose graph is composed of line 


segments. 
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0.44 0.6a a 


Figure 2 Solution for Exercise 7, Section 3.3. 


Figure 3 Solution for Exercise 9, Section 3.3. 


7. See Fig. 2. 
9. See Fig. 3. 
11. By the chain rule we calculate 


du dv dw dv dz du dv 
dx dwox  dzdox dw. az 


dua dv dv\dw | a (dv, dv\ dz 
axe dwidw daz) ax | dz\aw az) ax 


’ 
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and similarly 


au (= du -) 
=C 2 { ; 
Or? dw? dzdw = 02? 


(We have assumed that the two mixed partials 0?v/dzdw and 0*v/dwdaz 
are equal.) If u(x, f) satisfies the wave equation, then 

au 1 O7u 

ax2 2 A” 
In terms of the function v and the new independent variables this equa- 
tion becomes 


a7 a7 OU. a7 a7 a7 
dw2  dzdw az dw dzdw = 02? 
or, simply, 
a7 
=0. 
0zOw 


13. u(x, t) = —c* cos(t) + &(x — ct) + W(x + ct). 


Section 3.4 
1. Iff and g are sectionally smooth and f is continuous. 
3. The frequency is cA,, rads/sec, and the period is 277/cA,, sec. 
5. Separation of variables leads to the following in place of Eqs. (11) 
and (12): 
T’+yT' +122T =0, (11) 
(s(x) 9") — qx) + p(x) = 0. (12') 
The solutions of Eq. (11’) all approach 0 as t > 00, ify > 0. 


7. The period of T,,(t) = a, cos(A,ct) + b, sin(A,ct) is 277/A,c. All T,,’s have 
a common period p if and only if for each n there is an integer m such 
that m(27/Anc) = p, or m = (pc/27)A, is an integer. For 2, as shown 
and 6 = q/r, where q and r are integers, this means 


(Ee 


m= (F)S0n+0. 


or 


2x) r 
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Figure 4 Solution for Exercise 3, Section 3.6. 


Given q, p can be adjusted so that m is an integer whenever 1 is an integer. 


Section 3.5 


1 


If q > 0, the numerator in Eq. (3) must also be greater than or equal to 0, 
since @;(x) cannot be identically 0. 


. 2727/3 is one estimate from y = sin(zx). 


2 1 2np 25 
? dx = -, dx = 61n2; 
fo Ix 5 / a he 6 n 


N(y)/D(y) = 42.83; A < 6.54. 


Section 3.6 


1. 


u(x, t) = $[felx t+ ct) + Go(x + ct)] + $[fe(x— ct) — G(x ct)], where f, 
is the even extension of f and G, is the odd extension of G. 


. See Fig. 4. 
. See Fig. 5. 


x+ct 


1 1 
» U(x, t) = sf + ct) + f(x —ct)] 4 =| g(y)dy. 


—ct 


Chapter 3 Miscellaneous Exercises 


1. u(x, ft) = > by Sin(Anx) Cos(Anct), bn = 2(1 — cos(nz))/nz, An = n/a. 
1 
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hut, t) 
1=Q 
x 
t=n/2 
ael2 x 
A 
t=n 
aC x 
A 
t= 3n/2 
3arcl2 x 
t= 2x 
2nce x 
t= 5/2 zx 


Figure 6 Solution of Miscellaneous Exercise 3, Chapter 3. 


3. See Fig. 6. 
5. See Fig. 7. 
7. See Fig. 8. 
9. See Fig. 9. 
11. See Fig. 10. 
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v = 2a/ 
t= 2Pa/3c 
/ 


Figure 8 Solution of Miscellaneous Exercise 7, Chapter 3. 


13. See Fig. 11. 
15. Using y(x) = x(1 — x), find Aj < 10.5. 
17. f(q) = 12a?sech*(aq), c = 40”. 
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du 
t=0 
a x 
4 u “ 
ees 
Z| 
x x 
y 
“\ 
Yn 
7 ‘ t= a/2c 
/ a 
7 
7 
wr 


A 
hu Yn 


7 \ 
oe NE 7al6c 
Z 
x 
X 7 
\ ye 


N74 
\ 
v 


Figure9 Solution of Miscellaneous Exercise 7, Chapter 3. 


9(q) 


ae q 


Figure 10 Solution for Miscellaneous Exercise 11, Chapter 3. 


Figure 11 Solution of Miscellaneous Exercise 13, Chapter 3. 


[o.e) 


21. v(x, t)= So (an cos(A,,ct) + by sin(A,ct)) sin(A,x), 


n=1 


An = (2n — 1) /2a, 
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_ 8aU(—1)"*! 


n= > by, =0. 
m?(2n — 1)? 
y” 2V / 
23; eo Z The function (x — Vt) cancels from both sides. 


25. bn(—Vt) = To exp(Azkt/2)b,, t > 0, 
on(x) = T, exp(A2kx/2V) bn, x> 0, 


where SS b,sindany) =10<y<b. 


n=1 


27. (x — ct) = ee O/k = et-o/k The given c satisfies c? = iwk, 
so o(x — ct) = e@t—O+)Px — e-PXeit-P) | Now form i(p (x — ct) + 
(x — ct)) =e ™* cos(wt — px) and so forth. 


29. Differentiate and substitute. 

31. 6 — ed +176 = 0, 
~(0)=0, (a) =0, 
p"(0)=0, "(a)=0. 


nm nn \* nm 
33. Ay= 14 ( ) = 
a a 


Chapter 4 


Section 4.1 
l. f+d=0. 
3. Y(y) =Asinh(zy), A = 1/sinh(z). 
5. v(r) =aln(r) + 8. 


7 du dv (6) dv sin(0) 
ag = ype BB ae 
du ov, dv cos(0) 
= sin(@) 4 ‘ 
dy or 00 or 
jag Ew Le 0 b 
. a —~+——=0, <x <4, <y<b, 
ax* = ay? a 


u(0,y)=0, u(a,y)=0, O<y<b, 
u(x,0)=f(x), u(x,b)=f(x), O<x<a. 
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Membrane is attached to a frame that is flat on the left and right but has 
the shape of the graph of f(x) at top and bottom. 
du ou 


b. —+—-= 
ae ay? 


0, O<x<a, 0<y<b, 


Ou 
ag ey) =O) u(a,y)=0, O<y<b, 
x 


u(x,0)=0, u(x,b)=100, O0<x<a. 


The bar is insulated on the left; the temperature is fixed at 100 on the top, 
at 0 on the other two sides. 
au 0*u 
. Bae + ay? = 
u(0,y)=0, u(a,y)=100, 0<y<b, 


0, O<x<a, 0<y<bJ, 


a a 
&* (x, 0) =0, ot Gb) =O. 0<x<a. 
ay ay 


The sheet is electrically insulated at top and bottom. The voltage is fixed 
at 0 on the left and 100 on the right. 


a? a? 
doo + To Ho, 0<x<a, 0<y<b, 

) ) 

9? 0,9) =0, is ane 0<y<b, 

Ox Ox 

) 0 

oF Gy, Os atin 0O<x<a. 

oy dy 
The velocities, given by V = —V@, are V, = a, V, = 0 on the right, 
V, = 0, V, = —b on the top; and walls on the other two sides make ve- 


locities 0 there. 


Section 4.2 


1. Show by differentiating and substituting that both are solutions of the 
differential equation. The Wronskian of the two functions is 


sinh(ay) — sinh(A(b—y)) |_ 
Acosh(Ay) —Acosh(A(b—y)) | Asinh(Ab) # 0. 


3. In the case b = a, use two terms of the series: u(a/2, a/2) = 0.32. 


= = _ (nx) sinh(nry/a) 2, Bie coe PE 
5. u(x, y) = dab sin( - . b, = a2 sin( 5 ) 
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7. a. See Eq. (11). a, = 0, c, = 200(1 — cos(nm))/n; 


b. u(x, vy) = u(x, y) + un(x, y), u(x, y) is the solution to Part a, 


SS sinh(unx) 
U2 (x, y) = 2 cn Fah (gay Seen) 


Mn = nm /b, Cy = 200(1 — cos(nm))/nz. 


c. u(x, Y) = U(x, y) + U2 (x, y), Where 


tae sinh(ny) . 
= Ne a fan Mn ’ 
u(x, y) X C sinh(A,,b) sin(A,x) 


<\ sinh(Unx) 
Uz (x, y) = X Riana) sin(Uny). 


In both series, c, = 2ab(—1)"*!/nz. Also note u(x, y) = xy. 


Section 4.3 


1. a. u(x, y) = 1, but the form found by applying the methods of this sec- 
tion is 


ae 3 sinh(Any) + sinh(An(b— y)) 


An 
sinh(A,,b) COS) 


n=1 


lee) h 5 
| yb cosh([inX) 


sin ; 

= n cosh (ied) (Mn) 

where 
(2n—1)x 4sin( C52) 
oe 2a , "" w#Qn—1) 
ni 2(1 — cos(nzr)) 
Ln, by, = —— 
b nm 


b. u(x, y) = y/b, and this is found by the methods of this section. In this 
case, 0 is an eigenvalue. 


4 SS (—1)"*! cos(Any) sinh(A,(a — x)) a (= —1 *) 
i a (2n— 1) sinh(A,a) 2 by 


1 
2Vo(cos(nz) — 1) 


n2712 


Vi 
3. bob = me by sinh(Anb) = 


474 
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. Check zero boundary conditions by substituting. At x = a, find 


2 b 
An cosh({na) = ; if Sy cos(Mny) dy. 
0 


[o.e) 


. wx, y) = » a, cosh(A,,y) cos(A,x). From the condition at y = b, 


n=1 
2 (* Sb 
An cosh(A,b) = — / — (x — a) cos(Anx)dx. 
a Jo a 


(oe) 


= cn sinh(Any) + ay sinh(A,,(b — y)) 
hes) — 2 sinh(A,,b) 


sin(Anx), 
n=1 
_ 2 


a 
a =e = / Hx(a — x) sin(A,,x)dx = —2Ha’ 
0 


1 — cos(nz) 


nem? 


12A + 2C = —K, 12E+2C = —K. There are many solutions. 


Section 4.4 


1. 


3. 


/aUuxy= es 


An = = [fe sin( =") a, 
a Jo a 


af? : 
A(w) = — / g(y) sin(wy)dy. 
T Jo 


/au(x,y)= = Cn COS(AnX) EXP(—Any), An = (2n — 1) /2a, 


Cp = 4(—1)""! /a Qn — 1); 
2X 
w(A? + 1) cosa): 
2 sin(Ab) 
md sinh(Aa) 


b. u(x, y) = i B(A) cosh(Ax) sin(ay)da, B(A) = 
0 


c. u(x, y) = [am cos(Ay) sinh(Ax)da, A(A) = 
0 


. u(x, y) = > by sin(Anx) exp(—Any) 


1 
ee sinh(x) | sinh(u(a—x))\ . 
+ [ (au) es + BCL) SmnGae) ) sina 


An = n/a, by = 2(1 — cos(n))/n, A(w) = B(w) = 2/m(u? +1). 
Also see Exercise 8. 


2 [ 1—cos(Aa) . a aumited, 
Xr ree sinh(Ab) 


da; 
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Oe ey, ee sinh(A(b — y)) 
b. Y= Xr Xr. 
Wee / ie anny, 


a 2 sinh(Ax) 
11. = . 
u(x, y) i gr(1 + A?) sinh(Aa) Cong 


13. e” sin(Ax), A > 0. 


15. e~*” sin(Ax), e~*” cos(Ax), A > 0. 
17. u(x, y) = = Sah ot /y) 

. u(x, y) = + tan (x ; 
y 3 y 


19. This solution is unbounded as x tends to infinity and cannot be found 
by the method of this section. 


Section 4.5 
1. u(r, @) is given by Eq. (10) with b, = 0, ap = 77/2, 
Ay = —2 (1 —cos(nx))/mn*c". 
3. The solution is as in Eg. (10) with b, = 0, a9 = 1/m, a, = 1/2, and 
_ 2sin((n — 1)7/2) 
i m(n? — 1) 


5. Convergence is uniform in 0. 


forn# 1. 


c" 


1 rs rs 
7. dg= = [_ fevae, An = = Ie) cos(n0)dé@, 


b, = — (6) sin(n@) dd. 


ye 1—cos(nz) 5, 


; r" sin(2n@) = v(r, 8). 
nce" 


2 
# n=1 


11. v,(r, 0) = r"/% sin(n6/a) has v/dr unbounded as r > 04, ifn = 1. 


Section 4.6 
1. Hyperbolic (a) and (e); elliptic (b) and (c); parabolic (d). 
3. Only (e). 


[o.e) 


5. a. u(x, y) = Ay sin(nax)e ""; 
1 


b. u(x, y) = » Ay Sin(n7 x) cos(n7y); 
1 
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(oe) 


c. u(x, y) = An sin(nz x) exp(—n’x’y), 


1 


1 
An = 2f f(x) sin(nax)dx. 
0 


7. X"/X=—22, T/T = —22/(1 +2). 


Chapter 4 Miscellaneous Exercises 


1. 


11. 


15. 


17. 


19. 


. u(x,y) = y- a sinh(A,x) + b, sinh(A,,(a — x)) 


uixy= [ AQ) 
0 


= ~., sinh(A,(a—x)) . 
u(x, y) => dX aa ram sin(A ny), 


An = nm /b, by = 2(1 — cos(nz))/nz. 


. u(x, y) = 1. Note that 0 is an eigenvalue. 


[o.e) 


Mn > 
sinh(A,a) cos(Any) 


n=1 


An = (2N— 1) /2b, Gy = by = 4(—1)"*! /e Qn — 1). 


. u(x, y) = w(x, y) + wy, x), where 


— sinh(a,(a—y)) 
w(x, y) = sz ame are sin(A nx), 


8h | (nn 
An = n/a, by = 7 sin ek 
sinh(A(b — y)) 


sinh(Ab) cos(Ax)da, A(A) = 2sin(Aa)/Az. 


u(x, y) = [aa cos(Ax)e "da, A(A) = 2a/m (a? +27). 
0 


—1 x—x\|% 1l|z 14 
é us) = ran (=—*) -+[$-(-3)]. 


u(r,9) =ago+ > (‘) (an cos(n@) + by sin(n@)), 
n=1 


1 1 — cos(nz 
pe 
2 ni 


Same form as Exercise 15, but ay) = 2/7, 
Ayn = 2(1 + cos(nzr))/(1 — n’), by = 0 (and a, = 0). 
u(r, 0) = (n(r) — In(b))/dn(a) — In(b)). 


21. 


23; 


25. 


27. 


29. 


31. 


33. 
35. 
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oO r n/2 1 20 
u(r, 0) = > tn(£) sin(nO/2), by = ~ | f (0) sin(nO/2)d0. 
1 0 


u(x, y) = > Cn sinh(Any) sin(Anx), An = (2n — 1)2/2a, 
Cn = 2sin(Ana)/ (aX? sinh(Anb)). 


w satisfies the potential equation in the rectangle with boundary condi- 
tions 


w0,y)=0, w,(a,y)=ay/b, 0<y<b, 
w(x,0)=0, w(x,b)=0, 0<x<a. 


w(x, y) = 2s b, sin(Any) cosh(A,,x), 


n=1 
= nt /b, by = 2a(—1)"*! /n’ 2? cosh(Aya). 
The equations become 


6? a2 2 2 
Pi es (1 moe 4 oe 
dyax  dxdy ax? ay? 


o(x,y) = [ae cos(ax) + B(a@) sin(ax))e P’ do +c, 
0 


where 8 = aV1— M?, cis an arbitrary constant, and 


A@@)|_ UW [yz cos(ax) 
53 |= fro |e 


pu sin(a@x) 
If (x(s), y(s)) is the parametric representation for the boundary curve C, 
then the vector yi — x’j is normal to C, and 
ou ou ou 
—ds= | —dy 
c on c Ox oy 


By Green’s theorem, 


Src ff (+2 


which is 0, since u satisfies the potential equation in Re. 
Substitute directly. 
—Vu=—(xi+ yj)/( +’). 
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2 
37. aus -+ +c In(r) + 3 


2 
bu=— oO) +c In(r) +c. 


1 a 
39. V(x, y) =a) = -{ f (x)dx if y > 5L (because e~*1>4 = 0). 
a4 Jo 


41. The solution is 0(X, Y) = 1. The low Biot number, B = 0, means a very 
large value for conductivity «, so very little or no cooling takes place. 


Chapter 5 


Section 5.1 


a-u au 1 07u 


1. 5x2 ay? OR O<x<a, O0<y<b, 0<t, 
u(x,0,t)=0, u(x,b,f)=0, O<x<a, OK<t, 
u(0,y,H=0, u(a,y,th=0, O<y<b, 0<t, 
u(x, y, 0) = f(x,y), $057.0) =805)) O<x<a, O<y<b. 
Be du du du 1 du 


ax2 ' ay? | az2 ce at?’ 


Section 5.2 


© O7u au 
1. —dz= — 
9 02? dz 


3. W" + (2h/bk)(T, -W) =0, O0<x<a, W(0)=T, W(a)=Th. 


c 


= 0 by Eq. (12). 
0 


W(x) = T> + Acosh(yzx) + Bsinh(jwx), where yu? = 2h/bk, 
A=Tpo — To, B= (T, — T) — Acosh(za))/ sinh(va). 
lad 

5. rr peneed QVex<ag Oe yb, 014, 

k ot 
Ou 
PP e i nea u(a,y,t}=To, O<y<b, O0K<t, 

x 


Ou 
u(x, 0, t) = Tp, gy 8 = 0 O<x<a, 0<t, 
y 


u(x, y,0)=f(x,y), O<x<a, O<y<b. 
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Section 5.3 


1 


ll. 


. Ifa=b, the lowest eigenvalues are those with indices (m, n), in this or- 


der: (1, 1); (1, 2) = Q, D; (2, 2); (3, 1) = G, 3); G, 2) = (2, 3); 1,4) = 
(4, 1); (3, 3). 


. Frequencies are Ajn»c/2m (Hz), where Ae. are the eigenvalues found in 


the text. 


; A= (han jay > (na by, fot m=O, 1,2) 5.04 SH, 25 Byccana 


.auxy,o=1. 


For b and c the solution has the form 
mtx ny 5 
’ ’ t a mn Mankt . 
u(x, y, t) de cos( ; ) cos( P ) exn( ) 


where A2,,, = (mm /a)” + (na /b)* and mand n run from 0 to oo. 


_ (at b) 2b(1 — cos(mzr)) 


b. doo = >? Aamo = 


’ 


mr 
2a(1 — cos(nz)) 


an = — = » Amn = 0 otherwise; 
na 
ab ab(1 — cos(mzr)) ab(1 — cos(nz)) 
C. doo = LZ’ ano = Hee > n= ae , 
4ab(1 — cos(nz))(1 — cos(mz)) 
amn = 


ey ae 
if m and n are greater than zero. 


. The choice of a positive constant for either X"/X or Y”/Y, under the 


boundary conditions in Eqs. (9) and (10), will lead to the trivial solution. 


The nodal lines form a grid: ujny(x, y, t) = 0 at x =0, a/m, 2a/m,...,a 
and at y= 0, b/n, 2b/n, ..., b. 


Section 5.4 


1. 


The partial differential equations are the same, the boundary conditions 
become homogeneous, and in the initial conditions g(r, @) is replaced by 
g(r, 6) — v(r, @). 


. Inthe heat problem, T’ + 4?kT = 0. In the wave problem, T” + A*c?T = 0. 
. The boundary conditions Eqs. (10) and (11) would be replaced by 


QO) =0, Qi) =0. 


Solutions are Q(@) = sin(n@), n= 1,2,.... 


480 Answers to Odd-Numbered Exercises 


7. Taking the hint and using the fact that V?¢ = —A?@, the left-hand side 


becomes 
(2-25) [ff didn 
R 


while the right-hand side is zero, because of the boundary condition. 


Section 5.5 


1. Ay = a,,/a, where q@,, is the nth zero of the Bessel function Jy. The solutions 
are b,(1r) = Jo(Anr) or any constant multiple thereof. 


3. This is just the chain rule. 


5. Rolle’s theorem says that if a differentiable function is zero in two places, 
its derivative is zero somewhere between. From Exercise 4 it is clear that 
J; must be zero between consecutive zeros of Jo. Check Fig. 7 and Table 1. 


7. Use the second formula of Exercise 6, after replacing ys by 4 + 1 on both 
sides. 


9. u(r) = T + (Ti — T)lo(yr)/lo(va). 


Section 5.6 
1. v(0, t)/To = 1.602 exp(—5.787) — 1.065 exp(—30.5T), where t = kt/a’. 
3. vir, p= > AnJo(Ant) exp(—A2kt), An = a,/a. Use Eq. (13) and others to 
n=1 
find a, = Toh (n/2)/OnJ{ (Qn). 


5. Integration leads to the equality 


[ceryase [ r@yaro. 
0 0 


The first integral is evaluated directly. The second must be integrated by 
parts. 


Section 5.7 


1. Use 
ld 


a Ar) ) = —A7Jo(A 
“ae ra Jol r) ) =—A*Jo(Ar). 


3. The frequencies of vibration are Ajin€ = Omnc/a. The five lowest values of 
Qmn, in order, have subscripts (0, 1), (1, 1), (2, 1), (0, 2), and (3, 1). See 
Table 1 in Section 5.6. 


Chapter 5 481 


5. d(a, 0) =O and o(7, 0) = o(r, 0 + 27). 


7. Set Jin Amnl) = bn. Then (r¢))’ = —AmntG, and (rp,)’ = —A ing, are the 
equations satisfied by the functions in the integrand. Follow the proof in 
Section 2.7. 


9. Generally, radii for don are r= Aom/Aon for m= 1,2,...,n. For n = 2, 
r = 2.405/5.520 = 0.436 and 1. 


Section 5.8 
lL. h(x) = x*[AJp(Ax) + BY,(Ax)], where a = (1 — n)/2, p= |a|. 
3. For A? =0,Z=A+ Bz. 
5. d(p +ct) =F,(p +ct) +G.(p + ct), 
W(p — ct) = Fy(p — ct) — Ge(p — ct), 


where F,(x) is the odd periodic extension with period 2a of xf (x)/2 and 
G(x) is the even periodic extension with period 2a of f (x/2c)g(x)dx. 


7. The weight function is p? and the interval is 0 to a. 
9. v(x) = (b—x)(x — a)/(a+ b)x’. 


11. No. The idea is to find a solution of the partial differential equation that 
depends on only one variable. That is impossible if f depends on both x 
and y. 


f i v(x) Xn(x)x dx 


13. a, = ; 
free dx 


Section 5.9 
L. [k(kK4+ 1) — pe? Janis — [k(kK— 1) — we? Jag_1 = 0, valid fork =1,2,.... 


3 P= 5 (6° — 70x? + 15x). 


1 
5. y=Ain( **). 
1l-—x 


7. Differentiate Eq. (9) and add to it n times Eq. (8). 


9. Leibniz’s rule states that 


k 


iy = () ato 


r=0 
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(A superscript k in parentheses means kth derivative.) The right-hand 
side looks like the binomial theorem. In the case at hand, at most two 
terms are not zero. 
0 (n odd), 
ll. b, = ¢ —(-D"?7 nt 1) 1-3-5---(a—D 
(nt2)(n—1) 2-4-6---n 


(n even). 


Section 5.10 
1. The solution is as given in Eq. (5) with coefficients as shown in Eq. (7). 
The integration yields (see Section 5.9) 
1 

bo = a b,, = 0 for n even; b; = 3/4 and 

pts (-1)"D? 1.3-5---(n—2) 2n+1 
Be Dt VDA Geatn— 1) Had 

3. u(d, t) = T — >- b,P,(cos()) exp(—(u? + n(n + 1))kt/R?), where 7? = 

y?R’, nis odd, and b, is as at the end of Part B, with Ty = T. 


R= 3 DAT eens 


5. The eigenfunctions are as in Part C, except that n must be odd in order to 
satisfy the boundary condition. 


7. The nodal surfaces are: a sphere at p = 0.634 and two naps ofa cone given 
by @ = 0.3047 and p = 0.6967. 
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[o.e) 


1. u(x, y,t) = oS Am SIN( my) exp(—4;,,kt) 


m=1 
+ ys Ayn COS(AnX) SiN(Hmy) exp(—(w;, + Az) kt), 
n=1 


Lm = mb, 4» = n/a, 


1 — cos(mzr) AT (cos(nz) — 1)(1 — cos(mzr)) 
Am = T —————_,, An = : 
mi mr wm 
3. u(a/2, b/2, t) = 2 Pm sin) sin( ™ ) exp(—(a3 + 2,)kt), 


where A, = 17 /d, im = ma/b, and 


ps es 4T (1 — cos(mzr))(1 — cos(nzr)) 
mn gp? mn , 


17. 


19. 


21. 


. u(r) = (a? = 7) 72 and u(r) = a CyJo(Anr), with C, = 
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The first three nonzero terms are, for a = b, those with (m,n) = 
(1, 1), (1, 3) = G, 1), G, 3). All terms with an even index are 0. 


16T 2 1 
u(a/2,a/2,t) = et gar ORS le 
qr? 3 9 


where t = kt? /a’. 
2a’ 


I ay, (Qn) : 


. w(x, t)=ag+ An COS(A»X) exp(—A; kt), 


n=1 


vy, t) =) bm sin(my) exp(—m;, kt), 


where [y= mm /b, 4, = n/a, and initial conditions are 


vy,0=1, O<y<b; w(x,0)=Tx/a, O<x<a. 


. Jo(Ar) exp(—A7kt). 
» By = by /k(k + 1) for k= 1, 2,...3 bo must be 0, and By is arbitrary. 


me 


» (1-#)y) — art y=. 


W(t) = Say Oe?) 5,0), 


" sinh(A,,b) 


n=1 
2Uo 

OnJ (On) ; 

u(r, Z, t) = sin({4z)Jo(Ar) sin(vct) is a product solution if up = ma/b, 4 = 

a,/a, and v = Jwetr. The frequencies of vibration are therefore vc 

or 


Xn 
where A,, = — and a, = 
a 


Each of the two terms satisfies V7¢ = —(527)d. On y = 0 and x = 1, 
both terms are 0; on y = x they are obviously equal in value, opposite in 
sign. 


Each term satisfies V7 = —(1677/3)¢. 
On y= 0, @ = sin(2n7x) — sin(2n7x); 
ony= J3x, b = sin(4nax) + 0 — sin(2nm - 2x); 
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on y = J/3(1 — x), 6 = sin(4nmx) + sin(2nm(1 — 2x)) — sin2nz. 


23. For a sextant, 6, = J3,(Ar) sin(3n@) and J3,(A) = 0. Thus A; = 6.380, 
which is less than ./ 1672/3 = 7.255. 


25. b=—1. 


27. Since y(x) = hJo(kx)/Jo(ka), where k = w/./gU, the solution cannot 
have this form if Jo(ka) = 0. 


29. u(r, t) = R(T; RY) =r" (Ar), where m = (n — 2)/2; T(t) = 
acos(Act) + bsin(Act). 
D,L? UL 
= DR = De 
33. ado = 12.77, a, = —4.88. 
35. tan(A) = DA/(D+ A’), A= (D=0), 3.173 (D= 1), 4.132 (D = 10). 


31. b 


Chapter 6 
Section 6.1 
x? + 20° wcos(¢) — ssin(¢) 
Gs 5 < 5 
s(s* + 4) eta? 
e 20 
e. 3 ff : 
s—2 s(s* + 4@7) 
wale a : es — aa l—e% 
s s 3 
in(/ b2 — at 
5. a.e ‘sinh(t); b.e *cos(t); c. ee ED) 
VP=z 
ett — elt t ret 
Te ; b.—sinh(at); d. : 
a—b me 2 
l, O<t<l, 
efO=| 9 1<t. 


9. a. [sin(wt) — wt cos(wt)]/2@°; 
b. See Table 2; 
c. See 7c; 


d. [cos(wt) — wt sin(wt)]/2. 
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Section 6.2 


l. ae; bev oc. i ae d. eel 
2 3 
l-e* sin(t) — 4 sin(2t 
3. as ; b.t—sin(t); c. one 
a 3 
. 3 1 1 
d. (sin(2t) — 2tcos(2t))/16;_ e. P 5t Let riage f. cosh(t) — 1. 
0 ee A 1 
5. a. a b. = sin(2t); 
4 2 
3 1/2 —3 ’ 1/2 —3 F 
cS xs exp( i/2t) ae exp(i/2t); d. 4(1 — eee 
e' — cos(wt) + wsin(wt) 


7. a.1—cos(t);_ b. 


eae ; ¢c.t—sin(t). 


Section 6.3 


2n-1 \? 
l. aas=— 5 zw), ,n=1,2,...3 


2n— 1 


b.s= ti 


A a Ge 
c.s=tint,n=0,1,2,...; 


—] 
d. s = in, where tann = —; 
Ui] 


5 1 
e. $= in, where tann = —. 
UT] 


sinh(./sx) _ b 1 cosh(/s(5 — x)) 
“ssinh(/s)’ ss s(s +. 1) cosh(,/s/2) 


; 2 sin(n7 x) 
5. a u(x, =x-4 a GA exp( nm’ t); 


n=1 


b. u(x, £) is 1 minus the solution of Example 3. 


Section 6.4 


fee 
; rie 


4 y cos((2n — 1)(4 — x)) sin((2n — 1)zt) 


3. v(x, t)= 
(#) a (2n — 1)? sin(*4*z) 


1 
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ra) 1, ee : 
5. a. ———~ [ — sin(zt) — — sin(@?) } sin(zx); 
2— 2 \ 7 @) 


oo? — 


1 ; ; 
b. ae (sin(st) — wt cos(st)) sin(zx). 


sin(./ax) _ ay ga ED exp(—n’1*t) | 


7. a. u(x,t) =x - e ; 
sin(,/a) oT 7 n(a — n277) cos(nz) 
IU 
b. The term pee’) exp( wm t) arises. 
cos(nz ) 


Chapter 6 Miscellaneous Exercises 


_ To ; y?T 
1. ee) ae T s(y2+5)’ 
u(x, t) = Ty exp(—y7t) + T(1 — exp(—y7t)). 
__ cosh(,/sx) 
UO s? cosh(,/s)’ 


2. [e,e) 


1-x 2 cos(PnX) . 
u(x,t)=t { ; ex] t), 
(x, t) =i > ER p(—pzt) 


n=1 


where 0, = Gye 


x 
5. u(x,t) = 


(l—x) 4 4cos(p,(x — $)) 
Fea 


n=1 
where 0, = (2n— 1)z. 


[o.e) 


2 sin(n7 x) 22 
7. sH=x4 t). 
oe 2 nz cos(nm ) =r nee ) 


9. U(x, s) = : (1 — exp(—./sx)). 


Ss 


Ar t3 At 
is 2n+1—x 2n+1+x 
13. u(x,t) = erfc erfc ; 
t= fee A) oe 


1 
15. F(s) ee 72° 
rare “tt 


— 
N 


19. 


21. 


23. 


25. 


27. 


29. 
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[o.e) 


. fo _ s 5 6( = Jem 


F(s) must be of the form F(s) = G(s)/H(s), where G(s) is never infinite. 
The solutions of H(s) = 0 must form an arithmetic sequence of purely 
imaginary numbers, and H’(s) 4 0 if H(s) = 0. 


_ pa Wsy\2 l—e 7s 
Ce an 
s(—e2™) s(1 +e) 
1 FES: 
F(s) = size ; 
(oC es) 
1 7 t 1 n+l9 
u(x, t) = ee ) Le i) a © sin(nx) sin(nzt). 
w 1 1 
U(x, s) = wae 5 = rine 


Chapter 7 


Section 7.1 
1. 16(uj41 — 2ujj + uj) = —1,1= 1, 2, 3, up = 0, ug = 1. Solution: u, = 
11/32, up = 5/8, u3 = 27/32. 
3. 16(uj4) — 2u; + uj_1) — uj = i, i= 1, 2,3, up = 0, ug = 1. Solution: 


Uy = 0.285, uz = 0.556, uz = 0.800. 


. 16(uj41 — 2uj + Uj-1) = Gi, i=, 1, 2, 3, uo — 2(u) — u-1) = 1, wg = 2 


Solution: up = 0.422, u; = 0.277, uz = 0.148, uz = 0.051. 


.n=3:u, = 4.76, uy, = 4.245 n= 4: uy, = 6.65, up = 9.14, uz = 5.92. The 


actual solution, 


_ sin(10x) 
‘sin(/10) | 


has a maximum of about 50. The boundary value problem is nearly 
singular. 


u(x) = 
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9. 25(uj,) — 2u; + uj_1) — 25u; = —25,1= 1, 2, 3, 4, 53 up = 2, us + (Ug — 
u4)/(2/5) = 1. When the equation for i= 5 and the boundary condition 
are combined, they become 2u4 — 3.4u5 = —1.4. Solution: u, = 1.382, 
un = 1.146, u3 = 1.057, U4 = 1.023, us = 1.014. 


11. 9(ujg1 — 2uj + ui-1) + (3/2) (Ui41 — Ui-1) — ui = —(1/3)1, 1 = 0, 1, 25 
u3 = 1, (uv; — u_,)/(2/3) = 0. When 1_, is eliminated and coefficients 
are collected, the equations to solve are 


—19u9 + 18u, = 0, 
73Uo = 19u, = 1052 => —, 
74u, — 19u, =—112. 


Solution: ug = 0.795, u; = 0.839, u. = 0.919. 


Section 7.2 


1. Line m of the solution should be exactly the same as line m+ 1 of Table 4. 


3, r= 2/5, At= 1/40. 


m 0 1 2 3 4 
0 oO O 0 0 0 
1 1 0. 0. 0. 0. 
2 1 0.4 0. 0. 0. 
3 1 0.48 0.16 0. 0. 
4 1 0.56 0.224 0.064 0. 
5 1 0.6016 0.2944 0.1024 0.0512 


5. At = 1/32. Remember that u4(m) = uop(m) = mAt. All numbers in the 
table should be multiplied by At. 


m 0 1 2 3 4 
0 00 0 0 +O 
i Oe” YOs- 2a. i 
2 2 1/2 0 1/2 2 
3 3 1 1fX oli 3B 
4 4 7/4 1 7/4 4 
5 5 5/2 7/4 5/2 5 


7. At = 1/32. All numbers in this table should be multiplied by At. 
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m 0 1 2 3 4 
O tt Oo 0 10 
1 01 1 1 0 
2 0 3/2 2 3/2 0 
3 0 2 «5/2 2 «0 
4 0 9/4 3 9/4 0 


9. At= > Remember u_, = uy. All entries in this table should be multi- 
plied by Ax = }. 


=. 


m 0 1 2 3 4 
0 0 1 2 3 4 
1 it 1 2 3 4 
2 1 3/2 2 3 4 
3 3/2 3/2 9/4 3 4 
4 3/2 15/8 9/4 25/8 4 
5 15/8 15/8 5/2 25/8 4 
Section 7.3 
i: 
1 

m 0 1 2 3 4 

0 0 0 0 0 0 

1 0 1/4 1/4 1/4 0 

2 0 1/4 41/2 1/4 0 

3 0 1/4 1/4 1/4 0 

4 0 0 0 0 0 

ee ee ee, ee 

3. In this table, a = 1/2. 
i 

m 0 1 2: 3 4 
0 0 0 0 0 0 
1 O a/4 1/4 a/4 0 
2 0 1/4 a@f2 1/4 0 
3 0 af/4 1/4 a/4 0 
4 0 0 0 0 0 
5 0 -a/4 —-1/4 -a/4 0 
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5. 
1 

tn m Ol 2 3 4 
0 0 0 1/2 1 ie @ 
0.177 1 0 1/2 3/4 1/2. @ 
0.354 2 0 3/8 1/4 3/8 0 
0.530 3 0 0 -1/8 0 0 
0.707 4 O -7/16 —3/8 7/16 0 
0.884 5 0 —5/8 —l1/16 -5/8 0 

7. 


See OF KF KF OC CO] WwW 


CNAME WN O;3 
ecoocooeocococrce ec oC 
= Orr OO CO O|= 
NHN OFF FP OO O|N 


| 
N 

| 
N 

| 
N 
S 


9. Run: uj(m+ 1) = (2 — 27 — 16 At’) uj(m) + p72 uj_1(m) + 7 uj41(m) — 
uj(m — 1). Start: uj(1) = $((2 — 2p? — 16At?) uj(0) + p?uj-1(0) + 
p°uj;+1(0)). Longest stable time step: At = 1//24(p? = 2/3). 


m 0 1 2 3 4 
0 O 0.50 1.00 0.50 0 
1 0 0.33 0.33 0.33 0 
2 0 —0.28 —0.56 —0.28 0 
3. 0 —-0.70 —0.70 —0.70 O 
4 0 —-0.19 —0.38 —0.19 0O 
5 0O 0.45 0.45 0.45 0 
6 6 (OO 0.49 0.98 0.49 O 
7 O 0.21 0.21 0.21 O 
8 O —0.35 —0.71 —0.35 0 


Section 7.4 
1. At (1/4, 1/4), 11/256; at (1/2, 1/4), 14/256; at (1/2, 1/2), 18/256. 


3. In both this exercise and Exercise 4, the exact solution is u(x, y) = xy, and 
the numerical solutions are exact. 
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5. Coordinates and values of the corresponding u; are: (1/7,1/7), 5a; 
(2/7, 1/7), 10a; (3/7, 1/7), 14a; (1/7, 2/7), 21a; (2/7, 2/7), 32a. Here 
a = 19/1159. 


7. Uy = 0.670, uy = 0.721, u3 = 0.961, ug = 1.212, us = 0.954, ug = 0.651. 
The remaining values are found by symmetry. 


9. uy = 0.386, uz = 0.542, u3 = 0.784, ug = 0.595. The remaining values are 
found by symmetry. 


Section 7.5 
1. Use Eq. (8) with r = 1/4. 


i 


m 1 2 3 4 5 6 
0 O 0 0 0 0 0 

1 0 0 0 1/4 1/4 1/4 

2 1/16 1/16 1/16 5/16 3/8 5/16 
3 3/32 1/8 3/32 23/64 27/64 23/64 


3. Note that u) = u2 = u4 = us; replacement equations become 


uy(m+ 1) = u3(m)/4, us(m + 1) = uy (m). 


m 1 5) 
0 1 1 
1 1/4 1 
2 1/4 1/4 
3 1/16 1/4 
4 1/16 1/16 


5. Use Eq. (8) with r= 1/4. Note that u4 = up, u7 = U3, Ug = Us. 


i 


m 1 2 3 5 6 9 
0 O 0 0 0. ©O 0 

1 0 0 1/4 0 1/4 1/2 

2 0 1/16 5/16 1/8 7/16 5/8 

3. 1/32 7/64 3/8 1/4 17/64 23/32 


7. Use the same numbering as for Exercise 5. Note that uj = u3 = u7 = ug 
and uy = ug = Us = Ug. The running equations become 


1 
ee) uj(m— 1), 


uy(m 4 
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1 
D= 


u2(m ua(en) + Gust) u2(m— 1), 
us(m-+ 1) = u2(m) — us(m — 1). 
m 
0 L 2 3 4 5 6 7 
an oO 0 - We 0 56 0 15/32 
um 0 0 1/4 0 -3/8 0 5/16 0 
eG) Poe * HB ae -G ~1/16 
1 
m 1 2 5 
0 1 1 1 
i go. Se <4 
% =<1/4 0 1/2 
ge eBay. 238 
ae en ae 
ee. ee 


11. See Fig. 12 below for numbering of points. 


Figure 12 Solution of Exercise 11, Section 7.5. 


m 1 2 3 4 5 6 

0 1 0 0 0 0 

1 0 1/4 1/4 0 oO Oo 

2 -3/4 0 0 1/4 1/8 0 

3 0 -1/2 -7/146 0 0 3/16 
y 
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Chapter 7 Miscellaneous Exercises 


Ujp1 — 2uj + uj-1 


1. Jf 24xju;j = 0,1=0, 1, 2, 
(Ax)? 
uy — UL 
: sea => 1, U3 = 1; 
2Ax 


—18u9 “+ 18u, => 6, 
9uo = 20.831; + Ou, = 0, 
Ou, = 22u, = —9, 


Up = —0.248, u, = 0.08, up = 0.44. 
Uji41 — 2Uj + Uj-1 Ll ui41 — Uji-1 
=—-(1+4%), 
(Ax) l+x; 2Ax 


i= 1,2,3; uy =1,u, = 03; 


—32u, + 17.60u2 = —15.65, 
14.67u, = 32uy + 17.33 u3 = =1.5,; 
14.86u. — 32u3 = —1.75, 


uy; = 0.822, uz = 0.606, u3 = 0.335. 


5. uj(m + 1) = (uj-1(m) + uj41(m))/2. Note that u3(m) = u,(m) and 
ug(m) = ug(m). 


0 1 2 
0 0 0 
0.03 0 0 


0.06 0.015 0 
0.09 0.03 0.15 
0.12 0.053 0.03 
0.14 0.075 0.053 
0.17 0.1 0.075 
0.20 0.122 0.10 
0.22. 0.15 0.122 


CNAU EWN FY OTS 


7. First problem: uj(m+ 1) = (ui41(m) +uj(m) + uj_-1(m))/3; second prob- 
lem: uj(m + 1) = (ui41(m) + uj-1(m)) /3. 
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First Problem Second Problem 
i i 
m 0 1 2 3 4 0 1 2 3 4 
0 0 1 1 1 0 0 1 1 1 0 
er ey 1 2/3 0 “.. TS. BB 1/3 0 
2 oO 35/9 7/9 5/9 0 0 2/9 2/9 2/9 #0 
3. 0 14/27 17/27. 14/27 0 0 2/27. 4/27. 2/270 
4 0 31/81 45/81 31/81 0 ©O 4/81 4/81 4/81 O 


9. um +1) = (ini (m) + 4-1 (m)) /2. 


moO 1 2 3 4 5 
0 0 O 0 0 0 0 
c 0 0 0 0 0 
OS tll 1/4 0 0 0 0 
3 3/2 1/2 1/8 0 0 0 
4 2 13/16 1/4 1/16 0 0 
5 5/2 9/8 7/16 1/8 1/32 0 
6 3 87/32 5/8 15/64 1/16 0 

ll. 

1 

m0 12 3 4 
0 0 8 OOOO 
iv sO? 0 50 Gg 
2 Bo OO AE 
S46 B.S 
& 400 Ah ae a 
B AO hi ol Gi 
6° WOOF Ue = 
Fe OB. Gs ae a 
eee | | 


13, Let uj = u(x, yj). Then u4; = u22 = 433 = 0.5, U2 = 0.698, u13 = 0.792, 
uz, = 0.302, U3 = 0.624, uz, = 0.209, u32 = 0.376. 


15. Number as in Chapter 7, Fig. 4. Then uy = 43 = u7 = uo and u2 = U4 = 


Ug = Us. 
m 
0 1 2 3 4 5 
uy, 1 1/2 3/8 1/4 3/16 1/8 
uw 1 3/4 1/2 3/8 1/4 3/16 
us 1 1 3/4 1/2 3/8 1/4 


Index 


A 


acoustic vibrations, 235 

aluminum nitride, oxygen removal 
from, 156 

antenna vibrations, 226 

approximation by Fourier series, 91-94 

arbitrary periods, 64-65 


bad discontinuities, 74-75, 79 
band-limited functions, 121-123 
bars, insulated, 157-161. See also heat 
conduction problems 
beam vibrations, 225 
Bessel functions, integrals of, 440 
Bessel inequality, 92-93 
boundary conditions. See also initial 
value—boundary value problems 
of the first kind. See entries at 
Dirichlet 
limitations of product method, 
281-282 
mixed, 139 
potential equation. See potential 
equation 


of the second kind. See entries at 
Neumann 
of the third kind, 139 
wave equation, 217-220, 229 
boundary value problems, 26-34. See 
also initial value—boundary value 
problems 
Fourier series applications with, 
119-120 
Green’s functions, 23, 43-49 
potential equation, 256-257 
singular, 38—41 
boundedness, 40-41 
Boussinesq equation, 211 
Brownian motion, 204 
buckling of a column, 32-34 
Burger’s equation, 209 


C 


cable, hanging, 26-29 

calculus, 436-438 

cantilevered beam, 226 

car antenna vibrations, 226 
catenaries, 35 

Cauchy—Euler equation, 6—7, 38, 277 
Cesaro summability, 131 

chain rule, 232 
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characteristic equation, 3, 10 

characteristics, method of, 246 

classifications of partial differential 
equations, 280-282 


coefficients of Fourier series. See Fourier 


series 
column buckling, 32-34 
complementary error function, 200, 202 
complex coefficients, potential equation 
analysis, 284 
complex Fourier coefficients, 113-115 
sampling theorem, 121-124 
conditions. See boundary conditions; 
initial condition 
conduction of heat. See heat conduction 
problems 
conservation of energy, law of, 135-136 
continuity behavior, 73-76 
convection, 170-174. See also heat 
conduction problems 
convergence 
expansions in series of 
eigenfunctions, 182 
Fourier series, 73—77, 124 
in the mean, 93-94 
uniform, 79-83 
cooling, Newton’s law of, 30, 139 
cooling fins, 40-41 
cosine function, 66-68 
Fourier cosine integral 
representation, 109-110 
hyperbolic, 4 
integrals of, 439 
critical radius, 42 
cutoff frequency, 121 


D 


dAlembert’s method (traveling wave), 
227-231, 252 

damping term, 117 

delta functions, 113 

diffusion equations. See heat 
conduction problems 

diffusion of sulphur dioxide, 55-56, 
192-193 

diffusivity, 141 

dimensions of heat flux, 135 


Dinac’s delta function, 113 
Dirichlet conditions, 139 
Dirichlet’s problem, 256. See also 
potential equation 

in a disk, 275-279 

in a rectangle, 259-269 

soap films, 283 
discontinuity, 74 
disk, potential equation in, 275-279 


E 


eigenfunctions, 158-159 
expansions in series of, 181-182 
orthogonality of, 175-177 
eigenvalue problems, 34, 158-159 
estimating eigenvalues for wave 
equations, 236-239 
one-dimensional wave equation, 234 
singular, 189 
Sturm-Liouville problems, 178-179 
expansions in series of 
eigenfunctions, 181-182 
generalizations on heat conduction 
problems, 184-187 
one-dimensional wave equation, 
234 
elliptic equations, 281 
endpoints of periodic extensions, 76—77 
energy conservation, law of, 135-136 
enzyme electrodes, 212-214 
equilibrium problems. See steady-state 
problems 
error function, heat conduction 
problems, 199-202 
even functions, 67 
continuity behavior of, 83 
extensions of functions, 69-71 
exponential functions, integrals of, 
438-439 
exponential growth, 2 
extensions of periodic functions, 65-71 
endpoints of, 76-77 
uniform convergence, 82-83 


F 


fast Fourier transform (FFT), 124 
Fick’s law, 55, 141 


finite Fourier series, 91-94 
first-order equations 
homogeneous, 1-2 
nonhomogeneous, 20-21 
Fisher’s equation, 252 
Fitzhugh—Nagumo equations, 239-244 
fixed end temperatures (heat equation), 
149-155 
flat enzyme electrodes, 212-214 
flow (fluid), 284-285, 289 
fluid flows, 284-285, 289 
Fokker—Planck equation, 205 
forced vibrations of strings, 232 
forced vibrations system, 17-20 
forcing function, 117, 226 
Fourier integrals, 106-111, 124, 190, 
194 
applications of, 117-123 
coefficient functions, 108 
complex coefficients. See complex 
Fourier coefficients 
Fourier transforms, 115 
Fourier’s single integral, 112-113 
history of, 124 
representational theorem, 108 
wave equation in unbounded regions, 
239-244 
Fourier series, 62-63, 124 
applications of, 117-123 
arbitrary periods, 64-65 
complex coefficients. See complex 
Fourier coefficients 
convergence, 73—77 
proof of, 95-99 
uniform convergence, 79-83 
cosine integral representation, 109 
history of, 124 
means of, 90-94 
numerical determination of 
coefficients, 100-104 
operations on, 85-89 
periodic extensions, 65-71 
endpoints of, 76-77 
uniform convergence, 82-83 
potential in rectangle, 260-261 
sine integral representation, 109 
Fourier transforms, 115 
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Fourier’s law, 30 

Fourier’s method (separation of 
variables), 150, 166-167 

freezing lake, temperature of, 204 

frequencies of vibration, 223-224, 234 

functions. See specific function by name 


G 


Gaussian probability density function, 
203 
general solutions 
boundary value problems, 26 
homogeneous differential equations, 
158 
nonhomogeneous linear equations, 
15 
one-dimensional wave equation, 228 
second-order homogeneous 
equations, 3 
second-order linear partial 
differential equations, 205, 
280-281 
generalized rectangles, 281 
generation rate functions, 141 
Gibbs’ phenomenon, 82 
Green’s functions, 23, 43-49 
groundwater flow, 52, 211-212 


half-range extensions, 70-71 
hanging cable system, 26-29 
harmonic functions, 255. See also 
potential equation 
heat conduction problems, 29-31, 
135-206, 280 
convection, 170-174 
cooling fins, 40-41 
derivation of, 135-141 
different end conditions (example), 
157-161 
error function, 199-202 
fixed end temperatures (example), 
149-155 
generalizations on, 184-187 
insulated ends (example), 157-161 
radial heat flow, 39-40 
steady-state temperatures, 143-147 
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higher-order equations, homogeneous, 
9-11 
homogeneous boundary conditions, 
as requirement, 282 
homogeneous linear equations, 1-11 
first-order, 1-2 
higher-order, 9-11 
second-order, 2—9 
hyperbolic equations, 281 
hyperbolic functions, 4, 436, 438-439 


infinite intervals, 40-41 
infinite rods, 193-197 
initial conditions. See also initial 
value—boundary value problems 
wave equation, 217, 220-221, 228 
initial value—boundary value problems, 
140 
heat conduction problems, 138. See 
also heat conduction problems 
convection, 170-174 
different end conditions 
(example), 163-166 
fixed end temperatures (example), 
149-155 
generalizations on, 184-187 
infinite rods, 193-197 
insulated ends (example), 157-161 
semi-infinite rods, 184—187 
wave equation, 215-247, 280 
dAlembert’s method, 227-231, 
252 
estimating eigenvalues for, 236-239 
frequencies of vibration, 223-224, 
234 
one-dimensional, in general, 
233-235 
in unbounded regions, 239-244 
vibrating string problem, 215-224 
insulated bars, 157-161. See also heat 
conduction problems 
insulated surfaces, 139 
integrals, table of, 438-440 
integro-differential boundary value 
problems, 54 
irrotational vortex, 291 


J 


jump discontinuities, 74 


K 


kryptonite, 42 


L 


Lake Ontario, 105 
Lake Placid, 105 
Laplace’s equation. See potential 
equation 
Laplacian operator, 256-257 
law of conservation of energy, 135-136 
law of cooling (Newton), 30, 139 
law of radiation (Stefan—Boltzmann), 
142 
left-hand limits, 73-74 
Legendre polynomials, integrals of, 440 
level curves, 261-262 
LHospital’s rule, 98 
linear density, 216 
linear differential equations 
homogeneous, 1-11 
first-order, 1-2 
higher-order, 9-11 
second-order, 2—9 
nonhomogeneous, 14—23 
Fourier series applications with, 
117-119 
undetermined coefficients, 16—20 
variation of parameters, 20-23 
linear operations, 140 
linear partial differential equations 
general form, 205 
heat. See heat conduction problems 
potential. See potential equation 
wave. See wave equation 
linearly independent solution, 3 


M 


Massena, New York, 132 
mass—spring—damper system, 5 

forced vibrations system, 17-20 
maximum principle, 255, 278 
mean error, 90-94 


mean value property, 278 
periodic functions, 61 
membrane displacement, 255. See also 
potential equation 
method of characteristics, 246 
mixed boundary conditions, 139 


Neumann conditions, 139 
Neumann’s problem, 256, 290. See also 
potential equation 
Newton’s law of cooling, 30, 139 
nonhomogeneous linear equations, 
14-23 
Fourier series applications with, 
117-119 
undetermined coefficients, 16-20 
variation of parameters, 20-23 
nonremovable discontinuities, 74—75, 
79 
normal probability density function, 
203 
normalized eigenfunctions, 183 
normalizing constants, 183 
nuclear fuel rods. See heat conduction 
problems 
numerical determination of Fourier 
coefficients, 100-104 


0 


odd functions, 67 
continuity behavior of, 83 
extensions of functions, 69-71 
ODEs (ordinary differential equations), 
1-51 
boundary value problems, 26-34 
Green’s functions, 43-49 
homogeneous, 1-11 
first-order, 1-2 
higher-order, 9-11 
second-order, 2—9 
nonhomogeneous, 14—23 
Fourier series applications with, 
117-119 
undetermined coefficients, 16-20 
variation of parameters, 20-23 
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singular boundary value problems, 
38-41 
one-dimensional wave equation, 
233-235 
ordinary differential equations, 1-51 
boundary value problems, 26-34 
Green’s functions, 43-49 
homogeneous, 1-11 
first-order, 1-2 
higher-order, 9-11 
second-order, 2—9 
nonhomogeneous, 14—23 
Fourier series applications with, 
117-119 
undetermined coefficients, 16-20 
variation of parameters, 20-23 
singular boundary value problems, 
38-41 
ordinary limits, 73-74 
organ pipes, 225 
orthogonality, 60-61, 73 
of eigenfunctions, 175-177 
oxygen removal from aluminum nitride, 
156 


Pp 


parabolic equations, 281 

Parseval’s equality, 92-93 

partial differential equation 
classifications, 280-282 

particular solutions, nonhomogeneous 
linear equations, 15-23 

penetration of heat into earth, 192 

periodic functions, 59-63 

arbitrary periods, 64-65 
extensions of, 65-71 

endpoints of, 76-77 
uniform convergence, 82-83 

piecewise continuous functions, 75-76 

piecewise smooth functions, 76 

plate, flow past, 289 

Poiseuille flow, 36 

Poisson equation, 268-269 

polar coordinates, potential equation in, 
256-257, 275-279 

polynomial solution for potential 
equation, 256 
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potential equation, 255-285 
in disk, 275-279 
limitations of product method, 
280-282 
Poisson equation, 268-269 
polynomial solution for, 256 
in rectangle, 259-269 
soap films, 283 
solutions to (harmonic functions), 
255 
in unbounded regions, 270-272 
principle of superposition, 3, 10, 152 
wave equation and standing waves, 
220 
probability density function, 203 
product method (separation of 
variables), 150, 166-167 
limitations of, 280—282 
potential in rectangle, 259-261, 266 


R 


radial heat flow, 39-40 

radiation, 142 

radical functions, integrals of, 438 

rational functions, integrals of, 438 

Rayleigh method, 239 

Rayleigh quotient, 239 

rectangle, potential equation in, 
259-269 

reduction or order, 8—9 

regular singular points, 7, 38—40 

regular Sturm-—Liouville problems, 
178-179 

convergence theorem, 182 
one-dimensional wave equation, 234 

removable discontinuities, 74, 79 

restoring term, forcing functions, 117 

Revision Rule, 17 

right-hand limits, 73-74 

Robin conditions, 139 

rod vibrations, 253 

rods of heat-conducting material. See 
heat conduction problems 


Ss 


sampling theorem, 121-124 
sawtooth function, 81-82 


second-order equations 
general form, 205 
heat. See heat conduction problems 
homogeneous, 2-9 
nonhomogeneous, 21-23 
potential. See potential equation 
wave. See wave equation 
sectionally continuous functions, 75-76 
sectionally smooth functions, 76 
semi-infinite intervals, 40-41 
semi-infinite rods, 188-191 
separation of variables (product 
method), 150, 166-167 
limitations of, 280-282 
potential in rectangle, 259-261, 266 
sine function, 66-68 
Fourier sine integral representation, 
109-110 
hyperbolic, 4 
integrals of, 439 
singular boundary value problems, 
38-41 
singular eigenvalue problems, 189 
singular points, 7, 38-40 
soap films, 283 
soliton (solitary) waves, 249 
solutions, general 
boundary value problems, 26 
homogeneous differential equations, 
158 
nonhomogeneous linear equations, 
15 
one-dimensional wave equation, 228 
second-order equations, 3, 205, 
280-281 
solutions, particular, 15—23 
square-wave function, 75-77, 79-80 
standing waves, 220 
steady-state problems. See also potential 
equation 
temperature (heat conduction), 
143-147 
convection, 170-174 
different end conditions 
(example), 157-161 
fixed end temperatures (example), 
149-155 


generalizations on, 184-187 
insulated ends (example), 157-161 
semi-infinite rods, 184-187, 
193-197 
wave equation, 218, 232 
Stefan—Boltzmann law of radiation, 142 
Stokes derivative, 250 
stream function, 284 
stresses due to thermal effects, 214 
string, vibrating, 215-224. See also wave 
equation 
frequencies of vibration, 223-224, 
234 
one-dimensional wave equation, 
233-235 
Sturm-—Liouville problems, 178-179 
expansions in series of 
eigenfunctions, 181-182 
generalizations on heat conduction 
problems, 184-187 
one-dimensional wave equation, 234 
sulphur dioxide, diffusion of, 55-56, 
192-193 
superposition, principle of, 3, 10, 152 
wave equation and standing waves, 
220 
surfaces, insulated, 157-161. See also 
heat conduction problems 
suspension bridge (hanging cable 
system), 26-29 
symmetry of sine and cosine functions, 
66-68 


T 


table of integrals, 438-440 
Taylor series, 114 
temperature (heat conduction) 
steady-state, 143-147 
three-dimensional steady-state 
solution. See potential equation 
two-dimensional steady-state 
equation, 255 
term, forcing functions, 117 
thermal conductivity, 137 
thermal diffusivity, 137 
thermal stresses, 214 
transient temperature distribution, 146 
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fixed end temperatures, 149-155 

transverse displacement. See wave 
equation 

trapezoidal function, 125 

traveling wave solution (d’Alembert’s 
method), 227-231, 252 

triangle function, 123 

trigonometric functions, 435 

trigonometric series, history of, 124 

trivial solutions, 150 

truncated Fourier series, 92 


U 


unbounded conditions 
potential equation, 270-272 
wave equation, 239-244 
undetermined coefficients, 
nonhomogeneous linear 
equations, 16-20 
uniform convergence, 79-83 


V 


variation of parameters, 20-23 
velocity potential function, 258, 284 
vibrating string problem, 215-224. See 
also wave equation 
frequencies of vibration, 223-224, 
234 
one-dimensional wave equation, 
233-235 


W 


water hammers, 250 
wave equation, 215-247, 280 
d@Alembert’s method, 227-231, 252 
estimating eigenvalues for, 236-239 
frequencies of vibration, 223-224, 
234 
one-dimensional, in general, 233-235 
in unbounded regions, 239-244 
vibrating string problem, 215-224, 
234 
whirling speeds, 55 
windows, 111 
Wronskian, 3 
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